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Abstract: The importance of differential equations in scientific world is a crystal-clear fact. Many problems
in physics, ecology, biology, engineering etc. can be modeled by ordinary differential equations and very few
of them can be solved in terms of elementary functions. However, it is possible to reveal the main features of
the solutions by the help of qualitative methods. In this study, we try to show that the conditions for some
nonlinear equations to be asymptotically stable.
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1. Introduction

"Stability" is a very important concept for nonlinear analysis. For instance, roughly speaking, a physical
system is called stable if small changes at some times causes only a small change in the behavior of the
system in the future. When analytical or quantitative methods remain incapable to solve the differential
equations of modeled problems, we use qualitative methods to understand the behavior of the solutions.
These methods are very useful because it depends only on the nature of the equations. In these methods, we
do not need the solution itself, but the stability of the solution. There are many studies about "stability” in
the literature [1]-[5].

Liapunov's methods and Liapunov functions have great importance in the stability theory and
applications [6]-[9]. Because, the existence of Liapunov functions is a necessary and sufficient condition to
determine the stability of many differential equations. Besides, we do not need to know any knowledge of
the solution of differential equations. There is no general technique for constructing Liapunov functions.
However, in many specific cases, the construction of Liapunov functions is known. This method can be taken
as a generalization of two physical principles for conservative systems. If the potential energy is a local
minimum, we say a rest position is stable, otherwise it is unstable, and the total energy is a constant during
any motion.

In this paper, we use Liapunov's second method to define the behavior of solution of some nonlinear
differential equations. Especially, we are looking for the asymptotic stability of the solutions. Asymptotic
stability requires two things. The solution be Liapunov stable and in the phase plane all half-paths starting

sufficiently near to the origin at a time #, approach the origin. For further informations about Liapunov

methods, seeing [10], [11].
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2. Definitions and Theorems

In this section we give some definitions and theorems about asymptotic stability in order to reach our
main results. For further information, theorems and proofs we refer to [10], [11].

Definition 1: Let N be the any simple ‘patch’ on the x, y plane covering the origin with its boundary is

excluded. Then it is called as connected neighbourhood of the origin.

oV ov

Definition 2: Let V(x,y),a—, . are continuous and V(x,y)>0 except the origin in some
X y

connected neighbourhood N of the origin. If there exists a number & such that, for every value of the
parameter ¢ in the interval 0 <« <&, the equation V(x,y)=a for (x,y) inN defines, uniquely, a
simple closed curve 7, in N which surrounds the origin. Then the family of curves V(x,y)=«,

0<a <&, is called a topographic system on N, where N, isa connected neighbourhood of the origin
defined by V'(x,y)<&,where N, c N.

Theorem 1: Let V' (x,y) satisfy the conditions of a topographic system in N, and let the system

X=X(x,y),y=Y(x,y) be regular in N, .Suppose also that V(x, »)<0 in the region R, defined
to be the neighbourhood N§ with the origin excluded. Then there are no equilibrium points in R§
except the originand N, does not contain any limit cycles.

Theorem 2: Let }'(x,y) satisfy the conditions of a topographic system, and in the neighbourhood N c
of the definition let the system X = X(x,y),»=Y(x,y) be regular and have an equilibrium point at the
origin. Suppose also that V(x, y)<0 in the region consisting of Ng with the origin excluded. Then the

zero solution is uniformly and asymptotically stable.

One of the important things in this area is to find the domain of asymptotic stability of the origin. If we
have a neighbourhood N, from which all half-paths approach the origin as #—co, then this
neighbourhood is called a domain of asymptotic stability or a domain of attraction for the origin. Generally,

it is not the largest possible domain of asymptotic stability, since it depends on the Liapunov function
chosen. If the domain of asymptotic stability consists of the whole x,y plane, the system is said to be

globally asymptotically stable.

3. Stability of Lienard Type Equations

In this section, we use some particular equations to examine theirs stability properties. These equations
are the type of Lienard equation [12]-[14]. This equation is a second order differential equation which were
studied during the development of radio and vacuum tube technology. Oscillating circuits can be also

modeled by these equations. If f is an even function, g is an odd function and they are continuously

differentiable on R, Lienard equation is defined as

d’x
dr’

+f(x)%+g(x) ~0. @

In order to use Liapunov functions, we convert this equation to a two dimensional system
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where

F =] 1(&)dé ®

Now, let us investigate the asymptotic stability for Lienard type equations. In order to guarantee the

asymptotic stability, we need to give some conditions on the functions f(x) and g(x).We firstlet

G(x) = [ 8(&) ds O

and we suppose that g(x) is positive/negative when x is positive/negative for all x .Therefore

G(x)>0 for all x##0.Wenow need to guess a Liapunov function which will be positive definite for all

1
X . Let us consider the function V' (x,y)=G(x) +Ey2 which yields that

- ov . ov . L
Vix,y)= §X+Ey =g(x)x+yy 5

=g(X)(y—F(x)+y(—g(x) =—-g(x)F(x).

