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Abstract: In this paper, we study a system of nonlinear Riemann-Liouville fractional ordinary differential 

equations with parameters, subject to coupled multi-point boundary conditions which contain fractional 

derivatives. By using some properties of the associated Green's functions and the Guo-Krasnosel’skii fixed 

point theorem, we prove the existence of positive solutions for this problem when the parameters belong to 

various intervals. Then, we present sufficient conditions for the nonexistence of positive solutions.  
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1. Introduction 

We consider the system of nonlinear ordinary fractional differential equations 

 

(𝑆)           {
𝐷0+
𝛼 𝑢(𝑡) + 𝜆𝑓(𝑡, 𝑢(𝑡), 𝑣(𝑡)) = 0,    𝑡 ∈ (0,1),

𝐷0+
𝛽
𝑣(𝑡) + 𝜇𝑔(𝑡, 𝑢(𝑡), 𝑣(𝑡)) = 0,    𝑡 ∈ (0,1),

 

 

with the coupled multi-point boundary conditions 

 

(BC)      {
𝑢(𝑗)(0) = 0,   𝑗 = 0,… , 𝑛 − 2;  𝐷0+

𝑝1𝑢(𝑡)|𝑡=1 = ∑ 𝑎𝑖𝐷0+
𝑞1𝑣(𝑡)|𝑡=𝜉𝑖

𝑁
𝑖=1 ,

𝑣(𝑗)(0) = 0,   𝑗 = 0,… ,𝑚 − 2;  𝐷0+
𝑝2𝑣(𝑡)|𝑡=1 = ∑ 𝑏𝑖𝐷0+

𝑞2𝑢(𝑡)|𝑡=𝜂𝑖
𝑀
𝑖=1 ,

 

 

where 𝛼, 𝛽 ∈ ℝ, 𝛼 ∈ (𝑛 − 1, 𝑛], 𝛽 ∈ (𝑚 − 1,𝑚], 𝑛,𝑚 ∈ ℕ, 𝑛,𝑚 ≥ 3, 𝑝1, 𝑝2, 𝑞1, 𝑞2 ∈ ℝ, 𝑝1 ∈ [1, 𝑛 − 2], 𝑝2 ∈

[1,𝑚 − 2], 𝑞1 ∈ [0, 𝑝2], 𝑞2 ∈ [0, 𝑝1],   𝜉𝑖 , 𝑎𝑖 ∈ ℝ for all 𝑖 = 1,… , 𝑁 (𝑁 ∈ ℕ), 0 < 𝜉1 < ⋯ < 𝜉𝑁 ≤ 1, 𝜂𝑖 , 𝑏𝑖 ∈ ℝ 

for all 𝑖 = 1,… ,𝑀 (𝑀 ∈ ℕ), 0 < 𝜂1 < ⋯ < 𝜂𝑀 ≤ 1,  𝜆, 𝜇 > 0, and 𝐷0+
𝑘  denotes the Riemann-Liouville 

derivative of order 𝑘 (for 𝑘 = 𝛼, 𝛽, 𝑝1, 𝑝2, 𝑞1, 𝑞2). 

Under some assumptions on the nonnegative functions 𝑓  and 𝑔 , we present intervals for the 

parameters 𝜆 and 𝜇 such that positive solutions of (S)-(BC) exist. By a positive solution of problem (S)-(BC) 

we mean a pair of functions (𝑢, 𝑣) ∈ (𝐶([0,1]), [0,∞)))2 satisfying (𝑆) and (𝐵𝐶), with 𝑢(𝑡) > 0 for all 
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𝑡 ∈ (0,1]  or 𝑣(𝑡) > 0  for all 𝑡 ∈ (0,1] . The nonexistence of positive solutions for (S)-(BC) is also 

investigated. The system (S) without parameters 𝜆, 𝜇 with the boundary conditions (BC) was investigated 

in [1], where f and g are non-singular or singular functions. The existence of positive solutions of the system 

(S) without parameters subject to the uncoupled multi-point boundary conditions 

 

(𝐵�̃�)                           

{
 

 𝑢(𝑗)(0) = 0,   𝑗 = 0,… , 𝑛 − 2;  𝐷0+
𝑝1𝑢(𝑡)|𝑡=1 =∑ 𝑎𝑖𝐷0+

𝑞1𝑢(𝑡)|𝑡=𝜉𝑖

𝑁

𝑖=1
,

𝑣(𝑗)(0) = 0,   𝑗 = 0,… ,𝑚 − 2;  𝐷0+
𝑝2𝑣(𝑡)|𝑡=1 =∑ 𝑏𝑖𝐷0+

𝑞2𝑣(𝑡)|𝑡=𝜂𝑖

𝑀

𝑖=1
,

 

 

was studied in [2], [3]. For other papers which investigate the existence, nonexistence and multiplicity of 

positive solutions for systems of fractional differential equations with nonnegative or sign-changing 

nonlinearities, subject to various nonlocal boundary conditions we mention [4]-[12]. 

Fractional differential equations describe many phenomena in several fields of engineering and scientific 

disciplines such as physics, biophysics, chemistry, biology (for example, the primary infection with HIV), 

economics, control theory, signal and image processing, thermoelasticity, aerodynamics, viscoelasticity, 

electromagnetics and rheology (see [13-28]). Fractional differential equations are also regarded as a better 

tool for the description of hereditary properties of various materials and processes than the corresponding 

integer order differential equations. 

The paper is organized as follows. In Section 2, we present some auxiliary results which investigate a 

nonlocal boundary value problem for fractional differential equations, and we give the properties of the 

Green functions associated to our problem. Section 3 contains the existence and nonexistence results for the 

positive solutions of problem (S)-(BC). In the proof of our main existence theorems we use the 

Guo-Krasnosel’skii fixed point theorem (see [29]). Finally, in Section 4, an example is given to support the 

new results. 

2. Auxiliary Results 

In this section we present some auxiliary results from [1] that will be used to prove our main theorems. 

We consider the fractional differential system 

 

                                                 {
𝐷0+
𝛼 𝑢(𝑡) + 𝑥(𝑡) = 0,   𝑡 ∈ (0,1),

𝐷0+
𝛽
𝑣(𝑡) + 𝑦(𝑡) = 0,    𝑡 ∈ (0,1),

                                                                              (1) 

 

with the coupled multi-point boundary conditions (BC), where 𝛼, 𝛽 ∈ ℝ, 𝛼 ∈ (𝑛 − 1, 𝑛], 𝛽 ∈ (𝑚 − 1,𝑚],

𝑛,𝑚 ∈ ℕ, 𝑛,𝑚 ≥ 3, 𝑝1, 𝑝2, 𝑞1, 𝑞2 ∈ ℝ, 𝑝1 ∈ [1, 𝑛 − 2], 𝑝2 ∈ [1,𝑚 − 2], 𝑞1 ∈ [0, 𝑝2], 𝑞2 ∈ [0, 𝑝1],   𝜉𝑖 , 𝑎𝑖 ∈ ℝ  for 

all 𝑖 = 1,… ,𝑁 (𝑁 ∈ ℕ),  0 < 𝜉1 < ⋯ < 𝜉𝑁 ≤ 1, 𝜂𝑖 , 𝑏𝑖 ∈ ℝ  for all 𝑖 = 1,… ,𝑀 (𝑀 ∈ ℕ), 0 < 𝜂1 < ⋯ < 𝜂𝑀 ≤

1, and 𝑥, 𝑦: (0,1) → ℝ are continuous functions. 

We denote by Δ the constant 

 

                                Δ =
Γ(𝛼)Γ(𝛽)

Γ(𝛼−𝑝1)Γ(𝛽−𝑝2)
−

Γ(𝛼)Γ(𝛽)

Γ(𝛼−𝑞2)Γ(𝛽−𝑞1)
(∑ 𝑎𝑖𝜉𝑖

𝛽−𝑞1−1𝑁
𝑖=1 ) (∑ 𝑏𝑖𝜂𝑖

𝛼−𝑞2−1𝑀
𝑖=1 ).             (2) 

 

Lemma 2.1 If 𝛥 ≠ 0 and 𝑥, 𝑦 ∈ 𝐶(0,1) ∩ 𝐿1(0,1), then the pair of functions (𝑢, 𝑣) ∈ 𝐶[0,1] × 𝐶[0,1] 

given by 
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{
 
 

 
 𝑢(𝑡) = ∫ 𝐺1(𝑡, 𝑠)𝑥(𝑠)𝑑𝑠

1

0

+∫ 𝐺2(𝑡, 𝑠)𝑦(𝑠)𝑑𝑠,
1

0

    𝑡 ∈ [0,1],

𝑣(𝑡) = ∫ 𝐺3(𝑡, 𝑠)𝑦(𝑠)𝑑𝑠
1

0

+∫ 𝐺4(𝑡, 𝑠)𝑥(𝑠)𝑑𝑠,
1

0

    𝑡 ∈ [0,1],

                                                      (3) 

