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Abstract: This paper presents parallel curves according to modified frame in Minkowski 3-space. Firstly, it

is investigated parallel curves of a given curve via the modified frame with curvature in Ef. We also give

parallel curves of a given curve via the modified frame with torsion in Ef .
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1. Introduction

The Frenet-Serret frame which has an important place in Euclidean space is obtained continuously
differentiable non-degenerate curves. For this reason, the studies related to the Frenet frame are often used
in differential geometry. One of the most important of them is Karacan’s study. Karacan described new
frames, called modified orthogonal frame, with the help of the frenet frame in 2017. These frames have

created both curvature and torsion of a space curve in E®. Karacan also described these frames in
Minkowski 3-space. Because these frames are newly defined, there is no study in the literature, [1], and [2].

In the literature, special curves are often used in Euclidean space and Minkowski space. For example,
Bukucu investigates the spherical curves with Modified Orthogonal Frame, Koérpinar gives some theorems
related to tangent Bishop spherical images of a biharmonic b-slant helix, and Yilmaz study spherical images
according to bishop frame, [2]-[4].

The rest of this paper is organized as follows. In Section 2, we give properties and the basic concepts of
curves in Minkowski 3-space. In Section 3, we give the parallel curves of a space curve according to the
modified orthogonal frame with curvature and torsion in Minkowski 3-space. Finally, we give a new
theorem defined the adjoint curve of parallel curves of timelike space curves in Minkowski 3-space.

2. Preliminaries

Let us consider Minkowski 3-space Ef = (Ef,(—, +, +)) and let the Lorentzian inner product of
X =(X:%: %) and Y =(Y,,¥,.Y;) be

<X’Y>:_X1y1+xzy2 +XY; -

Avector X eE} is called a spacelike vector when <X , X> >0 or X =0. Itis called timelike and null

38 Volume 9, Number 1, January 2019



vector in case of <X , X > <0 and <X , X > =0 for X #0, respectively.

The vector product of vectors X = (Xl, X5, X3) and Y = ( Vi Yoo y3) in Ef is defined by, [5],

X xY :(Xzys — XY XY = XY Xo Yy _X:Lyz)'

A surface in Ef is called a timelike surface if the normal vector field on the surface is a spacelike vector

and is called spacelike surface if the normal vector field on the surface is a timelike vector, [6].
Theorem 2.1 Assume that {t, n, b} is the frenet frame of unit speed curve in Ef If {T, N, B} is the

modified orthogonal frame with curvatureand T =t,N =xn, B = «b, then

1 |0 1, 0 s
N =« & 2 |IN|,
, K
B p B
0 -z —
K
where « is timelike curve.
T 0 1' 0 T
N’ [=| —«? x T ||NJ,
, K
B p B
0O  —
K

where « is spacelike curve with a spacelike principal normal.

T 0 1’0_|_
N'=K’2£TN,
. K
B K,B
0O » —
K

where « is spacelike curve with a spacelike binormal, [1].
Lemma 2.2 Two curves «,f:| —E® are parallel if their velocity vectors a'(S) and ﬁ'(S) are

parallel for each S.In this case, if a(So) = ﬂ(So) for someS, in | ,then a =/ [7].

Theorem 2.3 If a,ﬂ: | > E® are unit-speed curves such that x, =Ky and 7, =Ty, then a and

S are congruent, [7].
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Theorem 2.4 Assume that « is unit speed curve in E®and {T, N, B} is the Frenet frame of the space

curve & , [8]. Then, the adjoint curve of « is
S
,B(s):.[B(s)ds.
So

3. Parallel Curves in 3-Dimensional Minkowski Space

Let a:1 > E® bea regular curve with parametrized by arc-length. We obtain
(a(s)-P) =t )
a'(s)(a(s)-P)=0, (2)

a"(s)(a(s)=P)+(a'(s)) =0, (3)

for the point P, [1].

Theorem 3.1 Assume that «: | —)El3 is timelike curve with parametrized by arc-length in Ef. If
{T, N, B} is the modified orthogonal frame with curvature, then a parallel curve of o is
1 JtPx® -1

Pi:a+—2Ni >
K K

B.

Proof. Suppose that the above equations are provided. Then, we can write
a-P=uN+nB, 4)

where 4, and 7); are appropriate coefficients. Because « is a timelike curve, the following equations

can be written as
(a')2 =T?=-1 and &"=T'=N.

Then, we can write easily

N (N +7,B)-1=0. (5)
From (5),
1
== (6)
K
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Also, if we write at (6) instead of the left side of (1) , then we get

JtP? -1
m :J—FT- (7)

Considering together (6) and (7)equations, we get

2.2
P =g+ N VX g (8)
K K

Theorem 3.2 Assume that .| — Ef’ is spacelike curve with timelike principal normal in Ef. If
{T, N, B} is the modified orthogonal frame with curvature, then a parallel curve of o is
1 JtPx® +1

Pi:a+—2Ni 2
K K

B.