If f(x)>0 forall x, then the last equation will be negative definite for all x. Thus all solutions
from all initial positions eventually go to the origin. That is, the system is globally asymptotically stable.
x=a(x)+py
y=b(x)+dy

In this part, we investigate the suitable Liapunov function to determine the domain of asymptotic

4. Stability of the Equations Type of

stability of the origin for the given system. As known, there is no general formula for the Liapunov functions.
We need to offer some functions as a candidate Liapunov polynomials.

x=a(x)+py
One of the most encountered type of the equations in qualitative theory is . These
y=b(x)+5y
systems may be the model of some substantial applications. So it is important to search for their stability
properties.

If we have the conditions
[5a(x) —ﬂb(x)] x>0, xa(x)+0x> <0, x#0 (6)

in some neighbourhood of the origin, then we can take the function

V(x,)=(5x=By) +2[[5a(£)- Bb(&)]dE )

0

as a strong Liapunov function for the zero solution of the system
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x=a(x)+py
y=b(x)+0oy

where
F(©0)=0, g(0)=0.
The proof is very easy. Firstly, it is ready to see that the function in (7) is positive definite if
[5a(x) —ﬂb(x)]x >0.
Taking the derivative of this function gives
V(x,y)=2[Sa(x)— Bb(x)]|[0x+a(x)] .
The last equation is negative definite if and only if
[5a(x) - ,Bb(x)] [5x + a(x)] <0
in a deleted neighbourhood of the origin, namely x # 0. Inequalities (10) and (12) yields
xa(x)+0x* <0
where x #0.

5. Examples

Example 1) Consider the Lienard equation ¥+ x*x+x’ =0.

(8)

)

(10)

(11)

(12)

(13)

Solution: Here we have f(x)=x" and g(x)=x". They are chosen since the conditions in section 3

are satisfied. Then we get

F(x)=_[u4du :%xs and G(x)=ju3du :%x“.
0 0

This equation can also be written as:

We proceed as explained in Section 3 to obtain the Liapunov function as

V(x,y):G(x)+%y2 =lx +—y".
So,

(14)

(15)

(16)
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V(x,y):—g(x)F(x)=—(x5)(§x5j:—%<0. (17)

This means that zero solution is globally asymptotically stable. Hence solutions from all initial positions
ultimately approach the origin.

Example 2) Consider the equation ¥+ &(x* —1)x+x=0 for &<0.

Solution: Firstly, we write the equation as a system:

X —g(lxs—xJ
H: G (e
y

—x

Now, we need to guess a Liapunov function which needs to be positive definite. Consider again the
function that we mentioned before:

1 1 1
V(x,y)=G(x)+—y" =—x>+—)". 19
(x,)=G(x) 7Y =3 4 (19)

So
V(x,y)=—g(x)F(x)= —(x)(g(%)f - x]j = €(x2 —%xﬂ : (20)

Last equation is negative for |x| < 4/3 and x #0. Under these conditions we say that V' (x,y) is a

Liapunov function for this equation and the zero solution is asymptotically stable. In order to determine the
domain of the asymptotic stability, we need to find the largest topographic curve of the Liapunov function.

We know that x> < \/g . Therefore we can select the circle x> + y2 < \/g as a simple closed curve that is
suitable for our conditions and the definition of the topographic curve. In other words, all solutions starting
from initial conditions inside the circle x* + y2 < \/g will tend to the origin.
Example 3) Consider the system
¥=—x+2x"+y

(21)

y=-x'=y
Solution:

For our particular system, we have a(x)=-x"+2x°,b(x)=-x°, =1 and J=-1 according to the

Section 4.
Firstly, we see that

[5a(x) —,Bb(x)]x = [xs -2x° +x6]x =x—x"=x(1-x)>0 (22)

for 0<|x| <1 and

xa(x)+0x" =—x°+2x" —x* <0 (23)
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in some deleted interval about the origin. Since

2% —x° =¥ =X (x-D)2x* +x° +x* +x+1) (24)

has only zeros at x=0 and x =1, we can be more specific and say that Vs negative definite also in

0< |x| < 1. Therefore the zero solution is asymptotically stable.

As aresult, the Liapunov function is

V(x,y)=(-x-y) + 2}[—(—? +2E9) = (=£°) | du

| (25)
X
=(x+y)" +2x° [5—7}
A domain of asymptotic stability will be the interior of the largest level curve
(x+y)* +2x° [%—%}zC. (26)

which is within|x| <1 and closed curve.

6. Conclusion

In this study, we use some theorems to determine the asymptotic stability of certain equations. We also

try to find the domain of asymptotic stability of these equations which is very important since we can

deduce a domain of initial conditions from which the solutions tend to the origin. These qualitative

techniques are very useful to understand the behavior of solutions of differential equations that we cannot

solve analytically.
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