 

is solution of problem (1)-(BC), where 

 

                            𝐺1(𝑡, 𝑠) = 𝑔1(𝑡, 𝑠) +
𝑡𝛼−1𝛤(𝛽)

𝛥𝛤(𝛽−𝑞1)
(∑ 𝑎𝑖𝜉𝑖

𝛽−𝑞1−1𝑁
𝑖=1 ) (∑ 𝑏𝑖𝑔2(𝜂𝑖 , 𝑠)

𝑀
𝑖=1 ), 

                            𝐺2(𝑡, 𝑠) =
𝑡𝛼−1𝛤(𝛽)

𝛥𝛤(𝛽−𝑝2)
(∑ 𝑎𝑖

𝑁
𝑖=1 𝑔3(𝜉𝑖 , 𝑠)),                                       (4) 

                            𝐺3(𝑡, 𝑠) = 𝑔4(𝑡, 𝑠) +
𝑡𝛽−1𝛤(𝛼)

𝛥𝛤(𝛼−𝑞2)
(∑ 𝑏𝑖𝜂𝑖

𝛼−𝑞2−1𝑀
𝑖=1 )(∑ 𝑎𝑖𝑔3(𝜉𝑖 , 𝑠)

𝑁
𝑖=1 ), 

                            𝐺4(𝑡, 𝑠) =
𝑡𝛽−1𝛤(𝛼)

𝛥𝛤(𝛼−𝑝1)
(∑ 𝑏𝑖

𝑀
𝑖=1 𝑔2(𝜂𝑖 , 𝑠)),    ∀ 𝑡, 𝑠 ∈ [0,1],                          

 

And 

 

                           𝑔1(𝑡, 𝑠) =
1

𝛤(𝛼)
{
𝑡𝛼−1(1 − 𝑠)𝛼−𝑝1−1 − (𝑡 − 𝑠)𝛼−1,   0 ≤ 𝑠 ≤ 𝑡 ≤ 1,

𝑡𝛼−1(1 − 𝑠)𝛼−𝑝1−1,   0 ≤ 𝑡 ≤ 𝑠 ≤ 1,
          

                           𝑔2(𝑡, 𝑠) =
1

𝛤(𝛼−𝑞2)
{
𝑡𝛼−𝑞2−1(1 − 𝑠)𝛼−𝑝1−1 − (𝑡 − 𝑠)𝛼−𝑞2−1,   0 ≤ 𝑠 ≤ 𝑡 ≤ 1,

𝑡𝛼−𝑞2−1(1 − 𝑠)𝛼−𝑝1−1,   0 ≤ 𝑡 ≤ 𝑠 ≤ 1.
            (5) 

           𝑔3(𝑡, 𝑠) =
1

𝛤(𝛽−𝑞1)
{
𝑡𝛽−𝑞1−1(1 − 𝑠)𝛽−𝑝2−1 − (𝑡 − 𝑠)𝛽−𝑞1−1,   0 ≤ 𝑠 ≤ 𝑡 ≤ 1,

𝑡𝛽−𝑞1−1(1 − 𝑠)𝛽−𝑝2−1,   0 ≤ 𝑡 ≤ 𝑠 ≤ 1.
 

                           𝑔4(𝑡, 𝑠) =
1

𝛤(𝛽)
{
𝑡𝛽−1(1 − 𝑠)𝛽−𝑝2−1 − (𝑡 − 𝑠)𝛽−1,   0 ≤ 𝑠 ≤ 𝑡 ≤ 1,

𝑡𝛽−1(1 − 𝑠)𝛽−𝑝2−1,   0 ≤ 𝑡 ≤ 𝑠 ≤ 1.
  

 

Lemma 2.2 The functions 𝑔𝑖 , 1 = 1,… ,4 given by (5) have the properties: 

𝑎1) 𝑔1(𝑡, 𝑠) ≤ ℎ1(𝑠) for all 𝑡, 𝑠 ∈ [0,1], where ℎ1(𝑠) =
1

𝛤(𝛼)
(1 − 𝑠)𝛼−𝑝1−1(1 − (1 − 𝑠)𝑝1), 𝑠 ∈ [0,1]; 

𝑎2) 𝑔1(𝑡, 𝑠) ≥ 𝑡
𝛼−1ℎ1(𝑠) for all 𝑡, 𝑠 ∈ [0,1]; 

𝑎3) 𝑔1(𝑡, 𝑠) ≤
1

𝛤(𝛼)
𝑡𝛼−1   for all 𝑡, 𝑠 ∈ [0,1]; 

𝑏1) 𝑔2(𝑡, 𝑠) ≥ 𝑡
𝛼−𝑞2−1ℎ2(𝑠) for all 𝑡, 𝑠 ∈ [0,1], where 

                   ℎ2(𝑠) =
1

𝛤(𝛼−𝑞2)
(1 − 𝑠)𝛼−𝑝1−1(1 − (1 − 𝑠)𝑝1−𝑞2), 𝑠 ∈ [0,1]; 

𝑏2) 𝑔2(𝑡, 𝑠) ≤
1

Γ(𝛼−𝑞2)
𝑡𝛼−𝑞2−1(1 − 𝑠)𝛼−𝑝1−1 for all 𝑡, 𝑠 ∈ [0,1]; 

𝑏3) 𝑔2(𝑡, 𝑠) ≤
1

Γ(𝛼−𝑞2)
𝑡𝛼−𝑞2−1   for all 𝑡, 𝑠 ∈ [0,1]; 

𝑐1) 𝑔1(𝑡, 𝑠) ≥ 𝑡
𝛽−𝑞1−1ℎ3(𝑠) for all 𝑡, 𝑠 ∈ [0,1], where 

                    ℎ3(𝑠) =
1

𝛤(𝛽−𝑞1)
(1 − 𝑠)𝛽−𝑝2−1(1 − (1 − 𝑠)𝑝2−𝑞1), 𝑠 ∈ [0,1]; 

𝑐2) 𝑔3(𝑡, 𝑠) ≤
1

Γ(𝛽−𝑞1)
𝑡𝛽−𝑞1−1(1 − 𝑠)𝛽−𝑝2−1  for all 𝑡, 𝑠 ∈ [0,1]; 

𝑐3) 𝑔3(𝑡, 𝑠) ≤
1

Γ(𝛽−𝑞1)
𝑡𝛽−𝑞1−1   for all 𝑡, 𝑠 ∈ [0,1]; 

𝑑1) 𝑔4(𝑡, 𝑠) ≤ ℎ4(𝑠) for all 𝑡, 𝑠 ∈ [0,1], where ℎ4(𝑠) =
1

𝛤(𝛽)
(1 − 𝑠)𝛽−𝑝2−1(1 − (1 − 𝑠)𝑝2), 𝑠 ∈ [0,1]; 

𝑑2) 𝑔4(𝑡, 𝑠) ≥ 𝑡
𝛽−1ℎ4(𝑠) for all 𝑡, 𝑠 ∈ [0,1]; 

𝑑3) 𝑔4(𝑡, 𝑠) ≤
1

𝛤(𝛽)
𝑡𝛽−1   for all 𝑡, 𝑠 ∈ [0,1]; 
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e) 𝑇ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑔𝑖 , 1 = 1,… ,4 are continuous on [0,1] × [0,1];  𝑔𝑖(𝑡, 𝑠) ≥ 0,  for all 𝑡, 𝑠 ∈ [0,1] ; 

𝑔𝑖(𝑡, 𝑠) > 0, for all 𝑡, 𝑠 ∈ (0,1), 𝑖 = 1,… ,4. 