Theorem 3.3 Assume that .| — E13 is spacelike curve with timelike binormal in Ef. If {T, N, B} is

the modified orthogonal frame with curvature, then a parallel curve of « is

2.2
Poa-tN:M I g
K K

Theorem 3.4 Assume that ;1 — E; is timelike curve in EJ. If {T, N, B} is the modified orthogonal

frame with torsion, then a parallel curve of & is

f2 2
SR SV L S-S
KT KT

Proof. Suppose that the above equations are provided. Then, we can write
a—P=u,N+n,B, 9)

where [, and 7], are appropriate coefficients. Because « is a timelike curve, the following equations

can be written as

(@) =T?=-1 and a"=T'=ZN.
T

Then, we can write easily

N (N +7,B)-1=0. (10)
.
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From (10),

py=— (11)

After simple computation, we get

=t 2 (12)
Considering together (11) and (12) equations, we get

iz 2 _
SN B VI L S Y-S (13)
KT KT

Theorem 3.5 Assume that a:l — Ef’ is spacelike curve with timelike principal normal in Ef. If

{T, N, B} is the modified orthogonal frame with torsion, then a parallel curve of « is

2.2
p g+ tNt YK g
KT KT

Theorem 3.6 Assume that o | — E13 is spacelike curve with timelike binormal in Ef. If {T, N, B} is

the modified orthogonal frame with torsion, then a parallel curve of o is

’ 2.2

A B.
B KT KT

Example 3.7 Let us consider a unit speed curve in E13 by

a =a(s)(acosh§,asinh§,EJ.
c cc

Then, frenet frame of spacelike curve ¢ in E13 is

—
—_
w
~—
I

3..53 s 4
—sinh—=,—=cosh—,— |,
5 55 55

>
—_
w
~—
Il

(ﬂsinhi,ﬂcoshiﬁj,
5 55 55

(coshi,sinhi,o
5 5

Ne—

o
—_
w
~—
Il

Rl> Bl
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where a=3,b=4,c=5. Also, the modified orthogonal frame with curvature and torsion of spacelike

curve « ,respectively, are written as

T.(s) = (§sinh§,§cosh§,ﬂj,
55 55
N,(s) = (icoshi,ismhi,oj,
25 5
B.(s) - (2 anS 12 hi,_ij,
125 5 125 5 125
And
T.(s) = (§sinh§,§cosh§,fj,
5 55 55

P
o
—
w
~
|

icoshi,isinhi,o ,
25 525 5

Fig. 2. Parallel curve of the Curve o .

Theorem 3.8 Let a:l—)Ef’ be timelike curve with parametrized by arc-length in Ef and
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Vit -1

K_Z

1
P=a+o,N+0,B , where 0, is —, o, is , be a parallel curve of « . Then, the frenet
K

vector field of the parallel curve are

t= (1+ K‘ZO'I)T +(0'1' +0, ﬁ—azr] N +(0'12'+0'2' +0, Ej B
K K
1 ' r o9 ’ K’ ’ K’
n=— (ﬂl + 1, K )T+ M+ py + py— =Tty [N+ | g7+ 1y + 1, — |B
T K K
b = (ptatts — ot ) T+ (taty = pyptg )N + (piots = 11,41, ) B

where

! !

2 ’ K ’ K
w=1l+x0c,, 4, =0, +o,——0,r, 1 =0,7+0, +0, —,
K K

, 2 N2 12
2 2 ’ K ’ K

= (l+/< O'l) +| o, +o,—=-0,T| +|or+0, +0,— :
K K

' K’ ' K’
=Mr+u2!K_2 _/,ll-i-/,lz +/,12;—Z'ﬂ3 _,LIZT+,L[3 +/J3;

My =" g = g =
T T T

Theorem 3.9 Let a:l—)Ef’ be timelike curve with parametrized by arc-length in Ef and

Jtix? -1

2
K

1
P=a+o,N+0,B ,where o0, is —, 0, is , be a parallel curve of « . Then, adjoint curve
K

of the parallel curve P is

S

A= [ (st = paobte ) T+ (ttsbty = pig )N +(psfts = 111, ) B),

So
where

! !

2 ' K ' K

w=1l+x0c,, 4, =0, +o,——0,1, 4y =0,7+0, +0,—,
K K

V2

2
2 2 ' K’ ' K’
= (1+K‘ al) +\o, +to,—-0,7| +|07+0, +t0,— ,
K K

! !

' K ' K
,Ul"*‘ﬂz"(Z o+ U, +,Uz;_7/13 HoT + Uy +,U3;
:—’ILI5: ’/16:

T T T

Hy
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Fig. 3. The adjoint curve of P .
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