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Abstract: In orbital mechanics, the elliptical Kepler equation is a basic nonlinear equation which 

determines the eccentric anomaly of a planet orbiting the Sun. In this paper, Kepler’s equation has been 

solved by means of Maclaurin expansion without any need to decompose the involved nonlinearity as in 

Adomian’s method and the differential transformation method. The obtained approximate solutions are 

compared with a famous solution to this equation in terms of Bessel function solution. The results showed 

that the Maclaurin series agrees with the solution in literature in a sub domain of one revolution of the 

Earth around the Sun. In such a sub domain, the absolute error decreases with increasing the number of 

terms in the truncated series solution. In order to enhance the numerical results in the whole domain of a 

complete revolution, the Padé approximation for the Maclaurin series solution are established and then 

compared with those derived from the Bessel function solution. The comparisons for the eccentric anomaly 

and the approximate radial distances of the Earth from the Sun reveal that the combined Maclaurin- Padé 

approach is an effective tool to analyze the current problem. In addition, the domain of effectiveness 

exceeds the domain of a complete revolution. Moreover, the minimal distance (perihelion) and maximal 

distance (aphelion) approach 147 million kilometers and 152.505 million kilometers, respectively, and 

these results coincide with known results in astrophysics. 
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1. Introduction 

In orbital mechanics, the radial distance of a planet from the Sun is given by 

 

𝑟 =  𝑎(1 − 𝑒𝑐𝑜𝑠𝜓), 0 ≤  𝑒 <  1                                  (1) 
 

where 𝑎 is the semi-major axis of the ellipse, 𝑒 is the eccentricity of orbit, and 𝜓 is defined as the 

eccentric anomaly which determines the location of the planet on an auxiliary circle. The eccentric anomaly 

𝜓 is used to find the corresponding true anomaly 𝜃 which determines the actual position of the planet on 

its elliptical path through the relationship below (see Fig. 1), 

tan (
𝜃

2
) = √

1+𝑒

1−𝑒
tan (

𝜓

2
),                                     (2) 

where 𝜓 is governed by Kepler’s equation given as 

International Journal of Applied Physics and Mathematics

12 Volume 9, Number 1, January 2019

doi: 10.17706/ijapm.2019.9.1.12-20

mailto:aaalshaary@kau.edu.sa


  

𝜓(𝑡) − 𝑒𝑠𝑖𝑛[𝜓(𝑡)] =  𝑀 =  𝜔𝑡,     𝜔 =
2𝜋

𝑇
                              (3) 

 

Here, 𝑀 denotes to the mean anomaly and 𝑇 is the time of a full revolution of the planet around the Sun. 

To determine the true position𝜃, Eq. (3) should be first solved for 𝜓 at a given time 𝑡 and then Eq. (2) is to 

be used.  Also, the radial distance 𝑟 of the planet from the Sun at that instant 𝑡 is determined by 

inserting the computed value of 𝜓 into Eq. (1). Hence, the distance for any planet from the Sun is given in 

terms of the time 𝑡 provided that Kepler’s equation being solved accurately for the eccentric anomaly 𝜓. 

 

 
Fig. 1. The geometric relationship between the eccentric anomaly ψ and the true anomaly θ. 

      

In view of Eq. (3), Kepler’s equation is a nonlinear algebraic equation which has no general solution. 

During the past decades, a lot of papers were devoted to solving Kepler’s equation for elliptic paths by using 

different analytical and numerical methods, see for example Refs. [1]-[6]. This equation is still of scientific 

interest due to its various applications in celestial mechanics. 

In Ref. [1], Moulton mentioned that more than a hundred of authors have contributed on Kepler’s 

equation, however, this list is still open (see [1] and the references therein). A fundamental but also a 

famous solution to Kepler’s equation is discussed in Ref. [6] by Colwell who presented a mathematical proof 

for the solution of Eq. (3) in terms of Bessel function. Such a solution was given in the form 

 

𝜓(𝑡) =  𝜔𝑡 + ∑
2

𝑛
∞
𝑛=1 𝐽𝑛(𝑛𝑒)sin (𝑛𝜔𝑡)                            (4) 

 

where 𝐽𝑛 is known as the Bessel function of order n defined as 

 

𝐽𝑛(𝑥) = ∑
(−1)𝑘

𝑘!(𝑘+𝑛)!
∞
𝑛=1 (

𝑥

2
)2𝑘+𝑛                               (5) 

 

The solution given above will be taken as a reference solution for the purpose of comparison. To do that, 

the involved infinity should be first approximated to a finite number of terms, and this point shall be 

discussed later in a subsequent section. 