Lemma 2.3 If 𝛥 > 0, 𝑎𝑖 ≥ 0 for all 𝑖 = 1,… , 𝑁, and 𝑏𝑖 ≥ 0 for all 𝑖 = 1,… ,𝑀 , then the functions 

𝐺𝑖 , 𝑖 = 1,… ,4 given by (4) have the properties 

𝑎1) 𝐺1(𝑡, 𝑠) ≤ 𝐽1(𝑠), ∀ (𝑡, 𝑠) ∈ [0,1] × [0,1], where 

                           𝐽1(𝑠) = ℎ1(𝑠) +
𝛤(𝛽)

𝛥𝛤(𝛽−𝑞1)
(∑ 𝑎𝑖𝜉𝑖

𝛽−𝑞1−1𝑁
𝑖=1 ) (∑ 𝑏𝑖𝑔2(𝜂𝑖, 𝑠)

𝑀
𝑖=1 ), ∀ 𝑠 ∈ [0,1];  

𝑎2) 𝐺1(𝑡, 𝑠) ≥ 𝑡
𝛼−1𝐽1(𝑠), ∀ (𝑡, 𝑠) ∈ [0,1] × [0,1]; 

𝑎3) 𝐺1(𝑡, 𝑠) ≤ 𝛿1𝑡
𝛼−1, ∀ (𝑡, 𝑠) ∈ [0,1] × [0,1], where 

                                 𝛿1 =
1

Γ(𝛼)
+

Γ(𝛽)

ΔΓ(𝛽−𝑞1)Γ(𝛼−𝑞2)
(∑ 𝑎𝑖𝜉𝑖

𝛽−𝑞1−1𝑁
𝑖=1 ) (∑ 𝑏𝑖𝜂𝑖

𝛼−𝑞2−1𝑀
𝑖=1 );  

𝑏1) 𝐺2(𝑡, 𝑠) ≤ 𝐽2(𝑠), ∀ (𝑡, 𝑠) ∈ [0,1] × [0,1], where  𝐽2(𝑠) =
𝛤(𝛽)

𝛥𝛤(𝛽−𝑝2)
(∑ 𝑎𝑖

𝑁
𝑖=1 𝑔3(𝜉𝑖 , 𝑠)) , ∀ 𝑠 ∈ [0,1];  

𝑏2) 𝐺2(𝑡, 𝑠) = 𝑡
𝛼−1𝐽2(𝑠), ∀ (𝑡, 𝑠) ∈ [0,1] × [0,1]; 

𝑏3) 𝐺2(𝑡, 𝑠) ≤ 𝛿2𝑡
𝛼−1, ∀ (𝑡, 𝑠) ∈ [0,1] × [0,1], where 𝛿2 =

Γ(𝛽)

ΔΓ(𝛽−𝑝2)Γ(𝛽−𝑞1)
∑ 𝑎𝑖𝜉𝑖

𝛽−𝑞1−1𝑁
𝑖=1 ;  

𝑐1) 𝐺3(𝑡, 𝑠) ≤ 𝐽3(𝑠), ∀ (𝑡, 𝑠) ∈ [0,1] × [0,1], where 

                             𝐽3(𝑠) = ℎ4(𝑠) +
𝛤(𝛼)

𝛥𝛤(𝛼−𝑞2)
(∑ 𝑏𝑖𝜂𝑖

𝛼−𝑞2−1𝑀
𝑖=1 )(∑ 𝑎𝑖𝑔3(𝜉𝑖 , 𝑠)

𝑁
𝑖=1 ), ∀ 𝑠 ∈ [0,1];  

𝑐2) 𝐺3(𝑡, 𝑠) ≥ 𝑡
𝛽−1𝐽3(𝑠), ∀ (𝑡, 𝑠) ∈ [0,1] × [0,1]; 

𝑐3) 𝐺3(𝑡, 𝑠) ≤ 𝛿3𝑡
𝛽−1, ∀ (𝑡, 𝑠) ∈ [0,1] × [0,1], where 

                                𝛿3 =
1

Γ(𝛽)
+

Γ(𝛼)

ΔΓ(𝛼−𝑞2)Γ(𝛽−𝑞1)
(∑ 𝑏𝑖𝜂𝑖

𝛼−𝑞2−1𝑀
𝑖=1 ) (∑ 𝑎𝑖𝜉𝑖

𝛽−𝑞1−1𝑁
𝑖=1 ) ;  

𝑑1) 𝐺4(𝑡, 𝑠) ≤ 𝐽4(𝑠), ∀ (𝑡, 𝑠) ∈ [0,1] × [0,1], where  𝐽4(𝑠) =
𝛤(𝛼)

𝛥𝛤(𝛼−𝑝1)
(∑ 𝑏𝑖

𝑀
𝑖=1 𝑔2(𝜂𝑖 , 𝑠)) , ∀ 𝑠 ∈ [0,1];  

𝑑2) 𝐺4(𝑡, 𝑠) = 𝑡
𝛽−1𝐽4(𝑠), ∀ (𝑡, 𝑠) ∈ [0,1] × [0,1]; 

𝑑3) 𝐺4(𝑡, 𝑠) ≤ 𝛿4𝑡
𝛽−1, ∀ (𝑡, 𝑠) ∈ [0,1] × [0,1], where 𝛿4 =

Γ(𝛼)

ΔΓ(𝛼−𝑝1)Γ(𝛼−𝑞2)
∑ 𝑏𝑖𝜂𝑖

𝛼−𝑞2−1𝑀
𝑖=1 .  

e) The functions 𝐺𝑖 , 1 = 1,… ,4 are continuous on [0,1] × [0,1], and 𝐺𝑖(𝑡, 𝑠) ≥ 0,  for all 𝑡, 𝑠 ∈ [0,1] , 

i= 1,… ,4. 

Lemma 2.4 If 𝛥 > 0, 𝑎𝑖 ≥ 0 for all 𝑖 = 1,… , 𝑁, 𝑏𝑖 ≥ 0 for all 𝑖 = 1,… ,𝑀, and 𝑥, 𝑦 ∈ 𝐶(0,1) ∩ 𝐿1(0,1) 

with 𝑥(𝑡) ≥ 0, 𝑦(𝑡) ≥ 0  for all 𝑡 ∈ (0,1) , then the solution (𝑢, 𝑣)  of problem (1)-(BC) given by (3) 

satisfies the inequalities 𝑢(𝑡) ≥ 0, 𝑣(𝑡) ≥ 0 for all 𝑡 ∈ [0,1]. Moreover, we have the inequalities 𝑢(𝑡) ≥

𝑡𝛼−1𝑢(𝑡′) and 𝑣(𝑡) ≥ 𝑡𝛽−1𝑣(𝑡′) for all 𝑡, 𝑡′ ∈ [0,1]. 

Remark 2.1 Under the assumptions of Lemma 2.4, for any interval [𝑐1, 𝑐2] ⊂ [0,1] with 0 < 𝑐1 < 𝑐2 ≤ 1, 

the solution of problem (1)-(BC) given by (3) satisfies the inequalities 

min𝑡∈[𝑐1,𝑐2] 𝑢(𝑡) ≥ 𝑐1
𝛼−1max𝑡′∈[0,1] 𝑢(𝑡

′) and min𝑡∈[𝑐1,𝑐2] 𝑣(𝑡) ≥ 𝑐1
𝛽−1

max𝑡′∈[0,1] 𝑣(𝑡
′).  

In the proof of our main existence results we will use the Guo-Krasnosel’skii fixed point theorem 

presented below (see [29]). 

Theorem 2.1 Let X be a Banach space and let 𝐶 ⊂ 𝑋 be a cone in X. Assume Ω1 and Ω2 are bounded 

open subsets of X with 0 ∈ Ω1 ⊂ Ω1̅̅̅̅ ⊂ Ω2  and let Α: 𝐶 ∩ (Ω2̅̅̅̅ ∖ Ω1) → 𝐶  be a completely continuous 

operator such that, either 

1) ‖𝐴𝑢‖ ≤ ‖𝑢‖, 𝑢 ∈ 𝐶 ∩ 𝜕Ω1, and ‖𝐴𝑢‖ ≥ ‖𝑢‖, 𝑢 ∈ 𝐶 ∩ 𝜕Ω2, or 

2) ‖𝐴𝑢‖ ≥ ‖𝑢‖, 𝑢 ∈ 𝐶 ∩ 𝜕Ω1, and ‖𝐴𝑢‖ ≤ ‖𝑢‖, 𝑢 ∈ 𝐶 ∩ 𝜕Ω2. 

Then A has a fixed point in 𝐶 ∩ (Ω2̅̅̅̅ ∖ Ω1). 

3. Main Results 

In this section we give first some sufficient conditions on 𝜆, 𝜇, 𝑓 and 𝑔 such that positive solutions 

with respect to a cone for our problem (S)-(BC) exist. 
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We present now the assumptions that we will use in the sequel. 

(H1) 𝛼, 𝛽 ∈ ℝ, 𝛼 ∈ (𝑛 − 1, 𝑛], 𝛽 ∈ (𝑚 − 1,𝑚], 𝑛,𝑚 ∈ ℕ, 𝑛,𝑚 ≥ 3, 𝑝1, 𝑝2, 𝑞1, 𝑞2 ∈ ℝ, 𝑝1 ∈ [1, 𝑛 − 2], 𝑝2 ∈

[1,𝑚 − 2], 𝑞1 ∈ [0, 𝑝2], 𝑞2 ∈ [0, 𝑝1],   𝜉𝑖 ∈ ℝ,  𝑎𝑖 ≥ 0  for all 𝑖 = 1,… , 𝑁 (𝑁 ∈ ℕ), 0 < 𝜉1 < ⋯ < 𝜉𝑁 ≤ 1, 𝜂𝑖 ∈

ℝ, 𝑏𝑖 ≥ 0 for all 𝑖 = 1,… ,𝑀 (𝑀 ∈ ℕ), 0 < 𝜂1 < ⋯ < 𝜂𝑀 ≤ 1, 𝜆, 𝜇 > 0 and Δ > 0 (given by (2)). 

(H2) The functions 𝑓, 𝑔: [0,1] × [0,∞) × [0,∞) → [0,∞) are continuous. 

