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Abstract: A homogeneous factorisation of a graph I is a partition of its arc set such that there exist vertex
transitive subgroups M<Gs<Aut(I') such that M fixes each part setwise of the partition and Gpreserves the
partition and transitive permuting the parts. In the present paper, we study homogeneous factorisation with
M abelian. We give some interesting characterizations and constructions of such factorisations.
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1. Introduction
Let I' be a graph with vertex set VI" and arc set ATL If there exist a partition P ={R,P,---,R} of the arc set

AT and two subgroups M<G of Autl’, such that
1) Mis transitive on the vertex set VI and fixes each Pi setwise;
2) P is a G-invariant partition and the induced action GP of G on P is transitive, we call that (T,P) is a
(M,G)-homogeneous factorisation of index k.

If M isregularonV['and M <G, then we call the factorisation an M-Cayley homogeneous factorisation;
if, in particular, M is an abelian group, we occasionally simply call that I' has a homogeneous factorisation,
M-Cayley homogeneous factorisation, M-abelian homogeneous factorisation and M-circulant homogeneous
factorisation. The purpose of this paper is to character M-abelian homogeneous factorisation.

The finite graphs homogeneous factorisation is initiated and researched by famous Algebra graphs
theorem experts Praeger, Guralinck, and Saxl [1]. In 2003, Lim and Stringer gave characterizations for
homogeneous factorisations of complete digraph and Edge-transitive homogeneous factorisations of
complete graphs [2], [3]. In 2004, Cuaresma studied homogeneous factorisations of Johnson graph [4]. In
2007, Giudici, Li, Potocnik, and Praeger accomplished homogeneous factorisations of complete multipartite
graphs [5]. Fang, Li, and Wang characterized transitive 1-factorizations of arc-transitive graphs [6]. The
general theory of homogeneous factorisation was studied in [1], [7]. A necessary and sufficient condition for
complete graphs having circulant homogeneous factorisations has been given by Praeger and Li, for
complete graphs having (M,G) circulant homogeneous factorisations under the condition that G/M is a
cyclic group [8]. This paper give a research in the base of the main work above.

2. Constructions

Let R be a group and M=R:H <G=M:L withl a subgroup of Aut(M). Let I'=Cay(R,S) and
I =Cay(R,S;) for i=12;---k are Cayley graphs of M . Finally let R=Ar;, P={R,P, -, R} and
Z={51,52,--,Sk}
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Lemma 2.1. Using notation defined above, (I',P) isa (M,G) homogeneous factorisation if and only if

the following conditions hold:
1) H fixeseach §;.

2) S= U S; andsetwise SiNS;=forall i=j.
1<i<k

3) = is a L-invariant partition and the induced action L* of Lon ¥ is transitive. In particular, if we
choose M =R, then (T,P) is a M-Cayley homogeneous factorisation if and only if the above conditions
2 and 3 hold.

The following construction of M-Cayley homogeneous factorisation is given in [5].

Construction 2.2. Let M be a group and letS be a subset of M \{} preserved by some subgroup
H < Aut(M). Let I'=Cay(M,S), O={0,0,,---,0;}be the set of H-orbits in S. For each ie{,2,--r}, choose
Xj €0;. Suppose that H has a proper subgroup R containing R. For each ie{l,2,--r}, let B;<Q; be
the R-orbit of the element x; , and let S =B UB,U---UB,. Choose a set {h,hy,---,h} of coset
representations of R in H such that h =1. Define §; :Slhi, let B be the arc set of the Cayley graph
I =Cay(M,S;), P={R,P,--,R}Yand G=M:H.Then (I',P) isa M-Cayey homogeneous factorisation.

Lemma 2.3. Let R be a group and I'=Cay(R,S) be a Cayley graph. Let H<L be subgroups of
Aut(R,S). Suppose L is transitive on S and H is intransitive on S, say =={S;,S,,---S¢}is the set of

orbits of Hon S.Then there exists (I',P) to bea (M,G)-homogeneous factorisation of index k, where
R<M<R:H and G=R:L.

