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Abstract: In this paper, we study a system of nonlinear second-order ordinary differential equations with
Riemann-Stieltjes integral boundary conditions which contain some positive constants. By using the
Schauder fixed point theorem and some properties of the associated Green's functions, we show that this
problem has at least one positive solution for sufficiently small constants. Then, we give sufficient
conditions for the nonexistence of positive solutions. Similar results for other three boundary value
problems are also presented.
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1. Introduction

Boundary value problems with positive solutions describe many phenomena in the applied sciences such
as the nonlinear diffusion generated by nonlinear sources, thermal ignition of gases and concentration in
chemical or biological problems (see [1]-[6]). Problems with integral boundary conditions arise in thermal
conduction problems ([7]), semiconductor problems ([8]) and hydrodynamic problems ([9]). In the last
decades, many authors investigated differential equations or systems of differential equations with integral
boundary conditions, for which they prove the existence, multiplicity and nonexistence of positive solutions
by using various methods, such as fixed point theorems in cones, the Leray-Schauder continuation theorem,
nonlinear alternatives of Leray-Schauder type, fixed point index theory and coincidence degree theory (see
for example [10]-[17]).

We consider the system of nonlinear second-order ordinary differential equations

) {u(tﬁ +p@Of(v(®)) =0, te(01D),
v(t) +q®)g(u(®) =0, te(01),

with the integral boundary conditions

1 1
j{aum)—ﬁu’(m: f u(s) dHy(s), yu(l) +6u (1) = f u(s) dHs (s) + ao,

(BC) ° o
|70 - fv'©) = f v(s) dKi(s), (D) + v (1) = f v(s) dK(s) + b,

0 0
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where the above integrals are Riemann-Stieltjes integrals, and a, and by are positive constants. The
boundary conditions (BC) include multi-point and integral boundary conditions and sum of these in a
single framework.

By using the Schauder fixed point theorem, we shall prove the existence of positive solutions of problem
(S) — (BC).By a positive solution of (S) — (BC) we mean a pair of functions (u,v) € (C2([0,1],[0,0)))?
satisfying (S) and (BC), with u(t) >0 and v(t) >0 for all t € (0,1]. We shall also give sufficient
conditions for the nonexistence of the positive solutions for this problem. The particular case of the above
problem when y =7 =1, § =§ =0, the functions H; and K; are constant, and H, and K, are step
functions has been investigated in [18]. We also mention pape [19], where the authors studied the existence
and nonexistence of positive solutions for the m-point boundary value problem on time scales u®V(t) +
a(t)f(u(t)) =0, t € (0,T), fu(0) —yu(0) =0, w(T) — ¥ >a;u(&) =b, m=3and b > 0.

We present the assumptions that we shall use in the sequel.

01 a,B,v,6,&5,7,6 €[0,).

(J2) Hy, Hy, Ky, K5:[0,1] = R are nondecreasing functions.

U3) a— [ dHy(1) > 0,y — [, dHy(2) > 0, @ — [} dKy(x) > 0, 7 — [ dK, () > 0.

(J4) The functions p,q:[0,1] - [0,) are continuous and there exist t;,t, € (0,1)such that p(t;) >0,
q(ty) > 0.

(J5) f,9:10,00) - [0,0) are continuous functions and there exists ¢, > 0 such that f(u) < %", g <

%0 forall u € [0,¢y], where L = max {folp(s)jl (s)ds,fo1 q(s)], (s)ds} and J;, J, are defined in Section 2.

(J6) f,g:[0,00) > [0,0) are continuous functions and  satisfy the  conditions
lim,, 0 @ =00, lim,_e %u) = 00,

In the proof of our main existence result, we shall use the Schauder fixed point theorem which we present
now.

Theorem 1.1 Let X be a Banach space and Y € X a nonempty, bounded, convex and closed subset. If
the operator A:Y —Y is completely continuous, then A has at least one fixed point.

The paper is organized as follows. Section 2 contains some auxiliary results. The main theorems are
presented in Section 3, and finally in Section 4 an example is given to support the new results.