For [𝑐1, 𝑐2] ⊂ [0,1] with 0 < 𝑐1 < 𝑐2 ≤ 1, we introduce the following extreme limits 

 

𝑓0
𝑠 = limsup

𝑢+𝑣→0+
max
𝑡∈[0,1]

𝑓(𝑡, 𝑢, 𝑣)

𝑢 + 𝑣
 ,   𝑔0

𝑠 = limsup
𝑢+𝑣→0+

max
𝑡∈[0,1]

𝑔(𝑡, 𝑢, 𝑣)

𝑢 + 𝑣
,  

 

𝑓0
𝑖 = liminf

𝑢+𝑣→0+
min

𝑡∈[𝑐1,𝑐2]

𝑓(𝑡, 𝑢, 𝑣)

𝑢 + 𝑣
,   𝑔0

𝑖 = liminf
𝑢+𝑣→0+

min
𝑡∈[𝑐1,𝑐2]

𝑔(𝑡, 𝑢, 𝑣)

𝑢 + 𝑣
, 

 

𝑓∞
𝑠 = limsup

𝑢+𝑣→∞
max
𝑡∈[0,1]

𝑓(𝑡, 𝑢, 𝑣)

𝑢 + 𝑣
,   𝑔∞

𝑠 = limsup
𝑢+𝑣→∞

max
𝑡∈[0,1]

𝑔(𝑡, 𝑢, 𝑣)

𝑢 + 𝑣
, 

 

 𝑓∞
𝑖 = liminf

𝑢+𝑣→∞
min

𝑡∈[𝑐1,𝑐2]

𝑓(𝑡, 𝑢, 𝑣)

𝑢 + 𝑣
,    𝑔∞

𝑖 = liminf
𝑢+𝑣→∞

min
𝑡∈[𝑐1,𝑐2]

𝑔(𝑡, 𝑢, 𝑣)

𝑢 + 𝑣
. 

 

In the definitions of the extreme limits above the variables u and v are nonnegative. 

By using Lemma 2.1, a solution of the following nonlinear system of integral equations 

 

{
 
 

 
 𝑢(𝑡) = 𝜆∫ 𝐺1(𝑡, 𝑠)𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠

1

0

+ 𝜇∫ 𝐺2(𝑡, 𝑠)𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠,
1

0

    𝑡 ∈ [0,1],

𝑣(𝑡) = 𝜇∫ 𝐺3(𝑡, 𝑠)𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠
1

0

+ 𝜆∫ 𝐺4(𝑡, 𝑠)𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠,
1

0

    𝑡 ∈ [0,1],

 

 

is solution of problem (S)-(BC). 

We consider the Banach space 𝑋 = 𝐶[0,1] with the supremum norm ‖∙‖ , and the Banach space 

𝑌 = 𝑋 × 𝑋 with the norm ‖(𝑢, 𝑣)‖𝑌 = ‖𝑢‖ + ‖𝑣‖. We define the cone 𝑃 ⊂ 𝑌 by 

 

𝑃 = {(𝑢, 𝑣) ∈ 𝑌;  𝑢(𝑡) ≥ 𝑡𝛼−1‖𝑢‖, 𝑣(𝑡) ≥ 𝑡𝛽−1‖𝑣‖, ∀ 𝑡 ∈ [0,1]}. 

 

For 𝜆, 𝜇 > 0, we introduce the operators 𝑄1, 𝑄2: 𝑌 → 𝑋 and 𝑄: 𝑌 → 𝑌 defined by 

 

𝑄1(𝑢, 𝑣)(𝑡) = 𝜆∫ 𝐺1(𝑡, 𝑠)𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠
1

0

+ 𝜇∫ 𝐺2(𝑡, 𝑠)𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠,
1

0

   𝑡 ∈ [0,1], 

𝑄2(𝑢, 𝑣)(𝑡) = 𝜇∫ 𝐺3(𝑡, 𝑠)𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠
1

0

+ 𝜆∫ 𝐺4(𝑡, 𝑠)𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠,
1

0

    𝑡 ∈ [0,1], 

 

and 𝑄(𝑢, 𝑣) =(𝑄1(𝑢, 𝑣), 𝑄2(𝑢, 𝑣)), (𝑢, 𝑣) ∈ 𝑌. Then if (𝑢, 𝑣) is a fixed point of operator 𝑄, then (𝑢, 𝑣) is a 

solution of problem (S)-(BC). Using Lemma 2.4 and similar arguments as those used in the proof of Lemma 

3.1 from [5], we deduce that under assumptions (H1)-(H2), the operator 𝑄: 𝑃 → 𝑃 is a completely 

continuous operator. 

For [𝑐1, 𝑐2] ⊂ [0,1]  with 0 < 𝑐1 < 𝑐2 ≤ 1 , we denote by 
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𝐴 = ∫ 𝐽1(𝑠)𝑑𝑠,
1

0
 𝐵 = ∫ 𝐽2(𝑠)𝑑𝑠,

1

0
 𝐶 = ∫ 𝐽3(𝑠)𝑑𝑠,

1

0
 𝐷 = ∫ 𝐽4(𝑠)𝑑𝑠,

1

0
  �̃� = ∫ 𝐽1(𝑠)𝑑𝑠,

𝑐2
𝑐1

 �̃� = ∫ 𝐽2(𝑠)𝑑𝑠,
𝑐2
𝑐1

 �̃� =

∫ 𝐽3(𝑠)𝑑𝑠,
𝑐2
𝑐1

 �̃� = ∫ 𝐽4(𝑠)𝑑𝑠,
𝑐2
𝑐1

where 𝐽𝑖 , 𝑖 = 1,… ,4 are defined in Section 2 (Lemma 2.3). 

For 𝑓0
𝑠,  𝑔0

𝑠, 𝑓∞
𝑖 ,   𝑔∞

𝑖 ∈ (0,∞) and numbers 𝛼1, 𝛼2 ∈ [0,1], 𝛼3, 𝛼4 ∈ (0,1), 𝑎 ∈ [0,1] and 𝑏 ∈ (0,1), we 

define the numbers 

 

𝐿1 = max {
𝑎𝛼1

𝛾𝛾1𝑓∞
𝑖 �̃�
,
(1 − 𝑎)𝛼2

𝛾𝛾2𝑓∞
𝑖 �̃�

 },    𝐿2 = min {
𝑏𝛼3
𝑓0
𝑠𝐴
,   
(1 − 𝑏)𝛼4
𝑓0
𝑠𝐷

}, 

 

𝐿3 = max{
𝑎(1 − 𝛼1)

𝛾𝛾1𝑔∞
𝑖 �̃�

,
(1 − 𝑎)(1 − 𝛼2)

𝛾𝛾2𝑔∞
𝑖 �̃�

 },    𝐿4 = min {
𝑏(1 − 𝛼3)

𝑔0
𝑠𝐵

,   
(1 − 𝑏)(1 − 𝛼4)

𝑔0
𝑠𝐶

}, 

 

𝐿2
′ = min {

𝑏

𝑓0
𝑠𝐴
,   
1 − 𝑏

𝑓0
𝑠𝐷

} , 𝐿4
′ = min {

𝑏

𝑔0
𝑠𝐵
,   
1 − 𝑏

𝑔0
𝑠𝐶
}, 

 

where 𝛾1 = 𝑐1
𝛼−1, 𝛾2 = 𝑐1

𝛽−1
 and  𝛾 = min{𝛾1, 𝛾2}. 

Theorem 3.1 Assume that (H1) and (H2) hold, [𝑐1, 𝑐2] ⊂ [0,1] with 0 < 𝑐1 < 𝑐2 ≤ 1, 𝛼1, 𝛼2 ∈ [0,1], 

𝛼3, 𝛼4 ∈ (0,1), 𝑎 ∈ [0,1] and 𝑏 ∈ (0,1). 