In the past twenty years, various analytical methods have been presented to solve nonlinear algebraic 

equations/differential and integral equations, such as the variational iteration method, Adomian 

decomposition method [7]-[16], and the differential transformation method (DTM)/Taylor method 

[17]-[19]. It is a well-known fact that the DTM method gives the solution of nonlinear problems in the form 
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an infinite series which coin cides with Taylor expansion about the zero value of the independent variable, 

the reason that the name of this method sometimes oscillates between the old name (DTM) and a modified 

name (Taylor method). However, the present authors believe that the concise title of the DTM method 

should be replaced by the Macluarin expansion method, even the basic rules of the DTM are applied to the 

investigated nonlinear problem. To make this point as clear as possible, the straightforward Macluarin 

expansion method shall be applied in this paper to solve Kepler’s nonlinear algebraic equation without any 

use to rules of the DTM. To achieve this point, the equation itself shall be implemented to establish the 

Macluarin series solution by evaluating the successive derivatives of the unknown function when the 

independent variable tends to zero. 

Unfortunately, for nonlinear problems in infinite domain, i.e.,[0, ∞), the series solution obtained by the 

DTM which is a Macluarin expansion is valid in a very short range of the independent variable. And in order 

to enlarge the domain of effectiveness, Pad´e-approximation is usually applied to the resulted series 

[17]-[19]. The purpose of this research is to approximate Kepler’s equation by using the combined 

Macluarin-Pad é method. In addition, the numerical results will be compared with those of the Bessel 

function solution given by Eqs. (4-5). 

2. Maclaurin Series Solution 

The Macluarin expansion is applied in this section to find a sequence of approximate solutions for 

Kepler’s equation. The Macluarin expansion of 𝜓(𝑡) is defined as 

 

𝜓(𝑡) = ∑
𝜓(𝑘)(0)

𝑘!

∞

𝑘=0

𝑡𝑘 , 

= 𝜓(0) + 𝜓(1)(0)𝑡 +
𝜓(2)(0)

2!
𝑡2 + +

𝜓(3)(0)

3!
𝑡3 + ⋯                    (6) 

 

Eq. (3) is first rewritten as 

 

𝜓(𝑡)  =  𝜔𝑡 +  𝑒𝑠𝑖𝑛[𝜓(𝑡)]                        (7) 

 

On using this equation for evaluating the successive derivatives at 𝑡 =  0, noting that 𝜓(0)  =  0, we get 

 

𝜓(1)(0) =
𝜔

1 − 𝑒
 

𝜓(3)(0) =
𝜔3𝑒

(1 − 𝑒)4
 

𝜓(5)(0) =
𝜔5𝑒(1+9𝑒)

(1−𝑒)7                                     (8) 

𝜓(7)(0) =
𝜔7𝑒(1 +  54𝑒 +  225𝑒2)

(1 − 𝑒)10
 

 

𝜓(9)(0) =
𝜔9𝑒(1 +  243𝑒 +  4131𝑒2  +  11025𝑒3) 

(1 − 𝑒)13
 

 

and similarly, the rest of components can be evaluated. Accordingly, the n-terms approximate solution is 

given by 
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𝛷𝑛(𝑡) = ∑
𝜓(𝑘)(0)

𝑘!

𝑛
𝑘=0 𝑡𝑘 ,       𝑛 ≥ 1                              (9) 

 

Hence, the 9-terms approximate solution 𝛷9(𝑡) is in this form 

 

𝛷9(𝑡)  =

  ( 
𝜔

1−𝑒
 )𝑡 − ( 

𝜔3𝑒

3!(1−𝑒)4) 𝑡3  + (
𝜔5𝑒(1 + 9𝑒)

6!(1−𝑒)7  )𝑡5  − (
𝜔7𝑒(1 + 54𝑒 + 225𝑒2)

7!(1−𝑒)10  )𝑡7  − (
𝜔9𝑒(1 + 243𝑒 + 4131𝑒2+ 11025𝑒3)

9!(1−𝑒)13  )𝑡9  (10) 

 

Thus, the approximate true anomaly 𝜃 and the approximate radial distance at instant 𝑡 are given in terms 

of the approximate solution 𝛷𝑛(𝑡) for Kepler’s equation as 

 

𝜃𝑛(𝑡) = 2 tan−1[√
1+𝑒

1−𝑒
tan (

𝛷𝑛(𝑡)

2
)] ,                          (11) 

 

and 

 

𝑟𝑛(𝑡)   =  𝑎[1 − 𝑒 𝑐𝑜𝑠(𝛷𝑛(𝑡))]                            (12) 

 
In view of the Bessel function solution given by Eqs. (4-5), the absolute error of the 𝑛-terms of Maclaurin 

series solution in estimating the eccentric anomaly 𝜓 is defined by 

 

𝐸𝑛(𝑡) = | 𝜔𝑡 + ∑
2

𝑛
∞
𝑛=1 𝐽𝑛(𝑛𝑒) sin(𝑛𝜔𝑡) − 𝛷𝑛(𝑡)|                  (13) 

 

The expression above for the absolute error shall be used to validate the approximate solution of 

Maclaurin series for Kepler’s equation. Furthermore, various plots for the radial distance of the Earth from 

the Sun shall be presented using the expression given by Eq. (12). 