2. Auxiliary Results

We consider the second-order differential equations with integral boundary conditions

u () +y(t) =0, te€(0,1), (1)

, 1 , 1
au(0) = fu'(0) = [ u(s) by (), yu(t) + 60’ () = [ u(s) dity(s), @)

0 0

and

v () +5() =0, te (1), (3)

-, 1 L, 1
av(0) — Bv (0) = f v(s) dKi(s), 7v(1)+6v (1) = f v(s) dK,(s). 4)

0 0

For a,$,7,8 €R,|al + |B] #0,|y| + |8] # 0, we denote by ¥, ¢, and ¢ the solutions of the following
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boundary value problems

P =0 0<t<y PO =4 Y (0 =a

¢ ()=00<t<L; (=6 ¢ D)=~y

P(®=0 0<t<L H0) =5 PO =a

$'(M)=0 0<t<y gM)=6 ¢ =-7,
respectively, that is the functions ¥(t) = at+ B, ¢(t) = -yt +y + 6, P(t) = @t +f and ¢(t) = -yt +
7+ 8 forall t € [0,1]. We denoteby 7, = ay + a8 + By and 1, = &7 + &6 + 7.

By using assumptions (]J1)-(J3), we deduce that « >0, y >0, @ >0 and ¥ > 0,andso a+ £ >0, y+
§>0, a+y>0,a+f>0,7+6>0, @a+7>0. Besides

1

1 1
o0-| ¢<s)dH1(s>=(y+a)(a—j dH1<s>>+ﬁy+yj s dHy(s) > 0,
0 0 0
1 1 1
Tl—folp(s) dH2(5)=(a+B)<V—fo de(s)>+a6+aj0 (1 —-5s)dH,(s) >0,
1~ B 1 5 1
rz—f ¢(s)dK1(s)=()7+6)<d—f dKl(s))+[3)7+)7f sdK,(s) >0,
0 0 0

1 1 1
rz—f &(s)dl(z(s)=(a+ﬁ)<)7—j dKz(s)>+d~+df (1—15) dK,(s) > 0.
0 0 0

In addition, we denote

1 1 1 1
A1=(n— j w(s) dHZ(s)) (rl— j () dHl(S)>—< j ¥(s) dH1<s)>< f $(s) dH2<s)>,
0 0 0 0
1~ 1~ 1~ 1~
A2=<T2— f 3(s) dK2(5)><T2— j $(s) d&(s))—(j w(s)d&(s))(j ¢(s)d1<2<s)>.
0 0 0 0

After some computations, we obtain A; = 1yA; > 0, A, = T,A, > 0, where

1 1 1 1
Zl=(ﬁ+ fo sdHl(s))(y— fo de(s)>+<a— fo dHl(s>)<y+6— fo sde(s)>,
1 1 1 1
A, = (ﬁ+f0 del(s)) ()7—f0 dl(z(s)>+<c?—fo dl(l(s)> <)7+S—J; dez(s)>.

In this way, we conclude that assumptions (12)-(14) from [20] are satisfied. Hence, all the auxiliary results
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Lemmas 2.1-2.7 from [20] for problem (1)-(2), and the corresponding auxiliary results for problem (3)-(4)
are satisfied.

Therefore, under assumptions (J1)-(J3) and for y,y € €(0,1) n L1(0,1), the solutions u and v for
problems (1)-(2) and (3)-(4), respectively, are given by u(t)= fol G1(t,s)y(s)ds and
v(t) = fol G, (t,s)y(s)ds forall t € [0,1], where G; and G, are given by

1
G1(t,s) = g1(t,s) +Ai1[(at +8) fo (—ys+y+06)dH,(s)+ (—yt+y+8)(ay + ad + By
1 1 1
—J (as + p) dH, (S))] f 91(t,s) dH; () + A [(at + B)(ay + ad + By
0 0 1
1 1 1
- [Crsey+oram (s)) +rery+) [ (st pan, (s)] [ a1.5) dmy(o),
0 0 0
1
Gy(t,s) = gy(t,s) +Ai2[(5zt + E)f (—Ps+7+8)dKy(s) + (-7t + 7+ 8)(ay + ad + fy
0
1 N 1 1 5 B 5
- f (@s + f) dK; (s))] f 92(z,5) dK,(7) + » [(at + p) (a7 + &b + By
0 0 2

1 1 1
- fo (-7s+7+6)dK; (s)) + (-7t +7+6) fo (as+ pB) dK; (s)] fo 92(1,5)dK, (1),

and

(ts) = 1 {(—yt+y+5)(as+ﬁ), 0<s<t<l,
gii Tay+as+ Byl (—ys+y+8)(at+p), 0<t<s<1,
(©.5) 1 {(—7t+)7+8)(ds+ﬁ), 0<s<t<l,
, ) = —————=———=— L -
92 ay+as+py (-7s+7+6)(@+p), 0<t<s<1.