Proof: Because L istransitiveon S, H isintransitiveon S,and H <L.We have

Hi L H .11 H ' N
S=of U“Z U"'U“k 281U82U'“U3k-

Therefore, Sj=cf (i=12,--k)is a block for L. Let Zz{Si'|I el}, then T is a L -invariant partition.
As VSjeX,lel,we have Sil :(oziH)I :ai'H :(ail)H :a}-" =S for some j. Further, L preserves ¥ and L
is transitive on ¥, £={5,5,,---,S¢}. Let I'=Cay(R,S). We conclude (I',P,M,G) satisfies conditions (i)-(iii)
of Lemma 2.1. So we be sure that I' has a factorisation whose factors are all of the same valency. Let
I =Cay(R,S;) (i=12--k), P={Ar},Alp, -, A}, then (I,P) isa (R:H,R:L) homogeneous factorisation
ofindex k.

Let M be a group with order bigger than 2. For a nonidentity automorphism ¢ of M, the following

construction gives a way to construct a M-Cayley cyclic M.G) homogeneous factorisation (I"P) with
G=M (@)

Construction 2.4. Let M and « are as above. Suppose o(a)=n=>2. Then we may choose 1>2 such

that S={xeM :IHX<“>‘} has at least 2 elements. That is, S is the union set of all («) orbits on M, say

01,05,++,0¢ , whose length are multiple of | . Choose x€0O;, and suppose t;=|0j|/l . Define

D!

Sl=UKigk{xi,xi“|,--~,xi }, and S; =Sf‘j_1 for j=2,3.-1. Further let I'=Cay(M,S), and for i=12,-.1I,
let B bethearcsetof I;=Cay(M,S;),P={R,P,,,A}tand G=M (o) .

Lemma 2.5. (I,P) is a M-Cayley cyclic (M,G) homogeneous factorisation.
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Proof: let I'=Cay(M,S),a € Aut(M),o(e) =n=>2.

Claim 1: vxeS, we have X e,

Proof: x eS.because o e(a), so (x"‘i )| = X3 (@

:‘x<“>‘, therefore x"‘i €S. According to Claim 1,

weknow S is the union set of some ((a) -orbitsin M and (a)<Aut(M,S), suppose t; =|0;|/I

Define Slzujsigk{xi,xial,-~-,xi‘"(ti_l)l} and S :Sf‘jf1 for j=2,3:--1.

Suppose ={S;,5,,---,5/}, obviously, we know that («) preserve ¥ and transitive on X . Let
I =Cay(M,S;), P={R,P,--,A} and G=M :(a), thatis G/M =(a), we say that (I',P) is a M-Cayley cyclic
(M,G) homogeneous factorisation. By construction 2.4, we have the following interesting proposition.

Proposition 2.6. For a given group M, there is a (M,G)homogeneous factorisation (I',P)for some

I,P,G ifandonlyif M >2.
Proof: The sufficiency of the proposition follows directly by Construction 2.4. Since M is transitive on
VT, it follows |M|>2.Further, if |[M|=2,then I'=K, obviously has no homogeneous factorisation, which

proves the necessity of the proposition.

3. Abelian Homogeneous Factorisation of Complete Graphs
Let Fy be a field of order q with g= p" and p prime. Let GL(n,p)be the group of all invertible
transformation a vector space of dimension n over field Fy, and let V = FF’,‘ \{0}. Then V can be viewed

the set of non-zero vectors of n-dimension vector space over field Fg.Itis known that GL(nk) has natural

action on V, and containing a cyclic subgroup, say {c}, which is regular on V. we call the cyclic group
{o}a Singer subgroup of GL(n,p). Then {c}=GL(q)<GL(n,p). Using the Singer subgroup, we may prove
that complete graphs of prime power vertices have abelian homogeneous factorisations of certain index.

