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Abstract: Progress in modeling complex phenomena in many areas of physics, including fluid mechanics,
electromagnetism, quantum mechanics, general relativity, and materials science requires solving non-linear
Partial Differential Equations (PDEs). Burgers’ equation is especially important, as it is one of the simplest
non-linear equations in physics that captures essential features of more complex physical phenomena. In
this work Burgers’ equation is solved both exactly and numerically with the following as initial conditions:
the sinusoidal function, Dirac delta function, and Heaviside step function. For the numerical solution, I use a
predictor-correct scheme through time, and a finite difference scheme with 4th-order accuracy through
space. Numerical results from both low viscosity and high viscosity conditions are compared with exact
solutions. Before Data Assimilation (DA) is applied, even with decent numerical accuracy, the difference
between the numerical result and exact solution is visible at the end of the analysis time window, which
occurs due to the accumulation of numerical error while integrating. I then derive and apply the DA
algorithm based on the adjoint method for Burgers’ equation. The DA-based solution from the adjoint
equation successfully corrects the initial condition and significantly improves the numerical results. The DA
approach outlined in this research not only works for approximations of Burgers’ equation, but it also has
applications to other non-linear partial differential equations.

Keywords: Non-linear dynamics, Partial Differential Equations (PDEs), boundary conditions, numerical
analysis

1. Introduction

Applying numerical methods to solve non-linear partial differential equations is fundamental to climate
modeling [1-4], improvements to medical devices [5], designs of energy systems [6], and a variety of other
scientific fields [7, 8]. Numerical methods suffer inherent precision and accuracy loss as the simulation
length increases. With improvements in computer speed and storage over the last few decades, it has
become increasingly possible to improve the real-time performance of numerical algorithms through
methods that incorporate observational data in simulations. One such approach that has become popular is
Data Assimilation (DA) [9, 10], a technique that allows a numerical algorithm to continuously correct its
own results in order to provide the best possible prediction.

It is well known that numerical solutions of mathematical models require periodic corrections to
maintain accuracy [11, 12]. In fact, typical weather forecasting models that rely on numerically solving the
Navier-Stokes equation, a partial differential equation, lose prediction fidelity after 5-10 days without
model state corrections. While using numerical models to predict the future is a relatively unambiguous
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process, implementing observational data to correct model states isn’t as straightforward due to two main
challenges. First, observations themselves are not error free. A naive blending of model prediction and
observations does not always yield a correct result. Therefore, the observation error must be taken into
account when applying observational data to correct the model state. Secondly, our information of the
system being modelled is incomplete, either in the form of missing models for some of the physical
processes or in the inability to acquire the necessary measurements due to engineering difficulties.

Data assimilation [13-15] is used to determine how likely certain predictions are based on a numerical
model despite the fact that some parts of the system are not completely known a priori. In the variational
method that I have adopted in this work, optimization is accomplished by minimizing a cost function that
typically computes the L2 norm between the predicted state and observed state. I also assume the error
statistics of the observed state are known, since the nonlinear equations have closed-form solutions for the
cases studied here. Another approach, when applying DA, is statistical optimization, where the uncertainty
of the model error is minimized through statistical estimation methods.

In this paper, I explain an adjoint variational algorithm [16, 17] and then apply that algorithm to solve the
non-linear Burgers’ equation. The variational algorithm is applied to three different initial conditions to
demonstrate how it is able to improve the numerical predictions.

2. Burgers’ Equation

Burgers’ equation is a non-linear viscous equation that has been studied extensively due to its similarity
to the Navier-Stokes equation. In addition, the study of its advection and diffusion terms also applies to
certain fields of financial modeling, such as the Black-Scholes equation—a model that describes the
stochastic volatility of individual investments.

2—1; + ug—l; —Voa= 0 (D
where u is the height of a wave and v is the viscosity.

Under a suitable transformation [18, 19], Burgers’ equation is reduced to the heat equation.

aT _ 9T

ot Voxz (2)
or
u= —ZV"?" (3)

Since the heat equation is linear and has analytical solutions, Burgers’ equation can also be solved exactly
for the general initial condition f(x). The analytical solution has an integral term that may not have a
closed-form solution.
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In the case where discontinuity is present in the solution, the solution can be expressed as
0 F( Vb e—Glutd) g
u(e ) = Eef e (5)
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[ examine three characteristic initial conditions [20]. Any arbitrary boundary condition can be expressed
using these characteristic initial conditions through either the Fourier transform or the Green’s function.