1) If 𝑓0
𝑠,  𝑔0

𝑠, 𝑓∞
𝑖 ,   𝑔∞

𝑖 ∈ (0,∞),  𝐿1 < 𝐿2  and 𝐿3 < 𝐿4 , then for each 𝜆 ∈ (𝐿1, 𝐿2)  and 𝜇 ∈ (𝐿3, 𝐿4) 

there exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

2) If 𝑓0
𝑠 = 0,  𝑔0

𝑠, 𝑓∞
𝑖 ,   𝑔∞

𝑖 ∈ (0,∞),  and 𝐿3 < 𝐿4
′ ,  then for each 𝜆 ∈ (𝐿1, ∞)  and 𝜇 ∈ (𝐿3, 𝐿4

′ )  there 

exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

3) If 𝑔0
𝑠 = 0,  𝑓0

𝑠, 𝑓∞
𝑖 ,   𝑔∞

𝑖 ∈ (0,∞),  and 𝐿1 < 𝐿2
′ ,  then for each 𝜆 ∈ (𝐿1, 𝐿2

′ )  and 𝜇 ∈ (𝐿3, ∞)  there 

exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

4) If 𝑓0
𝑠 =  𝑔0

𝑠 = 0, 𝑓∞
𝑖 ,   𝑔∞

𝑖 ∈ (0,∞),  then for each 𝜆 ∈ (𝐿1,∞)  and 𝜇 ∈ (𝐿3,∞)  there exists a 

positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

5) If 𝑓0
𝑠,  𝑔0

𝑠 ∈ (0,∞), and at least one of 𝑓∞
𝑖 ,  𝑔∞

𝑖  is ∞, then for each 𝜆 ∈ (0, 𝐿2) and 𝜇 ∈ (0, 𝐿4) there 

exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

6) If 𝑓0
𝑠 = 0,  𝑔0

𝑠 ∈ (0,∞), and at least one of 𝑓∞
𝑖 ,  𝑔∞

𝑖  is ∞, then for each 𝜆 ∈ (0,∞) and 𝜇 ∈ (0, 𝐿4
′ ) 

there exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

7) If 𝑓0
𝑠 ∈ (0,∞), 𝑔0

𝑠 = 0, and at least one of 𝑓∞
𝑖 ,  𝑔∞

𝑖  is ∞, then for each 𝜆 ∈ (0, 𝐿2
′ ) and 𝜇 ∈ (0,∞) 

there exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

8) If 𝑓0
𝑠 =  𝑔0

𝑠 = 0, and at least one of 𝑓∞
𝑖 ,  𝑔∞

𝑖  is ∞, then for each 𝜆 ∈ (0,∞) and 𝜇 ∈ (0,∞) there 

exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

Proof. We consider the above cone 𝑃 ⊂ 𝑌 and the operators 𝑄1, 𝑄2 and Q. Because the proofs of the 

above cases are similar, in what follows we will prove one of them, namely Case 3). So, we suppose 

𝑔0
𝑠 = 0 and   𝑓0

𝑠, 𝑓∞
𝑖 ,   𝑔∞

𝑖 ∈ (0,∞). Let 𝜆 ∈ (𝐿1, 𝐿2
′ )  and 𝜇 ∈ (𝐿3, ∞).  We choose �̃�3 ∈ (0, 1 −

𝜆𝑓0
𝑠𝐴

𝑏
)  and 

�̃�4 ∈ (0, 1 −
𝜆𝑓0

𝑠𝐷

1−𝑏
). Let 𝜀 > 0 be a positive number such that 𝜀 < 𝑓∞

𝑖 , 𝜀 < 𝑔∞
𝑖  and 

 

𝑎𝛼1

𝛾𝛾1(𝑓∞
𝑖 − 𝜀)�̃�

≤ 𝜆,
𝑎(1 − 𝛼1)

𝛾𝛾1(𝑔∞
𝑖 − 𝜀)�̃�

≤  𝜇,
(1 − 𝑎)𝛼2

𝛾𝛾2(𝑓∞
𝑖 − 𝜀)�̃�

≤ 𝜆,
(1 − 𝑎)(1 − 𝛼2)

𝛾𝛾2(𝑔∞
𝑖 − 𝜀)�̃�

≤  𝜇,   

𝑏(1 − �̃�3)

(𝑓0
𝑠 + 𝜀)𝐴

≥ 𝜆,
𝑏�̃�3
𝜀𝐵

≥ 𝜇,
(1 − 𝑏)(1 − �̃�4)

(𝑓0
𝑠 + 𝜀)𝐷

≥ 𝜆,
(1 − 𝑏)�̃�4

𝜀𝐶
≥  𝜇. 
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By using (H2) and the definitions of  𝑓0
𝑠  and 𝑔0

𝑠 , we deduce that there exists 𝑅1 > 0  such that 

𝑓(𝑡, 𝑢, 𝑣) ≤ (𝑓0
𝑠 + 𝜀)(𝑢 + 𝑣)  and 𝑔(𝑡, 𝑢, 𝑣) ≤ 𝜀(𝑢 + 𝑣)  for all 𝑡 ∈ [0,1], 𝑢, 𝑣 ∈ [0,∞)  with 0 ≤ 𝑢 + 𝑣 ≤

𝑅1. We define the set Ω1 = {(𝑢, 𝑣) ∈ 𝑌, ‖(𝑢, 𝑣)‖𝑌 < 𝑅1}.  Now let (𝑢, 𝑣) ∈ 𝑃 ∩ 𝜕Ω1, that is (𝑢, 𝑣) ∈ 𝑃 with 

‖(𝑢, 𝑣)‖𝑌 = 𝑅1 or equivalently ‖𝑢‖ + ‖𝑣‖ = 𝑅1. Then 𝑢(𝑡) + 𝑣(𝑡) ≤ 𝑅1 for all 𝑡 ∈ [0,1],  and by Lemma 

2.3, we obtain 

 

𝑄1(𝑢, 𝑣)(𝑡) ≤ 𝜆∫ 𝐽1(𝑠)𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠
1

0

+ 𝜇∫ 𝐽2(𝑠)𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 
1

0

 

≤ 𝜆∫ 𝐽1(𝑠)(𝑓0
𝑠 + 𝜀)(𝑢(𝑠) + 𝑣(𝑠))𝑑𝑠

1

0

+ 𝜇∫ 𝐽2(𝑠)𝜀(𝑢(𝑠) + 𝑣(𝑠))𝑑𝑠 
1

0

 

≤ 𝜆(𝑓0
𝑠 + 𝜀)∫ 𝐽1(𝑠)(‖𝑢‖ + ‖𝑣‖)𝑑𝑠

1

0

+ 𝜇𝜀∫ 𝐽2(𝑠)(‖𝑢‖ + ‖𝑣‖)𝑑𝑠 
1

0

 

= [ 𝜆(𝑓0
𝑠 + 𝜀)𝐴 + 𝜇𝜀𝐵]‖(𝑢, 𝑣)‖𝑌 ≤ [𝑏(1 − �̃�3) + 𝑏�̃�3]‖(𝑢, 𝑣)‖𝑌 = 𝑏‖(𝑢, 𝑣)‖𝑌, ∀𝑡 ∈ [0,1]. 

 

Therefore ‖𝑄1(𝑢, 𝑣)‖ ≤ 𝑏‖(𝑢, 𝑣)‖𝑌. 

In a similar manner, we conclude 

 

𝑄2(𝑢, 𝑣)(𝑡) ≤ 𝜇∫ 𝐽3(𝑠)𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠
1

0

+ 𝜆∫ 𝐽4(𝑠)𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 
1

0

 

≤ 𝜇∫ 𝐽3(𝑠)𝜀(𝑢(𝑠) + 𝑣(𝑠))𝑑𝑠
1

0

+ 𝜆∫ 𝐽4(𝑠)(𝑓0
𝑠 + 𝜀)(𝑢(𝑠) + 𝑣(𝑠))𝑑𝑠 

1

0

 

≤ 𝜇𝜀∫ 𝐽3(𝑠)(‖𝑢‖ + ‖𝑣‖)𝑑𝑠
1

0

+ 𝜆(𝑓0
𝑠 + 𝜀)∫ 𝐽4(𝑠)(‖𝑢‖ + ‖𝑣‖)𝑑𝑠 

1

0

 

= [ 𝜇𝜀𝐶 + 𝜆(𝑓0
𝑠 + 𝜀)𝐷]‖(𝑢, 𝑣)‖𝑌 ≤ [(1 − 𝑏)�̃�4 + (1 − 𝑏)(1 − �̃�4)]‖(𝑢, 𝑣)‖𝑌 

= (1 − 𝑏)‖(𝑢, 𝑣)‖𝑌, ∀𝑡 ∈ [0,1]. 

 

Hence ‖𝑄2(𝑢, 𝑣)‖ ≤ (1 − 𝑏)‖(𝑢, 𝑣)‖𝑌. 

Then, for (𝑢, 𝑣) ∈ 𝑃 ∩ 𝜕Ω1, we deduce 

 

                ‖𝑄(𝑢, 𝑣)‖𝑌 = ‖𝑄1(𝑢, 𝑣)‖ + ‖𝑄2(𝑢, 𝑣)‖ ≤  𝑏‖(𝑢, 𝑣)‖𝑌 + (1 − 𝑏)‖(𝑢, 𝑣)‖𝑌 = ‖(𝑢, 𝑣)‖𝑌.            (6) 

 

By the definitions of 𝑓∞
𝑖  and 𝑔∞

𝑖 , there exists �̅�2 > 0  such that 𝑓(𝑡, 𝑢, 𝑣) ≥ (𝑓∞
𝑖 − 𝜀)(𝑢 + 𝑣)  and 

𝑔(𝑡, 𝑢, 𝑣) ≥ (𝑔∞
𝑖 − 𝜀)(𝑢 + 𝑣)  for all 𝑢, 𝑣 ≥ 0  with 𝑢 + 𝑣 ≥ �̅�2  and 𝑡 ∈ [𝑐1, 𝑐2].  We consider 𝑅2 =

max{2𝑅1, �̅�2/𝛾} and we define Ω2 = {(𝑢, 𝑣) ∈ 𝑌, ‖(𝑢, 𝑣)‖𝑌 < 𝑅2}. Then for (𝑢, 𝑣) ∈ 𝑃 with ‖(𝑢, 𝑣)‖𝑌 =

𝑅2,  we obtain 𝑢(𝑡) + 𝑣(𝑡) ≥ 𝑡𝛼−1‖𝑢‖ + 𝑡𝛽−1‖𝑣‖ ≥ 𝛾‖(𝑢, 𝑣)‖𝑌 = 𝛾𝑅2 ≥ �̅�2, for all 𝑡 ∈ [𝑐1, 𝑐2]. 