Lemma 3.1. Let 1":Kpn be the complete graph. Then Aut(F):Spn. For each k|(p"-1) and k=>2,

there exists a (M,G) homogeneous factorisation (I',P) of index k with M containing a regular cyclic

subgroup on VT .
Proof: Let R:an be the additive group of finite field Fp"' Then I'=Cay(R,S) with S=R\{0} and

Aut(M)=GL(n, p). Suppose {c} is a Singer subgroup of GL(n,p). Since {o}= an_l is cyclic and k|(p" -2),
we may choose L={c} such that k|l and choose H:{al/k}. Let M=R:L and G=R:H, then
M<G<Aut(I') and |H:L|=k. Since {co} is regular on S, it follows L and H are semi-regular on S,
and H has exactly ! orbits, say 0;,0,,--,0,, where t:=(p" —1)/|H| . Choose x€0; and let
X ={h,hy,---.h} be a set of coset representatives of L in H. Define $; =Uj«(x)" and Sj :Slhj for
2<j<k . Let B be the arc set of T;=Cay(M,S;), P={R,P,---,R}. Then (Kpn,P) is a (M,G)
homogeneous factorisation of the complete graph Kpn,with M containing a regular subgroup R on VI,

In Lemma 3.1, if L=1,then M =R isregular on V(Kpn). That is, (Kpn ,P) is a R-abelian homogeneous

factorisation of the complete graph Kpn . However, the next lemma proves that the complete graph Kpn has
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a circulant homogeneous factorisation if and only if P is odd.

Lemma 3.2. Let T'= Kpd be the complete graph with P a prime, and let M be a cyclic group of order

N of order p¢ acting regular on VI . Then there exist a partition of Al' and G< Naut(r)(M) such that
(T\P) is a M-circulant homogeneous factorisation of index k=2 ifand only if k|(p-1).
Proof: We first prove the necessity of the condition in the lemma. Suppose G=M:H for some

H < Aut(T) . Since Val(T') = pd -1, it follows k|p¢ —1. Suppose P={R,P, A}, Tj=Cay(M,S;j)with R =Ar;
and G=M:H for some H<Zj . Since the induce action G of G is transitive on P, H is transitive
=p9(p-1). Note, k|p9-1, it

on {S,S5,--,S¢}, so k divides the order of H, thus k pd_l(p—l) as|Zp,

easily follows that k|p-1.

We now prove the sufficiency of the condition in the lemma. First, as k|p-1, p is odd. Identifying M

with the additive group of the ring Zpd , then Aut(M)=2z; =(r)= Zpd,l acts on M by multiplication,

(p-D)
where r is a primitive root of pd. That is, pd(p-1) is the minimal positive solution of the equation
r* =1(mod pd). Let S=M\{0}, and let H=Aut(M). Then H has exactly d orbits: 1H,p"',-~-,(pd —pH,
and their length equal pd’l(p—l), pd’z(p—l),m,p—l, respectively. Let X =4, p,~-~,pd*1} be a set of the

orbits representatives of H acting on S by multiplication. Obviously, the stabilizer Hp‘ c Hp j for each
i<j, so (Hy:xe x>=de_1:<rp‘1>;zpd_1 is a subgroup of H with index p-1. Further, since H is

abelian and k|p-1, there exists a subgroup R containing (Hy:xeX) such that |[H:R|=k . By
Construction 2.2, Kpd has a circulant homogeneous factorisation of index k.
In lemma 3.1. We prove that complete graph of prime power vertices has abelian homogeneous

factorisation. This leads to the following question.
Question 3.3. For n>2 not a prime power, whether the complete graph K,, has abelian homogeneous

factorisation?

The following proposition give a sufficient condition for the existence of abelian homogeneous
factorisation of the complete graphs with not prime power vertices, thus provides a partial answer of
Question 3.3.

Proposition 3.4. Let I'=K, be the complete graph and let n:pflng...pEr be the prime power

facterisation of n. If(p{jl -1, pgz -1 pgf -1)#1, then there exists a (M,G) abelian homogeneous
factorisation (K,P).