3. Padé Approximations 

The [𝑚/𝑛]Padé approximations is used to approximate a function 𝑓(𝑡)  as the quotient of two 

polynomials of degrees 𝑚and𝑛, respectively. It is well-known that if a function is free of singularities on the 

real axis, the Padé approximations usually converge on the entire real axis [20]. In order to enlarge the 

domain of effectiveness of the approximate solution at a wider range of the time variable, the diagonal Padé 

approximations are the best to achieve this goal. In this section, different diagonal Padé approximations are 

calculated by using MATHEMATICA 7 and presented below, 

 

[
6

6
] (𝑡) = (0.01749𝑡 +  6.13779 × 10−7𝑡 3 +  4.51449 × 10−12𝑡5)/(1 +  0.00004𝑡 2 +  2.73686 ×

10−10𝑡 4 − 1.24158 × 10−16𝑡6)     (14) 

[
8

8
] (𝑡) =  (0.018𝑡 +  3.247 × 10−7𝑡3  − 2.123 × 10−13𝑡5  − 1.22 × 10−17𝑡7)/(1 +  0.00002𝑡2  − 1.08 ×

10−11𝑡4  − 8.12 × 10−16𝑡6  +  5.74 × 10−22𝑡8)                                                                                   
(15) 

[
10

10
] (𝑡) = (0.02𝑡 +  5.5 × 10−7𝑡 3 +  4.6 × 10−12𝑡 5 +  8.2 × 10−18𝑡7  +  1.5 × 10−23𝑡9)/(1 +  3 × 10−5𝑡2  +

 2.7 × 10−10𝑡4  +  4 × 10−16𝑡6  +  5.7 × 10−22𝑡8  +  2.6 × 10−27𝑡10)                         (16) 
 

These Padé approximations for the series solutions of Kepler’s equation are obtained in the case of the 

orbital motion of the Earth around the Sun. The data for such orbit are fixed here, i.e., 𝑎 =  150 × 106 Km, 

International Journal of Applied Physics and Mathematics

15 Volume 9, Number 1, January 2019



  

𝑇 =  365.25 days, and 𝑒 =  0.0167  [1]. Similar to Eq. (12), the absolute error of the [
𝑚

𝑚
] (𝑡)-Padé 

approximation is given by, 

 

𝐸
[

𝑚

𝑚
]
(𝑡) = | 𝜔𝑡 + ∑

2

𝑛
∞
𝑛=1 𝐽𝑛(𝑛𝑒) sin(𝑛𝜔𝑡) − [

𝑚

𝑚
] (𝑡)|.                   (17) 

 

4. Discussion 

Let us begin with discussing the numerical results for the expressions obtained in section 2 to 

approximate the solution of Kepler’s equation and the radial distance of the orbital motion of the Earth 

around the Sun. On implementing the data for such orbit, the approximate series solutions𝛷10(𝑡),𝛷15(𝑡), 

and 𝛷20(𝑡) are plotted in Fig. 2. As shown from this figure, a rapid convergence of the Maclaurin series 

solutions𝛷10(𝑡),𝛷15(𝑡), and 𝛷20(𝑡) has been observed in the range [0, 228], i.e., less than a complete 

revolution of the Earth around the Sun. 

 

 
Fig. 2. The approximate solution 𝛷10(𝑡), 𝛷15(𝑡), and 𝛷20(𝑡) and comparison with solution in Eq.(3). 

 
Table 1. Calculations of the Approximate Solution 𝛷10(𝑡), 𝛷15(𝑡), and 𝛷20(𝑡) and Related Absolute Errors 

𝐸10(𝑡), 𝐸15(𝑡), and 𝐸20(𝑡) for One Revolution of Earth 

 
 

In order to numerically validate these approximate solutions against Bessel function solution given by Eq. 