By Lemma 2.6 from [20], the Green's functions G; and G, above satisfy the inequalities G;(t,s) < J;(s),
In addition, by Lemma 2.7 from [2], we deduce that for G,(t,s) < J,(s) for all (t,s)€[0,1] x[0,1],

and for every o € (0, %) we have Mminie[s1-41G1(t,s) = v1J1(s) and Mminge(s1-4)G2(t,5) = v2J,(s) for all
s € [0,1], where

1 1
]1(S)=gl(s,5)+A—1[(a+B)f (=ys+vy+06)dHy(s) + (y + &) (ay + ad + By
0
1 1 1
—f (as+p) dHZ(S))“ 91(1,5) dH1(T)+A—[(a+ﬁ)(ay+a6+ﬁV
0 0 1

1 1 1
- f (ys +7 +8) dH, (s)) + (4 6) f (as + B) dH, (s)] f 91(5,5) dH, ()
0 0 0
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1 ! . _ .
jz(s)=g2(s,s)+A—2[(a+ﬁ)fO (—7s+7+6) dKy(s) + (7 + &) (ay + &6 + By
1 N 1 1 5 B B
_f (@s+p) dKZ(s)>U 92(1,5) dKl(r)+A—[(&+B)(d)7+&6+ﬂ)7
0 0 2

1 1 1
- fo (-7s+7+6)dK; (s)> +F+8) fo (@s+B) dK; (s)] fo 2(1,5) dK, (1),

. g+8 aoc+ . Yo+ ao+B
and v1=m1n{y , ﬂ}, v2=m1n{y~~,~ f}
y+6 ~ a+p y+6 * a+p

In addition, by Lemma 2.7 from [20], we deduce that for ¢ € (0,%) and y,§ € €(0,1) n L1(0,1), with

y(t) =0, (t) =0 forall t € (0,1), the solutions u and v of problems (1)-(2) and (3)-(4), respectively,
satisfy the inequalities inf;c(s 1o u(t) = vlsupt'e[o,l]u(t') and  infiepp1-01v(t) 2 vzsupt'e[oil]v(t').

3. Main Results

Our first theorem is the following existence result for problem (S) — (BC).
Theorem 3.1 Assume that assumptions (J1)-(J5) hold. Then problem (S) — (BC) has at least one
positive solution for ay > 0 and b, > 0 sufficiently small.

Proof. By (J4) and (J5), we deduce that fol p(s)J1(s)ds > 0 and fol q(s)J,(s)ds > 0, that is the constant
L from (J5) is positive.
We consider the problems
h'(t) =0, t€(0,1),

, 1 : ! (5)
ah(0) — Bh (0) = J h(s) dH,(s), yh(1)+6h (1) = f h(s) dH,(s) + 1,
0 0

k') =0, te(0,1),

- 5 ' i - ! (6)
ak(0) — Bk (0) = J k(s) dK;(s), 7k(1)+6K'(1) = j k(s) dK,(s) + 1.
0 0

The above problems (5) and (6) have the solutions

1 1
h(t) = 2—11 [t (cx - f dH, (s)> Ny f s dH, (s)], t € [0,1], %)
0 0

1 1
k(t) = 2—22 [t (a - f dKl(s)) Iy f s dKl(s)], t € [0,1],
0 0

respectively.
By assumptions (]J1)-(J3) we obtain h(t) > 0 and k(t) > 0 forall ¢t € (0,1].
We define the functions x(t) and y(t), t € [0,1] by

x(t) =u(t) —apgh(t), y(t) =v(t) — bok(t), t € [0,1],
where (u,v) isasolution of (S) — (BC).Then (S) — (BC) can be equivalently written as

{x” () + p(Of (¥(©) + bok()) =0, t € (0,1),

, ~ (8)
y (©) +q®g(x(®) + agh(t)) =0, t € (0,1)
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with the boundary conditions

{ax(O) — Bx'(0) = [ x(s) dHy(s), yx(1) +6x (1) = [ x(s) dHy(s), ©

ay(0) — By (0) = [} y(s) dKi(s), 7y(1) +8y (1) = [} y(s) dKy(s).