Proof: Suppose k|(p¥t-1,p% —1-.,pdr 1) with k>2. Write I =p%?/k. Let M; =z‘|f;i Mi = Zpdii for
i=12,-,r, and let M =M;xMjyx---xM,. Then, Aut(M)=GL(dy, pj)xGL(ds, po)x---xGL(d,p,). Let (o) be
the Singer subgroup of GL(d;,p;) for each | Then H :((o-'l,o-lzz,---,o-lf)) is a subgroup of Aut(M) with
order k . Write a:(o'l,alzz,---,alr). Since (aili);Zk is semi-regular on M;\{1} , it follows H is

semi-regular on M\{},so S=={xeM Hx<f’>‘ =0(o)}=M\{}, thus by Construction 2.4, T =Cay(M,S)=K,T

has a M-abelian homogeneous factorisation of index o(c)=k.
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4. Abelian homogeneous factorization of some complete multipartite graphs
Lemma 4.1. If M is a group and L<M a subgroup of index $ and order !, then Cay(M,M\L)is

isomorphic to the complete multipartite graph Kgy;. Conversely, if T'=Kgy is a complete multipartite

graph and M a regular group of automorphisms of I', then there exists a subgroup L of order tand
index S in M suchthat I' isisomorphicto Cay(M,M\L).
proof: See, for example,[9, P roposition2.2]

In this section, welet M =PxQ, Pz Z% P~pand Q= Za ( p,gare primes), then
Aut(M) = Aut(P) x Aut(Q) = GL(2, p)xGL(2,0) .

In GL(2,p), the singer cyclic group is GL(1, pz) = sz —1<GL(2,p), so thereexists BeGL(2 p), such that

o(f)=p.p-Lp+Lp°-1 further GL( p?) isregularon Z%\{l}.
The same reason, in GL(2,q,) there exists 8 eGL(2,q) of order o(#)=0,q-1q+1g%>-1GL(Lg?) is
semiregular on Zg \{33.

Take a=(x,y)eAut(M) where xe(B),ye(f) suchthat o(x)=o0(x)=0(y)=1l
Construction 4.2. o(8)=p,0(8)=9q-L(p,q-1) =1 Claim: Q)r'= quZ[p] or (= qu[pq].

proof:

Let a=(xYy),xe(B),ye(B)0x)=0(y)=0(e)=(p,q—1) =p, because () acts on ZFZ) semi-regular, let
((a,20), D)) eM , (a,a)) eZ%, @ye Zé and it is an identity, so we find fixed points of (@ acts on M,

That is, find fixed points of (x) acts on Z% .
1 b 2 X 1 ib .
Let (x)=T = 0 1 |ber =Zp,<GL(2,p), (aqap)eZp, we have (g,25)" =(g,ay) 0 1 =(ay,ibay +ay) ,

(1<i<p), Let (g,25)=(ay,ar +ibay), then a,=a,+iby, and ib s arbitrary, so a =0, and (0,a,) is the

fixed-points of (x) acts on Z% (ap €Zy). Thatis, there is p fixed-points. These points form a cycle group

L based on relation of Z,, and U= P M:L|= pq2,|S|=|M \L|= p°q°— p=p(pg®-1), by lemma 4.1, we

conclude T'= quz[p] .

The same reason, when o(8)=p, o(f)=q+1 or 9°-1; (p.q+D) =1, (p,q°>-1)=1,then F;quz[p].

Obviously, p|g—1,let f'eGL(2,q);=Zq:Zq1.Leta=(xy),xe(B),y(B),0(a)=0(x)=0(y)=p
1 b
<x>=<ﬁ>={(o 1j|ber};Zp<GL(2,p)

1 0
10
<y>:< E |d ¢O);Zp<<ﬂ’):{(o d]|d€Fq\{0}}EZq_l
0dP

Suppose (g,a)) € ZFZ) , We have
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(ag,a) :(al,az)[cl) ifj:(al,iba1+a2) ,(L<i<p)

Let (aj,ap)=(g.,ap+iba) , then a,=a,+iby , and b s arbitrary. So & =0, and (0,a) is the
fixed-points of (x) actson Z% (a2 €Zy). Thatis, thereis p fixed-points.