Then by Lemma 2.3, we conclude 

 

𝑄1(𝑢, 𝑣)(𝑐1) ≥ 𝜆𝑐1
𝛼−1∫ 𝐽1(𝑠)𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠

𝑐2

𝑐1

+ 𝜇𝑐1
𝛼−1∫ 𝐽2(𝑠)𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 

𝑐2

𝑐1

 

≥ 𝜆𝛾1∫ 𝐽1(𝑠)(𝑓∞
𝑖 − 𝜀)(𝑢(𝑠) + 𝑣(𝑠))𝑑𝑠

𝑐2

𝑐1

+ 𝜇𝛾1∫ 𝐽2(𝑠)(𝑔∞
𝑖 − 𝜀)(𝑢(𝑠) + 𝑣(𝑠))𝑑𝑠 

𝑐2

𝑐1

 

≥ 𝜆𝛾𝛾1(𝑓∞
𝑖 − 𝜀)∫ 𝐽1(𝑠)‖(𝑢, 𝑣)‖𝑌𝑑𝑠

𝑐2

𝑐1

+ 𝜇𝛾𝛾1(𝑔∞
𝑖 − 𝜀)∫ 𝐽2(𝑠)‖(𝑢, 𝑣)‖𝑌𝑑𝑠 

𝑐2

𝑐1

 

= [ 𝜆𝛾𝛾1(𝑓∞
𝑖 − 𝜀)�̃� + 𝜇𝛾𝛾1(𝑔∞

𝑖 − 𝜀)�̃�]‖(𝑢, 𝑣)‖𝑌 
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≥ [𝑎𝛼1 + 𝑎(1 − 𝛼1)]‖(𝑢, 𝑣)‖𝑌 = 𝑎‖(𝑢, 𝑣)‖𝑌. 

 

So, ‖𝑄1(𝑢, 𝑣)‖ ≥ 𝑄1(𝑢, 𝑣)(𝑐1) ≥ 𝑎‖(𝑢, 𝑣)‖𝑌. 

In a similar manner, we conclude 

 

𝑄2(𝑢, 𝑣)(𝑐1) ≥ 𝜇𝑐1
𝛽−1

∫ 𝐽3(𝑠)𝑔(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠
𝑐2

𝑐1

+ 𝜆𝑐1
𝛽−1

∫ 𝐽4(𝑠)𝑓(𝑠, 𝑢(𝑠), 𝑣(𝑠))𝑑𝑠 
𝑐2

𝑐1

 

≥ 𝜇𝛾2∫ 𝐽3(𝑠)(𝑔∞
𝑖 − 𝜀)(𝑢(𝑠) + 𝑣(𝑠))𝑑𝑠

𝑐2

𝑐1

+ 𝜆𝛾2∫ 𝐽4(𝑠)(𝑓∞
𝑖 − 𝜀)(𝑢(𝑠) + 𝑣(𝑠))𝑑𝑠 

𝑐2

𝑐1

 

≥ 𝜇𝛾𝛾2(𝑔∞
𝑖 − 𝜀)∫ 𝐽3(𝑠)‖(𝑢, 𝑣)‖𝑌𝑑𝑠

𝑐2

𝑐1

+ 𝜆𝛾𝛾2(𝑓∞
𝑖 − 𝜀)∫ 𝐽4(𝑠)‖(𝑢, 𝑣)‖𝑌𝑑𝑠 

𝑐2

𝑐1

 

= [ 𝜇𝛾𝛾2(𝑔∞
𝑖 − 𝜀)�̃� + 𝜆𝛾𝛾2(𝑓∞

𝑖 − 𝜀)�̃�]‖(𝑢, 𝑣)‖𝑌 

≥ [(1 − 𝑎)(1 − 𝛼2) + (1 − 𝑎)𝛼2]‖(𝑢, 𝑣)‖𝑌 = (1 − 𝑎)‖(𝑢, 𝑣)‖𝑌. 

 

So, ‖𝑄2(𝑢, 𝑣)‖ ≥ 𝑄2(𝑢, 𝑣)(𝑐1) ≥ (1 − 𝑎)‖(𝑢, 𝑣)‖𝑌. 

Hence, for (𝑢, 𝑣) ∈ 𝑃 ∩ 𝜕Ω2, we obtain 

 

                ‖𝑄(𝑢, 𝑣)‖𝑌 = ‖𝑄1(𝑢, 𝑣)‖ + ‖𝑄2(𝑢, 𝑣)‖ ≥ 𝑎‖(𝑢, 𝑣)‖𝑌 + (1 − 𝑎)‖(𝑢, 𝑣)‖𝑌 = ‖(𝑢, 𝑣)‖𝑌.            (7) 

 

By using (6), (7) and Theorem 2.1, i), we conclude that 𝑄 has a fixed point (𝑢, 𝑣) ∈ 𝑃 ∩ (Ω2̅̅̅̅ ∖ Ω1) such 

that 𝑅1 ≤ ‖𝑢‖ + ‖𝑣‖ ≤ 𝑅2, 𝑢(𝑡) ≥ 𝑡
𝛼−1‖𝑢‖, 𝑣(𝑡) ≥ 𝑡𝛽−1‖𝑣‖ for all 𝑡 ∈ [0,1]. If ‖𝑢‖ > 0 then 𝑢(𝑡) > 0 

for all 𝑡 ∈ (0,1], and if ‖𝑣‖ > 0 then 𝑣(𝑡) > 0 for all 𝑡 ∈ (0,1].       

In what follows, for 𝑓0
𝑖 ,  𝑔0

𝑖 , 𝑓∞
𝑠,   𝑔∞

𝑠 ∈ (0,∞) and numbers 𝛼1, 𝛼2 ∈ [0,1], 𝛼3, 𝛼4 ∈ (0,1), 𝑎 ∈ [0,1] and 

𝑏 ∈ (0,1), we define the numbers 

 

�̃�1 = max{
𝑎𝛼1

𝛾𝛾1𝑓0
𝑖�̃�
,
(1 − 𝑎)𝛼2

𝛾𝛾2𝑓0
𝑖�̃�

 },   �̃�2  = min {
𝑏𝛼3
𝑓∞
𝑠𝐴
,   
(1 − 𝑏)𝛼4
𝑓∞
𝑠𝐷

}, 

�̃�3 = max{
𝑎(1 − 𝛼1)

𝛾𝛾1𝑔0
𝑖 �̃�

,
(1 − 𝑎)(1 − 𝛼2)

𝛾𝛾2𝑔0
𝑖 �̃�

 },    �̃�4 = min {
𝑏(1 − 𝛼3)

𝑔∞
𝑠 𝐵

,   
(1 − 𝑏)(1 − 𝛼4)

𝑔∞
𝑠 𝐶

}, 

�̃�2
′ = min {

𝑏

𝑓∞
𝑠𝐴
,   
1 − 𝑏

𝑓∞
𝑠𝐷

} , �̃�4
′ = min {

𝑏

𝑔∞
𝑠 𝐵

,   
1 − 𝑏

𝑔∞
𝑠 𝐶

}. 

 

By using similar arguments as those used in the proof of Theorem 3.1 (see also [5]) we obtain the 

following result. 

Theorem 3.2 Assume that (H1) and (H2) hold, [𝑐1, 𝑐2] ⊂ [0,1] with 0 < 𝑐1 < 𝑐2 ≤ 1, 𝛼1, 𝛼2 ∈ [0,1], 

𝛼3, 𝛼4 ∈ (0,1), 𝑎 ∈ [0,1] and 𝑏 ∈ (0,1). 

