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Abstract: In this paper, the Restarted Adomian Method has been implemented to analyze the System of
Integro-Differential Equations in both Volterra and Fredholm types. This modification of Adomian
decomposition method is much better than the standard version of the Adomian decomposition method,
where more accurate approximations for the solutions of the studied examples have been achieved.
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1. Introduction

The ‘Adomian Decomposition Method’ (ADM) [1] consists of calculating the function u as a series
U = Yoo Uy, and the nonlinear function is decomposed as N(u) = N(Qp-y Apx™), where the A, are given
by A, =Y%,c(v,n) NW (Wly=y, [2]. In computing the series u using appropriate software, as n
increases the number of terms in the expression for A, increases and this causes propagation of round off

1 . . .
errors. On the other hand, the factor il existing in the formula of A4,,, makes it very small, so that its

contribution to u is negligible. Hence, only the first few terms of the series Y;-,u, determine the
accuracy of the approximate solution. In 2003, E. Babolian, et al. [3] paid attention to this fact and
introduced a new algorithm called ‘Restarted Adomian Method’, based on the ‘Adomian Decomposition
Method’ to improve the accuracy dramatically. The ‘Restarted Adomian Decomposition Method’ (RADM),
based on the standard ADM, introduced by E.Babolian, et al. [3] was for algebraic equations. In 2008, A.
Yahidi et al. [4] described the ‘Restarted Adomian Decomposition Method’ to solve the system of nonlinear
algebraic equations. In 2005, E. Babolian, et al. [5] applied the ‘Restarted Adomian Decomposition Method’
for solving nonlinear differential equation. In 2004, E. Babolian, et al. [6] applied the (RADM) to nonlinear
integral equations and integro-differential equation. H. Sadeghi, et al. [7] applied the RADM for solving
system of nonlinear Volterra integral equations. In this paper we will show by examples that convergence
rate this method is more accelerate than standard ADM for solving System of Integro-Differential Equations
in both Volterra and Fredholm types.

2. Restarted Adomian Decomposition Method

We consider the Integro-differentil equation of the form
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W’ () = f,00 + [0 (ky (x, ONy (u(©)) + k5 (x, N (v (D))t

n b(x) -~ - (1)
v"'(x) = f,00) + [ (ea (x, ON; (1)) + k3 (x, )N (v(t)))dt
with initial condotions:
u(0) = ay, u'(0) = By
v(0) =a,  v'(0)=p,
where u’ ' (x), v''(x) are the second derivative of the unknown function u(x), v(x) that will be

determined, k,(x,t), k7 (x,t), k,(x,t)and k5 (x,t) are the Kernels of the integro differential equations,
fi(x), f2(x) are an analytic function, Nl(u(t)),Nz(u(t)),Nf(v(t)), N5 (v(t)) are nonlinear function of u,
v respectively.

Let L = ;—;, so L71() = f;c fox(.)dxdx, applying L™ to both sides of (1), and using initial conditions, we

obtain

b(x)
fu(x) =a; +Bx+L7Hfi(x) + L_lj (kq (x, )Ny (u(t)) + k7 (x, O)NT (v(2)))dt
o )
v(x) =ay + Box + L1f,(x) + L1 J (ko (x, )N, (u(t)) + k5 (x, t)N{(v(t)))dt

The Adomian polynomials depend only on ug,v,; therefor if we can modify the term a4+ f;x +
L7f;(x) and a, + B,x + L7 f,(x) in equation (2), then uy, v, are modified. This can be done by adding a
term to both sides of the equation. Let g, g, be the proper terms, which are determined next; then

- -1 rb ~ ~
u(®) + g1 = ay + Brx + Lf00 + g1 + L7 [0y (N (D) + ki (6, N7 (0(6))de
- —1rb ~ ~
V() + g, = @y + fox + L0049 + L7 [} (ko (e, ON; (w(®)) + K3 Gx, ON5 (v(0)) ) it
(3)
By applying the modified Adomian method on equation (2), we obtain

{uo =01
Vo = 92

( b(x)
! w =y Bx LA =g+ 17 [ (aGo A + kG 045 ©)de

b(x)
|91 = @z + o+ L7 o) o + 17 j (ka(x, OBo (£) + k3 (x, )B5 (w(£)))de
b(x)
( Upyq = L—lf (ki (x, )AL (L) + k7 (x, t)Ag(t))dt, k>1

4

b(x)
ka+1 =L f (ko (x, OB (1) + k2 (x, )Bg (v()))dt, k=1
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Hence, we present the following algorithm