Let (by,by)eZ]

We have
1 0 iq;l
(b b)Y =(bpbp)| -t |=(bbpd P ), (<i<p)
0 d?P
.g-1 .g-1 iq—_l

I— I—
Let (b,by)=(b,b,d P). Then by=b,d P and d P is arbitrary. So by=0, and (b,0) is the
fixed-points of (y) acts on ZS (peZq). That is, there is q fixed-points. Therefore, there are Pa

fixed-points when (a) actson Z% x Zg .

Let
<a1>:Zp’<b_l_>:Zq
Then
((a1,0), (b, 0)) = Z p x Z
Obviously, this is an abelion group denoted by L and |U=pg , [M:U=pq ,

[S|=|M\L|= p°9° - pq = pg(pg—1) . By lemma 4.1, we can conclude T = K pal pa] -
The same reason, we can draw the following conclusion
(0): o(B)=p+1, p>-1, o(B)=q, (p.q+D) =1, (p.q°-1)=1,then I'= K2

(i): o(B)=p-1, o(B)=q, (p-1q)=1,then I'= szq[q] or T'=Kpgpq]

alal’

Theorem 4.3. Let M=PxQ=Z}\xZg, p and q are prime, and " is positive integer, then
Aut(M) =GL(n, p)xGL(n,q) . Suppose BeGL(n, p), we have o(f)=p,p-1,p" L+Clp"2+C2p" 2 +...+1,p" 1.
The same reason, when g eGL(n,q), then o(8)=0,9-1q" > +Clq"?+C2q"3+..-+1,9" -1, According to the

method of construction 4.2, we can construct I', such that I" has homogeneous factorisation, we have these
conclusion as the below:

(1)
(D): o(B)=p-1, o(B)=q-1q" L+Clg"2+C2q"3+-+1g" -1, and the orders of # and A" are not

coprime, then I'z Kpnqn ;

117 Volume 6, Number 3, July 2016



(ii): o(B)=p"L+Cip"2+C2p" B+ +1,0(8)=q-19" T +Clq"?+C2q" 3 +.-+1,9" -1, and the orders of

B and B’ arenotcoprime, then I'= Kpnqn .

o(B)=p"-1, o(f)=q-1g" +Clq"?+C2q" 3+ .-+1,9" -1, and the orders of # and A" are not

coprime, then 'z KIOn n.

q
(2)
@D: o(B=p, o(f)=9-1, (p,q-1)=1,then I'= Kp”’lq"[p] or I'z Kp”’lq"’l[pq];
(i): o(B)=p-1, o(B)=q, (p-Lq)=1,then I'z Kp”q"‘l[q] or I'= Kp”‘lq""l[pq]];
(3)
@D): oB)=p, o(f)=q"L+cClq"2+C2q" 3 +-+1g"-1, and the orders of # and B " are not

coprime, then '=zK ;
p p"q"[p]

(ii): o(B)=p"t+Clp"2+C2p"3 4. +1,p" -1, o(f)=q, and the orders of # and # are not coprime,

then 'z Kpnqn—l[q];

4.4. A method of construction connective subdigraph: In order to construct connective subdigraph,
weneed M =(S;). Let

S ={01,5p .0} M 2757 =(ab)x(a\b)
We suppose
s =a,
6i =a'b’i¢1;

9j=b , j=li,

1]

6 €0 ,tel2,--,m and t=li,j; We have (S;)=(a,a’,b,b’y=M, according to this method, we must be
construct connective subdigraph.

In Theorem 4.3, we prove that the complete graph and the complete multipartite graph of product of two
different primes power vertices has abeliant homogeneous factorisation. This leads to the following

question.
Question 4.5: When

1) M= Z% xzé xZ? (v are primes);
_7h f f3 i .
2) M =Zy X2} X753 ('p1, Py, p3 are primes);
Whether the complete graph and the complete multipartite graph have abeliant homogeneous
factorization ?
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