1) If 𝑓0
𝑖 ,  𝑔0

𝑖 , 𝑓∞
𝑠 ,   𝑔∞

𝑠 ∈ (0,∞),  �̃�1 < �̃�2  and  �̃�3 < �̃�4  then for each 𝜆 ∈ (�̃�1, �̃�2)  and 𝜇 ∈ (�̃�3, �̃�4) 

there exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

2) If 𝑓0
𝑖 ,  𝑔0

𝑖 , 𝑓∞
𝑠 ∈ (0,∞) ,   𝑔∞

𝑠 = 0  and �̃�1 < �̃�2
′ ,  then for each 𝜆 ∈ (�̃�1, �̃�2

′ )  and 𝜇 ∈ (�̃�3, ∞)  there 

exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

3) If 𝑓0
𝑖 ,  𝑔0

𝑖 , 𝑔∞
𝑠 ∈ (0,∞), 𝑓∞

𝑠 = 0,  and �̃�3 < �̃�4
′ ,  then for each 𝜆 ∈ (�̃�1,∞)  and 𝜇 ∈ (�̃�3, �̃�4

′ )  there 

exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

4) If 𝑓0
𝑖 ,  𝑔0

𝑖 ∈ (0,∞), 𝑓∞
𝑠 =  𝑔∞

𝑠 = 0, then for each 𝜆 ∈ (�̃�1, ∞)  and 𝜇 ∈ (�̃�3, ∞)  there exists a positive 

solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 
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5) If 𝑓∞
𝑠 ,  𝑔∞

𝑠 ∈ (0,∞),  and at least one of 𝑓0
𝑖 ,  𝑔0

𝑖   is ∞, then for each 𝜆 ∈ (0, �̃�2) and 𝜇 ∈ (0, �̃�4) 

there exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

6) If  𝑓∞
𝑠 ∈ (0,∞),  𝑔∞

𝑠 = 0 and at least one of 𝑓0
𝑖 ,  𝑔0

𝑖   is ∞, then for each 𝜆 ∈ (0, �̃�2
′ ) and 𝜇 ∈ (0,∞) 

there exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

7) If  𝑓∞
𝑠 = 0, 𝑔∞

𝑠 ∈ (0,∞) and at least one of 𝑓0
𝑖 ,  𝑔0

𝑖   is ∞, then for each 𝜆 ∈ (0,∞) and 𝜇 ∈ (0, �̃�4
′ ) 

there exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

8) If 𝑓∞
𝑠 =  𝑔∞

𝑠 = 0 and at least one of 𝑓0
𝑖 ,  𝑔0

𝑖    is ∞, then for each 𝜆 ∈ (0,∞) and 𝜇 ∈ (0,∞) there 

exists a positive solution (𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for (S)-(BC). 

Next we present intervals for 𝜆  and 𝜇 for which there exists no positive solutions of problem (S)-(BC), 

viewed as fixed points of operator Q. 

Theorem 3.3 Assume that (H1) and (H2) hold. If there exist positive numbers 𝑀1, 𝑀2 such that 

 

                             𝑓(𝑡, 𝑢, 𝑣) ≤ 𝑀1(𝑢 + 𝑣), 𝑔(𝑡, 𝑢, 𝑣) ≤ 𝑀2(𝑢 + 𝑣), ∀ 𝑡 ∈ [0,1], 𝑢, 𝑣 ≥ 0,             (8) 

 

then there exist positive constants 𝜆0 and 𝜇0 such that for every 𝜆 ∈ (0, 𝜆0), 𝜇 ∈ (0, 𝜇0) the boundary 

value problem (S)-(BC) has no positive solution. 

In the proof of Theorem 3.3 we can show that 𝜆0 = min {
1

4𝑀1𝐴
,

1

4𝑀1𝐷
} and 𝜇0 = min {

1

4𝑀2𝐵
,

1

4𝑀2𝐶
}, where 

𝐴 = ∫ 𝐽1(𝑠)𝑑𝑠,
1

0
 𝐵 = ∫ 𝐽2(𝑠)𝑑𝑠,

1

0
 𝐶 = ∫ 𝐽3(𝑠)𝑑𝑠,

1

0
 𝐷 = ∫ 𝐽4(𝑠)𝑑𝑠,

1

0
 satisfy the conditions of our theorem. If 

𝑓0
𝑠,  𝑔0

𝑠, 𝑓∞
𝑠 ,  𝑔∞

𝑠 < ∞, then there exist positive constants 𝑀1 and 𝑀2 such that (8) holds, and then we obtain 

the conclusion of Theorem 3.3. 

Theorem 3.4 a) Assume that (H1) and (H2) hold. If there exist positive numbers 𝑐1, 𝑐2 with 0 < 𝑐1 <

𝑐2 ≤ 1 and 𝑚1 > 0 such that 

 

                                                 𝑓(𝑡, 𝑢, 𝑣) ≥ 𝑚1(𝑢 + 𝑣), ∀ 𝑡 ∈ [𝑐1, 𝑐2], 𝑢, 𝑣 ≥ 0,                     (9) 

 

then there exists a positive constant �̃�0 such that for every 𝜆 > �̃�0  and 𝜇 > 0, the boundary value 

problem (S)-(BC) has no positive solution. 

b) Assume that (H1) and (H2) hold. If there exist positive numbers 𝑐1, 𝑐2 with 0 < 𝑐1 < 𝑐2 ≤ 1 and 

𝑚2 > 0 such that 

 

                                              𝑔(𝑡, 𝑢, 𝑣) ≥ 𝑚2(𝑢 + 𝑣), ∀ 𝑡 ∈ [𝑐1, 𝑐2], 𝑢, 𝑣 ≥ 0,                        (10) 

 

then there exists a positive constant �̃�0 such that for every 𝜆 > 0 and 𝜇 > �̃�0 , the boundary value 

problem (S)-(BC) has no positive solution. 

c) Assume that (H1) and (H2) hold. If there exist positive numbers 𝑐1, 𝑐2 with 0 < 𝑐1 < 𝑐2 ≤ 1 and 

𝑚1, 𝑚2 > 0 such that 

                               𝑓(𝑡, 𝑢, 𝑣) ≥ 𝑚1(𝑢 + 𝑣), 𝑔(𝑡, 𝑢, 𝑣) ≥ 𝑚2(𝑢 + 𝑣), ∀ 𝑡 ∈ [𝑐1, 𝑐2], 𝑢, 𝑣 ≥ 0,          (11) 

then there exists positive constants �̂�0 and �̂�0 such that for every 𝜆 > �̂�0 and 𝜇 > �̂�0, the boundary 

value problem (S)-(BC) has no positive solution. 

In the proof of Theorem 3.4 we define �̃�0 = min {
1

𝛾𝛾1𝑚1�̃�
,

1

𝛾𝛾2𝑚1�̃�
} , �̃�0 = min {

1

𝛾𝛾1𝑚2�̃�
,

1

𝛾𝛾2𝑚2�̃�
} , where 

�̃� = ∫ 𝐽1(𝑠)𝑑𝑠,
𝑐2
𝑐1

  �̃� = ∫ 𝐽2(𝑠)𝑑𝑠,
𝑐2
𝑐1

 �̃� = ∫ 𝐽3(𝑠)𝑑𝑠,
𝑐2
𝑐1

 �̃� = ∫ 𝐽4(𝑠)𝑑𝑠,
𝑐2
𝑐1

 and �̂�0 =
1

2𝛾𝛾1𝑚1�̃�
, �̂�0 =

1

2𝛾𝛾2𝑚2�̃�
. 

If for 𝑐1, 𝑐2 with 0 < c1 < c2 ≤ 1 , 𝑓0
𝑖 ,  𝑓∞

𝑖 >0 and 𝑓(𝑡, 𝑢, 𝑣) > 0 for all 𝑡 ∈ [𝑐1, 𝑐2]  and  𝑢, 𝑣 ≥ 0  with 
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𝑢 + 𝑣 > 0, then relation (9) holds and we obtain the conclusion of Theorem 3.4 a). If for 𝑐1, 𝑐2 with 

0 < c1 < c2 ≤ 1 , 𝑔0
𝑖 ,  𝑔∞

𝑖 >0 and 𝑔(𝑡, 𝑢, 𝑣) > 0 for all 𝑡 ∈ [𝑐1, 𝑐2]  and  𝑢, 𝑣 ≥ 0  with 𝑢 + 𝑣 > 0,  then 

relation (10) holds and we obtain the conclusion of Theorem 3.4 b). If for 𝑐1, 𝑐2 with 0 < c1 < c2 ≤ 1, 

𝑓0
𝑖 , 𝑓∞

𝑖 , 𝑔0
𝑖 ,  𝑔∞

𝑖 >0 and 𝑓(𝑡, 𝑢, 𝑣) > 0, 𝑔(𝑡, 𝑢, 𝑣) > 0 for all 𝑡 ∈ [𝑐1, 𝑐2] and  𝑢, 𝑣 ≥ 0 with 𝑢 + 𝑣 > 0, then 

relation (11) holds and we obtain the conclusion of Theorem 3.4 c). 

4. An Example 

Let =
9

2
 (𝑛 = 5),  𝛽 =

8 

3
 (𝑚 = 3) , 𝑝1 = 4/3,  𝑝2 = 1,  𝑞1 = 1/2,  𝑞2 = 2/3,  𝑁 = 1,𝑀 = 2 , 𝜉1 = 1/2 , 

𝑎1 = 2, 𝜂1 = 1/3, 𝜂2 = 2/3, 𝑏1 = 1 and 𝑏2 = 1/2. 