Using the Green's functions G, G, from Section 2, a pair (x,y) is a solution of problem (8)-(9) if and
only if (x,y) is a solution for the nonlinear integral equations

1 1

x(t) = J G1(t, s)p(s)f (f G2 (s, 7)q(0)(g(x(?) + agh(1)) dt + bok(5)> ds,
0 . 0 (10)

y(t) = f G, (t, s)q(s)g(x(s) + aoh(s)) ds, 0<t<1,
0

where h(t), k(t), t € [0,1] are given by (7).
We consider the Banach space X = €([0,1]) with the supremum norm ||-|| and define the set

E ={x e C([0,1)]), 0 < x(t) <cy, vt € [0,1]} c X.
We also define the operator S:E = X by
1 1
Sx)(t) = j G1(t, s)p(s)f (f G, (s, r)q(r)(g(x(r) + aoh(r)) dt + bok(s)> ds, 0<t<1x€E.
0 0
For sufficiently small a, > 0 and b, > 0, by (J5), we deduce
C C
F(y(£) + bok(t)) < f" g(x(t) + agh(t)) < IO vte[0,1], VxyE€EE.

Then, by using some remarks from Section 2, we obtain (Sx)(t) =0 for all t € [0,1] and x €E. In
addition, for all x € E, we have

1 1
f G2(5,1)q(D)(g(x(D) + aoh(v)) dr Sf J2(0q(@)(g(x(7) + aoh(1)) dr
0 0

CO 1
S—fb@ﬂﬂwSmwemu
L 0

and

1 1
(Sx)(®) < f J1(&)p(s)f (f G2 (s, 1)q(D) (g(x(7) + agh(1)) dz + bok(5)> ds
0 0

Co 1
< —f J1(s)p(s) ds < ¢y, Vt € [0,1].
L J

Therefore S(E) C E.
Using standard arguments, we deduce that S is completely continuous (S is compact, that is for any
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bounded set B c E,S(B) C E is relatively compact by Arzela-Ascoli theorem, and S is continuous). By
Theorem 1.1, we conclude that S has a fixed point x € E. This element together with y given by (10)
represents a solution for (8)-(9). This shows that our problem (S) — (BC) has a positive solution (u,v)
with u = x + agh, v =y + byk for sufficiently small a, > 0 and b, > 0.

In what follows, we present sufficient conditions for the nonexistence of positive solutions of problem
($) — (BO).

Theorem 3.2 Assume that assumptions (J1)-(J4) and (J6) hold. Then problem (S)— (BC) has no
positive solution for ay and b, sufficiently large.

Proof. We suppose that (u,v) is a positive solution of (S) — (BC). Then (x,y) with x =u—agh, y =
v — bgk is a solution for (8)-(9), where h and k are the solutions of problems (5) and (6), respectively,
(given by (7)). By (J4) there exists o € (0, %) such that tq,t; € (0,1 — 0), and then fal_g p(s)J1(s) ds >

0, ol—ogs/2sds>0. Now by using some remarks from Section 2, we have x7>0, y(¢)>0for all z€0,1,
and Minefy1-41%(¢) = villxll and mingey1-41y(€) Z v2llyll-

Using now (7), we deduce that

i (o) = @ . k@
el itg] h(t) = h(o) = ) (IR, te[rgllrlg]k(t) = k(o) = ) Ikl

Therefore, we obtain

h(o)

milrla](x(t) + aph(t)) = vyllx|l + ao "D

g 1Al = 7l + aolIRID) = llx + aohll

min (y(t) + bok(t)) = v,|lyll + b @
_J]y 0 Z U211y Ok(l)

tefo,1

lkll = (llyll + bollklD) = 2 lly + bokll,
where

o (a — fol dH, (s)) +p+ fol s dH,(s)
a— [} dHy(s) + B + [, s dH;(s)

h(o)
h(1)

71 = min {vl, } = min{ vy,

o(@— [y dii(s)) + B + f s dKi(s)
@— [ di(s) + B + [} sdKi(s) |

k(a)} = min{ vy,

, = min {vz, m

We now consider R = (min {vzrl fol_a q(s)J,(s) ds, vy, fol_ap(s)jl (s)ds })_1 > 0.