(4) where the infinity in the involved summation is approximated to fifty thousands, calculations were 

performed in Table 1 using MATHEMATICA 7. In addition, the approximate solutions for the radial distances 
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𝑟10(𝑡), 𝑟15(𝑡) and 𝑟20(𝑡) are depicted in Fig. 3. It can be concluded from Fig. 2, Table 1 and Fig. 3. 

 the numerical computations of the eccentric anomaly 𝜓 using the 10-terms, 15 −terms, and the 
20-terms series solutions converge in the range 𝑡 ∈  [0, 228]. 

 the first four columns in Table 1 show that the derived numerical results from 𝛷10(𝑡), 𝛷15(𝑡) and 

𝛷20(𝑡) are increasingly close to those of the Bessel function solution [6] for 𝑡 ≤
5𝑇

8
  . 

 the last three columns show that the absolute error decreases with increasing the number of terms 

in the series solution for 𝑡 ≤
5𝑇

8
  . 

 for t >
5𝑇

8
 , the solutions 𝛷10(𝑡), 𝛷15(𝑡) and 𝛷20(𝑡) fail to give accurate solution. 

 for t >
5𝑇

8
, the behavior of the absolute error derived from 𝛷10(𝑡) is much better than the 

approximations 𝛷15(𝑡), and 𝛷20(𝑡). This behavior may returns to the oscillatory nature of the 
truncated series, since each positive term is followed by a negative term. 

 the approximate solutions for the radial distances 𝑟10(𝑡), 𝑟15(𝑡) and 𝑟20(𝑡)  converge in the range 
𝑡 ∈ [0, 228]. 

The discussion above motivates us to a further improvement, especially in the domain 𝑡 ∈ [
5𝑇

8
 , 𝑇]. In the 

rest of this discussion, it will be seen that the diagonal Padé approximations meet such a requirement. The 

diagonal Padé approximations for the eccentric anomaly 𝜓 are tabulated in Table 2 and plotted in Fig. 4. 

Besides, the radial distances derived from the Padé approximations are displayed in Fig. 5. It can be 

concluded from Fig. 4, Table 2 and Fig. 5 that 

 

 
Fig. 3. The approximate solution 𝑟10(𝑡), 𝑟15(𝑡) ,𝑟20(𝑡) and comparison with solution in Eq.(3). 

 

 

Fig. 4. The diagonal Padé approximate solutions [
6

6
] (𝑡) , [

8

8
] (𝑡) and [

10

10
] (𝑡) and comparison with solution 

in Eq.(3). 
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Fig. 5. The approximate radial distances 𝑟6

6

(𝑡) , 𝑟8

8

(𝑡) and 𝑟10

10

(𝑡) and comparison with solution in Eq. (3). 

 
Table 2. Calculations of the Approximate Solution [6,6](𝑡), [8.8](𝑡), and [10,10](𝑡) and Related Absolute 

Errors 𝐸[6,6](𝑡), 𝐸[8,8](𝑡), and 𝐸[10,10](𝑡) for One Revolution of Earth 

 
 

 the eccentric anomaly 𝜓  using the diagonal Padé approximations[
6

6
] (𝑡)  ,[

8

8
] (𝑡)  and [

10

10
] (𝑡) 

converge in all the domain of a complete revolution of the Earth around the Sun. Moreover, these 
diagonal Padé approximations coincide with the Bessel function solution [6]. 

 the first four columns in Table 2 show that the derived numerical results from [
6

6
] (𝑡) ,[

8

8
] (𝑡) and 

[
10

10
] (𝑡) are increasingly close to those of the Bessel function solution [6] for 𝑡 ∈  [0, 𝑇]. 

 the last three columns show that the absolute error decreases with increasing the degree of the 
diagonal Padé approximations. 

 the last value in Table 2 indicates that the greatest absolute error obtained from [
10

10
] (𝑡) is about 

0.00475 in radian. The equivalent value in degrees is about 0.27 which is a very small error in 
estimating the eccentric anomaly 𝜓 and consequently the true anomaly of the planet Earth 𝜃. 

 the approximate radial distances derived from the diagonal Pad é approximations. i.e., 𝑟6

6

(𝑡) , 𝑟8

8

(𝑡) 

and 𝑟10

10

(𝑡)  converge in the domain of a complete revolution of the Earth around the Sun. 

Furthermore, they are coincide with the approximate radial distances conducted from the Bessel 
function solution. 

 the minimal distance of Earth from the Sun, i.e., perihelion distance, is approximately 147 million 
kilometers and the maximal distance, i.e., aphelion distance, approaches 152.505  million 
kilometers. 
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It may be concluded that the present analysis for elliptical Kepler equation is simple, straightforward, and 

greatly coincides with the Bessel function solution. 
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