2.1. The Algorithm

Choose small natural numbers m, n.
Step1: Apply the Adomian method on Eq. (1) and calculate (uy, vy), (U1, V1), ..., (Uy, V). Set
ol =ug+uy +-+u,

wy=vo v+t

Step2: For i = 2:m, do

_1291
=02
{u0=g1
Vo = 92

b(x)
{ul =a;+Pix+Lf(x)— g, + L‘lf (kl(x, t)Ay(t) + k7 (x, t)Ag(t))dt

b(x)
lvl =a;+Pox + L7 f(x) — g, + L7 j (k2 (x, )Bo(t) + k3 (x,t)Bg (v(t)))dt

b(x)
(u,m = L—lj (kq(x, )AL () + k7 (x, )Ag(t))dt, k>1

4

b(x)
|Poes = L7 f Uy, OB(0) + k3 (6, OBR (v())de, k21

Set
Wl =uptug oty
(l)lz =v0+v1+"'+vn
end of for.
Remarks

e !, w} canbe considered as the approximate solution of Eq. (1).

e The Adomian method usually gives the sum of some of the first few terms gives an approximation of
u, v. In the new algorithm (RADM), we update u,, v, in each step but we do not calculate the terms
with large index in each step; therefore, m and n are considered to be small, say, m =3 and n= 2.

o Applied the restarted Adomian method in m steps; and in each step, we obtained n terms of
standard Adomian method with updated u,, v, . Note that we used Ay,4; . . .,
An_1, 45,47, ., A5_1,Bo, By . . . ,Bp_1,By, BT, ...,B,_1 in each step, whereas for the standard
Adomian method, we obtained mn terms, ie, used A4, , A .,
Apn-1,45,47, ., Apn_1,Bo, B1 »-wBmn—-1,B5, BT, o Bn—1-

3. Computational Results and Analysis

Example 1
Consider the system of nonlinear Volterra integro differential equation [8]
(
u(x)—l—x+———+f((x—t)u +v2)dt, u(0)=1
3x
{v "(x) = —1—x————+f W? + (x—tvHdt, v0)=1
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With the exact solution (1 + x,1 — x). Applying L™1(. ):fx(. )dx to the both sides gives,

( x?
u(x)=1+x——+

lx3——+L f((x—t)u +v?)dt

276
x? x3
kv(x)zl—x—7—7—5+L‘1f0(u2+(x—t)1;2)dt
By applying the new algorithm with n =2 and m = 2, we obtain:
Step 1
14 xz+1 5 x5
Vo= 2T X=5" T8 T 60
x2 x3 x°
—l—x—=—-_— -
Vo T2 T2 760
x
Uiy = L1 f ((x = DA + By(D)dt, k>0
0
X
ka:L’lj(Ak(t)+(x—t)Bk(t))dt, k=0
0
1 1 1 13
— 2 43 4 .6 ..
i A T AT
1 1 1 1
—_ a2 43 a4 .5
v1—2x + 2x 12x 30x +
1 1 1 31
— 44 5 6 7
T T e T 20 1260
1 1 1 1
e R S Y
V2= 1% zox T R
) 1, 1 3
w; =uo+u1+u2=1+x+gx ﬁx _ﬁx +-
wt=vy+v,+v,=1—x +13 x7 +
z - reraT e 360" ' 2520
Step 2
=1+ +1 s 1 3 +-
Up =1 xtgxt = x® — a5
=1 ! 6+ 3 7+
Vo= 27X 7360" T 25207
PR SRR (1+ 4l 3 4 )
w=1+x-otox’ =55 Xt = oa o
+ L‘lf (G =) Ae(t) + Bo(1))dt
0
1 © o X (1 I I )+
MY T T 60 *7360° T2520%
b
+ L‘lj (Ao(®) + (x — ©)Bo(1))dt
0
X
s = 17 [ (= 040 + B(0)de, k=1
0
X
vk“:L‘lf(Ak(t)+(x—t)Bk(t))dt, k=1
0
31 1 73
= _ 6 T 74 48 9
W=t oe20 Y 2016° T 90720
1 1 1 73
FE——] a7 4 48 _ 9
V1= T 360" Ta80" T 302407
1 23 13 31
= 48 _ 9 10 _ 11
Y2 =2016% T 90720" T 226800°  554400™
1 71 23
_ 8 9 10 _ 11
V2= 2016° T 90720° t90720° ~ 142560"

1 1 1
ol =ugtu tu, =l+x+-x*+—x"+-——=x+-

6
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630

720
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w2 =vy+ v+ v =1—x+ix6+ix7+~-
poer T 90 126

The results produced by the present method with only few components (m=2) are in a very good
agreement with the best of the results of the methods listed in Table (1-a) and Table (1-b). The restarted
Adomian method solution compared with exact solution in Fig. (1-a) and Fig. (1-b).