By (J6), for R defined above, we conclude that there exists M > 0 such that f(u) > 2Ru, g(u) > 2Ru
forall u = M. We consider ag > 0 and by > 0 sufficiently large such that

mirlg](x(t) + agh(t)) = M, te[rglilrlg](y(t) + bok(t)) = M.

tefo,1

By (J4), (8), (9) and the above inequalities, we deduce that ||x|]| > 0 and ||y|| > 0.
Now by the above considerations, we have
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1 1
y(@) = fo 62(0,)q()g(x(s) + agh(s)) ds = v fo J()a()g(x(s) + agh(s)) ds
1-o 1-o
> v, f J()q()g(x(s) + agh(s)) ds = 2Rv, f J()q(s)(x(s) + agh(s)) ds
1-0
> Zszf J2(s)q(s) Teglilrla](x(r) + aoh(r)) ds

1-0
> 2Rv2r1f J2()q(S)|lx + aghll ds = 2]||x + agh|| = 2||x]|.
o

Therefore we obtain

Il s@s@. (11)
In a similar manner, we deduce
1 1
x(0) = fo 61 (0, I()F (¥(5) + bok(s)) ds = v, fo LSS F((S) + bok(s)) ds
1-0 1-0o
= U1f J1®)p()f(y(s) + bok(s)) ds = 2Rv, j J1®)p()(y(s) + bok(s)) ds
1-0
> 200 [ KGO pin (V0 + aok(@)ds
1-0
= Zvarzf J1pS)ly + bokll ds = 2|y + bokll = 2||yll.
So, we obtain
x(o) x|
llyll < — =5 (12)

By (11) and (12), we conclude that ||x|| < @ < @, which is a contradiction, because ||x|| > 0. Then,

for ay and b, sufficiently large, our problem (S) — (BC) has no positive solution.
Similar results as Theorems 3.1 and 3.2 can be obtained if instead of boundary conditions (BC) we have

1 1
j(au(o) —pu'(0) = f u(s) dH;(s) + ap, yu(1) +6u' (1) = f u(s) dH,(s),
(BCY) ° "
|7 - fv'©) = f v(s) dKy(s) + by, Fv(1) +6v' (1) = f u(s) dKs(s),
0 0

or
1 1

au(0) — Bu' (0) = f u(s) dH,(s) + ay, yu(l) + su (1) = f u(s) dH,(s),

0 0

(BCZ) 1 1
av(0) — v (0) = f v(s) dKi(s), 7v(1)+6v' (1) = f v(s) dK,(s) + by,
0 0
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or

1 1
jau(O) —Bu'(0) = f u(s) dH;(s), yu(l)+6u (1) = f u(s) dH,(s) + ay,
(BC3) 0 1 0 1
Ikﬁw(O) — v (0) = fo v(s) dK;(s) + by, 7v(1) +6v (1) = fo v(s) dK,(s),

where a, and b, are positive constants.
For problem (S§) — (BC,), instead of functions h and k from the proof of Theorem 3.1, the solutions of
problems

h () =0, te (01,

1 1
ahy (0) — By (0) = fo ha(s) dHy () + 1, yhy (1) + 8hy (1) = fo ha(s) dHs(s), (13)

ki"(®)=0, te(0,1),

1 1
hy (0) — By (0) = fo ki(s) dKy () + 1, 7hy(1) + 8Ky (1) = fo ky(s) dKo (s), (14

are

1 1 1
hl(t)=2—1l[—t<y—J0 de(s)>+y+5—fosdH2(s) . tefod],
T 1 ) 1 :
ki(t) =A—2[—t<)7—j0 dKz(s)>+)7+6—j0 s dK,(s)], t € [0,1],

respectively. By assumptions (]J1)-(J3) we obtain h;(t) > 0 and k;(t) > 0 forall t € [0,1).

For problem (S) — (BC,), instead of functions h and k from the proof of Theorem 3.1, the solutions of
problems (13) and (6) are the functions h; and k, respectively, which satisfy h;(t) > 0 for all ¢t € [0,1)
and k(t) > 0 for all t € (0,1]. For problem (S) — (BC3), instead of functions h and k from the proof of
Theorem 3.1, the solutions of problems (5) and (14) are the functions h and k4, respectively, which satisfy
h(t) >0 forall ¢t € (0,1] and k;(t) > 0 forall t € [0,1).

Therefore we also obtain the following results.

Theorem 3.3 Assume that assumptions (J1)-(J5) hold. Then problem (S) — (BC;) has at least one
positive solution (u(t) > 0 and v(t) > 0 forall t € [0,1)) for ay > 0 and b, > 0 sufficiently small.