We consider the system of fractional differential equations 

(𝑆0)       {
𝐷0+
9/2
𝑢(𝑡) + 𝜆(𝑡 + 1)�̃�(𝑢2(𝑡) + 𝑣2(𝑡)) = 0,    𝑡 ∈ (0,1),

𝐷0+
8/3
𝑣(𝑡) + 𝜇𝑡�̃�(𝑒𝑢(𝑡)+𝑣(𝑡) − 1) = 0,    𝑡 ∈ (0,1),

 

with the coupled multi-point boundary conditions 

(𝐵𝐶0)     {
𝑢(0) = 𝑢′(0) = 𝑢′′(0) = 𝑢′′′(0) = 0, 𝐷0+

4/3
𝑢(𝑡)|𝑡=1 = 2𝐷0+

1/2
𝑣(𝑡)|𝑡=1/2,

𝑣(0) = 𝑣 ′(0) = 0,   𝑣 ′(1) = 𝐷0+
2/3
𝑢(𝑡)|𝑡=1/3 +

1

2
𝐷0+
2/3
𝑢(𝑡)|𝑡=2/3.

 

Here we have 𝑓(𝑡, 𝑢, 𝑣) = (𝑡 + 1)�̃�(𝑢2 + 𝑣2), 𝑔(𝑡, 𝑢, 𝑣) = 𝑡�̃�(𝑒𝑢+𝑣 − 1)  for 𝑡 ∈ [0,1], 𝑢, 𝑣 ≥ 0,  where 

�̃�, �̃� > 0. Then we obtain Δ =
5Γ(9/2)

3Γ(19/6)
−

Γ(9/2)Γ(8/3)(1+211/6)

21/6317/6Γ(13/6)Γ(23/6)
≈ 7.6683666, and so the assumptions (H1) 

and (H2) are satisfied. In addition, we deduce (see [1]) 

 

                           𝑔1(𝑡, 𝑠) =
1

𝛤(9/2)
{
𝑡7/2(1 − 𝑠)13/6 − (𝑡 − 𝑠)7/2,   0 ≤ 𝑠 ≤ 𝑡 ≤ 1,

𝑡7/2(1 − 𝑠)13/6,   0 ≤ 𝑡 ≤ 𝑠 ≤ 1,
 

                           𝑔2(𝑡, 𝑠) =
1

𝛤(23/6)
{
𝑡17/6(1 − 𝑠)13/6 − (𝑡 − 𝑠)17/6,   0 ≤ 𝑠 ≤ 𝑡 ≤ 1,

𝑡17/6(1 − 𝑠)13/6,   0 ≤ 𝑡 ≤ 𝑠 ≤ 1,
            

           𝑔3(𝑡, 𝑠) =
1

𝛤(13/6)
{
𝑡7/6(1 − 𝑠)2/3 − (𝑡 − 𝑠)7/6,   0 ≤ 𝑠 ≤ 𝑡 ≤ 1,

𝑡7/6(1 − 𝑠)2/3,   0 ≤ 𝑡 ≤ 𝑠 ≤ 1,
 

                       𝑔4(𝑡, 𝑠) =
1

𝛤(8/3)
{
𝑡5/3(1 − 𝑠)2/3 − (𝑡 − 𝑠)5/3,   0 ≤ 𝑠 ≤ 𝑡 ≤ 1,

𝑡5/3(1 − 𝑠)2/3,   0 ≤ 𝑡 ≤ 𝑠 ≤ 1,
  

 

ℎ1(𝑠) =
1

𝛤(9/2)
(1 − 𝑠)13/6(1 − (1 − 𝑠)4/3), ℎ2(𝑠) =

1

𝛤(23/6)
(1 − 𝑠)13/6(1 − (1 − 𝑠)2/3), ℎ3(𝑠) =

1

𝛤(13/6)
(1 − 𝑠)2/3(1 − (1 − 𝑠)1/2) , ℎ4(𝑠) =

1

𝛤(8/3)
𝑠(1 − 𝑠)2/3  for all 𝑠 ∈ [0,1].  For the functions 𝐽𝑖 , 𝑖 =

1,… ,4, we obtain 

𝐽1(𝑠) =

{
 
 
 
 
 

 
 
 
 
 

1

𝛤(9/2)
(1 − 𝑠)13/6(1 − (1 − 𝑠)4/3) +

Γ(8/3)

27/6317/6∆Γ(13/6)Γ(23/6)
[2(1 − 𝑠)13/6

         −2(1 − 3𝑠)17/6 + 217/6(1 − 𝑠)13/6 − (2 − 3𝑠)17/6],    0 ≤ 𝑠 < 1/3,
1

𝛤(9/2)
(1 − 𝑠)13/6(1 − (1 − 𝑠)4/3) +

Γ(8/3)

27/6317/6∆Γ(13/6)Γ(23/6)
[2(1 − 𝑠)13/6

+217/6(1 − 𝑠)13/6 − (2 − 3𝑠)17/6],    1/3 ≤ 𝑠 < 2/3,
1

𝛤(9/2)
(1 − 𝑠)13/6(1 − (1 − 𝑠)4/3) +

Γ(8/3)

21/6317/6∆Γ(13/6)Γ(23/6)
[(1 − 𝑠)13/6

+211/6(1 − 𝑠)13/6],   
2

3
≤ 𝑠 ≤ 1,
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𝐽2(𝑠) =
5

3 ∙ 21/6∆Γ(13/6)
{
(1 − 𝑠)2/3 − (1 − 2𝑠)7/6,    0 ≤ 𝑠 < 1/2,

(1 − 𝑠)2/3 ,   
1

2
≤ 𝑠 ≤ 1,

 

 

𝐽3(𝑠) =

{
 
 

 
 

1

𝛤(8/3)
𝑠(1 − 𝑠)2/3 +

(1 + 211/6)Γ(9/2)

21/6317/6∆Γ(13/6)Γ(23/6)
[(1 − 𝑠)2/3

−(1 − 2𝑠)7/6],   0 ≤ 𝑠 < 1/2,

1

𝛤(8/3)
𝑠(1 − 𝑠)2/3 +

(1 + 211/6)Γ(9/2)

21/6317/6∆Γ(13/6)Γ(23/6)
(1 − 𝑠)2/3, 1/2 ≤ 𝑠 ≤ 1,

 

 

𝐽4(𝑠) =
𝛤(9/2)

2 ∙ 317/6∆Γ(19/6)Γ(23/6)

{
 
 

 
 
2(1 − 𝑠)13/6 − 2(1 − 3𝑠)17/6 + 217/6(1 − 𝑠)13/6

                 −(2 − 3𝑠)17/6, 0 ≤ 𝑠 < 1/3,

2(1 − 𝑠)13/6 + 217/6(1 − 𝑠)13/6

                     −(2 − 3𝑠)17/6, 1/3 ≤ 𝑠 < 2/3

 2(1 − 𝑠)13/6 + 217/6(1 − 𝑠)13/6, 2/3 ≤ 𝑠 ≤ 1.

 

 

For 𝑐1 = 1/2, 𝑐2 = 1, we deduce 𝛾1 = (1/2)
7/2,  𝛾2 = (1/2)

5/3, 𝛾 = 𝛾1.  In addition, we obtain 𝑓0
𝑠 = 0,  

𝑔0
𝑠 = 1,  𝑓∞

𝑖 = 𝑔∞
𝑖 = ∞,  𝐵 = ∫ 𝐽2(𝑠)𝑑𝑠 ≈ 0.06605546,

1

0
  𝐶 = ∫ 𝐽3(𝑠)𝑑𝑠 ≈ 0.16869513,

1

0
 �̃� = ∫ 𝐽2(𝑠)𝑑𝑠 ≈

1

1/2

0.03381002, �̃� = ∫ 𝐽3(𝑠)𝑑𝑠 ≈ 0.09615861
1

1/2
. Besides, for 𝑏 = 1/2, we get 𝐿4

′ =
1

2𝐶
≈ 2.96392.  Then, by 

Theorem 3.1, 6) we conclude that for each 𝜆 ∈ (0,∞) and 𝜇 ∈ (0, 𝐿4
′ ), there exists a positive solution 

(𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1] for problem (𝑆0) − (𝐵𝐶0).  Because 𝑔0
𝑖 = 2−�̃�  and 𝑔∞

𝑖 = ∞,  we can also apply 

Theorem 3.4, b). Then there exists μ̃0 such that for every μ > μ̃0 and  λ > 0, problem (𝑆0) − (𝐵𝐶0)  has 

no positive solution. For example, if �̃� = 1, then we deduce 𝑚2 =
1

2
 and μ̃0 =

1

𝛾𝛾2𝑚2�̃�
 ≈  747.074. 
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