Table (1-a). Comparison between Exact Solution u(x) and Approximate Solution Using Method (RADM)

X Exact (RADM) Absolute Error
0.00 1.00000000 1.00000000 0.00000000e+00
0.10 1.10000000 1.10001667 1.66670000e-05
0.20 1.20000000 1.20026669 2.66691000e-04
0.30 1.30000000 1.30135044 1.35043500e-03
0.40 1.40000000 1.40427014 4.27013700e-03
0.50 1.50000000 1.51043416 1.04341590e-02

Table (1-b). Comparison between Exact Solution v(x) and Approximate Solution Using Method (RADM)

X Exact M5 Absolute Error
0.00 1.00000000 1.00000000 0.00000000e+00
0.10 0.90000000 0.90000001 1.19000000e-08
0.20 0.80000000 0.80000081 8.12700000e-07
0.30 0.70000000 0.70000984 9.83950000e-06
0.40 0.60000000 0.60005857 5.85747000e-05
0.50 0.50000000 0.50023614 2.36135000e-04

1.4
. 13
124

x

Exact - M5

Fig. (1-a). Comparison between exact solution u(x)and approximate solution using method (RADM).

1.0

0.8+

0.7+

o 0l o2 033 ol 0.3

Exact - ME

Fig. (1-b). Comparison between exact solution v(x) and approximate solution using method (RADM).

Example 2
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Consider the system of nonlinear Fredholm integro differential equation

( 12 1
u'(x)=2+4+—x —f x(u? + v?)de, u(0) =1,u'(0)=0
5 0
v'(x) =-2 +fx —f x(u? —v?)dt, u(0)=1,4'(0)=0
3 0

With the exact solution (1 + x2,1 — x?).
Applying L71(. )=f; fox(.) dxdx to the both sides gives,

12 1
(u(x) =1+x%+ %x3 — L‘lf x(u? + v?)dt

0

4 1
v(x)=1—-x*+-—x%— L"lf x(u? —v?)dt
18 s

By applying the new algorithm with n = 2 and m = 2, we obtain:

Step 1
12
uy=1+x*+ %x3
4
vo=1-—x2+ Ex3
1
Upyq = —L‘lf x(Ay + Bp)dt , k>0
01
Vi1 = —L‘lf x(4, — Bp)dt , k=0
0
19847
e T
1666
V1= T 5075 "
13539649
Y2 = 160744500 "
10157669
Y2 = 160744500
wt=uy+u Fu, = 1+xz+—2815789 x3
ot 160744500
Wt =vy + v, + v —1—x2+wx
zoeraT e 160744500
Step2
gy 2815789
Mo = AT X T 160744500
L1y 1796309
Vo = A T X T 160744500

12
uy=1+x2+-—=x%-

(1 , . 2815789 3)
30 x

* 160744500
1

- L‘lf x(Ap(6) + Bo(1))dt
0

1796309 3>
160744500

- L‘lf x(Ap(t) — Bo(D))dt

4
v1=1—x2+Ex3—(1—x2+

1
Upyr = —L‘lf x(A, +Bdt, k=1
0

1
Vip1 = —L‘lf x(A, —Bpdt, k=1
0

(W = —0.02027080626x
[ v, = —0.01330179127x*
| u, = 0.003208871286x°

v, = 0.002455726061x°
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w? =uy+u; +u, =1+ x%+0.0004552366791x3
wy,%> =vy+v; +v, =1—x%+0.0003288676839x3

The results produced by the present method with only few components (m=2) are in a very good
agreement with the best of the results of the methods listed in Table (2-a) and Table (2-b). The (RADM)
solution compared with exact solution in Fig. (2-a) and Fig. (2-b).

Table (2-a). Comparison between Exact Solution u(x) and Approximate Solution Using Method (RADM)

X Exact M5 Absolute Error
0.00 1.00000000 1.00000000 0.00000000e+00
0.10 1.01000000 1.01000046 4.55000000e-07
0.20 1.04000000 1.04000364 3.64200000e-06
0.30 1.09000000 1.09001229 1.22910000e-05
0.40 1.16000000 1.16002914 2.91350000e-05
0.50 1.25000000 1.25005690 5.69050000e-05

Table (2-b). Comparison between exact solution v(x) and Approximate Solution Using Method (RADM)

X Exact M5 Absolute Error
0.00 1.00000000 1.00000000 0.00000000e+00
0.10 0.99000000 0.99000033 3.28900000e-07
0.20 0.96000000 0.96000263 2.63090000e-06
0.30 0.91000000 0.91000888 8.87940000e-06
0.40 0.84000000 0.84002105 2.10475000e-05
0.50 0.75000000 0.75004111 4.11085000e-05

1254
1204
1.154
1.104

=

Exaa - M5

Fig. (2-a). Comparison between exact solution u(x) and approximate solution using method (RADM).

1.00

0.95

0.50

6 X 02 03 04 05

=
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Fig. (2-b). Comparison between exact solution v(x) and approximate solution using method (RADM).
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4. Conclusion

The present modification of Adomian decomposition method (RADM) has been successfully applied in
this paper to finding the approximate solutions of system of nonlinear integro differential equations. The
investigated examples show that better accuracy was achieved via the present method.
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