Theorem 3.4 Assume that assumptions (J1)-(J4) and (J6) hold. Then problem (S)— (BC;) has no
positive solution (u(t) > 0 and v(t) > 0 forall t € [0,1)) for ay and b, sufficiently large.

Theorem 3.5 Assume that assumptions (J1)-(J5) hold. Then problem (§)— (BC,) has at least one
positive solution (u(t) >0 for all t €[0,1), and v(t) >0 for all t € (0,1]) for ay >0 and by >
0 sufficiently small.

Theorem 3.6 Assume that assumptions (J1)-(J4) and (J6) hold. Then problem (§)— (BC,) has no
positive solution (u(t) >0 for all t € [0,1), and v(t) > 0 for all ¢t € (0,1]) for a, and b, sufficiently
large.

Theorem 3.7 Assume that assumptions (J1)-(J5) hold. Then problem (§)— (BC3) has at least one
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positive solution (u(t) >0 for all t € (0,1], and v(t) >0 for all t €[0,1)) for ay; >0 and by >
0 sufficiently small.

Theorem 3.8 Assume that assumptions (J1)-(J4) and (J6) hold. Then problem (§)— (BC3) has no
positive solution (u(t) >0 for all ¢t € (0,1], and v(t) > 0 for all t € [0,1)) for ay, and b, sufficiently
large.

4. An Example
We consider p(t) = at, q(t) = bt forall t € [0,1] with a,b >0, a =3,=2,y =2, =1, =5, F =
2, 7=2,6=1/2, Hi(t) =t, Hy(t) = t?, K1 (t) = t3, Kz(t) =/t for all t € [0,1]. We also consider the

functions f, g:[0,0) - [0,00), f(x)=— , g(x )—— for all x € [0,00) with ¢,d > 0. We have
lim, fi) =1i mx_,oogi) 00,

Therefore, we consider the nonlinear second-order differential system

cv’(t) _
u(t) + at (t) — =0 te (0,1),
(SO) , 4.( )
V(tj + btm =0, te€ (0,1),

with the boundary conditions

1

1
I 3u(0) — 2u(0) = J u(s) ds, 2u()+u(l) = 2f su(s) ds + ay,
0 0
(BCO) 1

. 1 1, 101
lSv(O) —2v(0) = 3J s?v(s)ds, 2v(1) + Ev(l) = 5_[ ﬁv(s) ds + by.
0 0

We obtain a— [ dH;(t)=2>0, y— [ dH,(D)=1>0, &~ [ dk;(t)=4>0, 7 [ di,(1) =
150, ye=3242, pt=—2¢+3 forall 2€0,1, 71=13, A1=436, A1=5596,

P(t) =5t +2, ¢(t) = -2t +% forall t € [0,1], 7, = ? A, = %, A= 15%. So assumptions (J1)-(J4)

and (]6) are satisfied.
In addition, we have

(=2t +3)(3s+2), 0<s<t<1,

1
91(t,5) = _{(—25 +3)(3t+2), 0st<s<1,

13
(& s) = _{(—Zt +5/2)(5s+2), 0<s<t<1,
92(LS) =33 (—25 +5/2)(5t +2), 0<t<s<1,
and the functions J; and J, are of the form

212 (1 4o 4 186 ! gy 424+ 464s - 364s” —131s°
1@ = 01659 + g5 | aitr)drt g5 | e (e 5)dr = — ,

98 1
h@—m@®+—-1wﬁ®w+——ffwﬁﬂw

137 3014
_ 4312+ 85885 — 39325%/2 — 548052 — 539s*
B 9042 '
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Then we deduce L = max {a fol sji(s)ds, b fol sJ5(s) ds}, with fol sJ1(s) ds ~ 0.4462731 and
fol sJ,(s) ds = 0.2693436. We choose ¢y =1 and if we select ¢ and d satisfying the conditions
c< % ,d < % then we obtain f(x) < % < % glx) < % <% for all x € [0,1]. For example, if a =1,b =
1/2, then for ¢ < 4.48 and d < 11.2 the above conditions for f and g are satisfied. So, assumption (J5)

is also satisfied. By Theorems 3.1 and 3.2 we conclude that problem (S;) — (BC,) has at least one positive
solution for sufficiently small ag > 0 and by > 0, and no positive solution for suficiently large a, and b,.
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