2.1. Sinusoidal Initial Condition

The sinusoidal initial condition has a closed-form solution for Burgers’ equation. Since a sinusoidal
function is the basis function in a Fourier transform, I can apply a Fourier transform to obtain the solution
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to any continuous initial condition. Let the initial condition of the heat equation solution be

T(x,t) = b + ae V**tcos(kx) (6)

where a, b,k are suitable constants. The exact solution for Burgers’ equation from Eq. (4) is

2vake~FK*tsinkx n Zvak(—v 1—‘12/172)

b+ae~Vk*tcoskx b-a?/b

(7)

u(x, t) =

This exact solution will be used to assimilate the numerical solution in the variational algorithm in the
next section of this paper.
2.2. Dirac Delta Function Initial Condition

In the case where the initial condition is the Dirac delta function u(x,0) = A6(x) where A is a chosen
constant, its Green’s function is

2 M E <0
1 8 (x=8
G t,8) =5 [ AS(p)dp +== =1 1 fs 0 (8)
4vt

After applying Eq. (8) to the solution in Eq. (5), I have the exact solution for Burgers’ equation with a
Dirac delta function as the initial condition.

A —x2 /avt
)= [~ Gor)e 9
0= i\ o )

where erfc(x) is the complement of the cumulative distribution function (CDF): erfc(x) = 1 — erf(x) =

1- \%foz e dr = j—ﬁfzm e~"" dr. In practice, special care needs to be taken to evaluate the initial condition
of the solution in Eqg. (9), note that:
lim ——=0 (10)
t—0,x—-0 \/m_
. X
t_)lé’r;l_)oerfc (ﬁ)‘l (11)

So blindly assigning t = 0 in the numerical calculation of the solution at x = 0 will cause floating point
calculation errors.
2.3. Heaviside Function Initial Condition

The Heaviside function is closely related to the Dirac delta function in that its derivative is the Dirac Delta
function. The Heaviside function represents a shock initial condition to the nonlinear equation. Let

a x<0
u(x,0) = aH(—x) + bH(x) = {b 20 (12)
Its Green’s function is
x=8)?* a
1 @02 _ ) oS <0
Gut,§) =5 [julpt=0dp+"==1 "0, ¥ (13)
wt 55’5 <0

After applying the Green’s function to Eq. (5), I have the exact solution for Burgers’ equation with a
Heaviside function as the initial condition.
b-a x—bt x—at
e 2v a~erfc( )+b-erfc(m)
b-a -b x—at (14)
ezv erfc( 4vt)+erfc(m)
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u(x,t) =
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)
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Once again, care needs to be taken when evaluating this numerically near t = 0,x =0

x—at x—bt _
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t_)lé’r;l_)oerfc (ﬁ),erfc (W) =1 (16)
In the case b = 0, the above solution 14 simplifies to
ulx,t) =a— =
1+erfc( 4vt)e—§(x—ct) (17)
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where c is the speed of the shock wave.

3. The Adjoint Data Assimilation Method

The fundamental premise of the data assimilation method is to improve the result of numerical
integration by assimilating partial “truth” back into the initial condition over many DA time windows. In
practice, the partial truth is often observational data from various sources relevant to the investigated
system. Because of uncertainties in measurements, there cannot be absolute “truth”. In order to reduce the
bias in the assimilated result, the error variance of the observations must be treated appropriately when
being assimilated with numerical predictions. The numerical prediction u/ and observation u° are

usually mixed through a weighted average to form the analysis u® = u/ + W(u" —xf ) where the weights

2
9f

P The error covariance of an observation describes how
05 +0F

are based on their error covariance w =

errors in one observation are related to errors in other observations. It's usually represented as a square
matrix where the diagonal elements represent the variance of each observation, and the off-diagonal
elements represent covariances. In this preliminary work, I have chosen to use exact solutions of Burgers’
equation for the three different initial conditions as “truth” to carry out the assimilation calculation.
Because the solution is exact and contains no error g, = 0,w = 1, I do not have to blend the numerical
calculation with the “truth” by considering the error variances from both sources. In a sense, I have
complete “truth” to guide the DA algorithm. In the case where the exact solution is not available, this
method can still be applied, but it requires carefully considering the error covariance in both numerical
prediction and observations.

The variational algorithm starts at t = 0 and computes the numerical solution of Burgers’ equation up
to a chosen time t;, appropriate for the problem in the initial DA time window. Due to accumulation of
numerical error, the numerical solution at t; can differ significantly from the exact solution at t;. This
solution at t; is used as the initial condition for numerical integration for the next DA time window until
time approaches 2t;. The error in the solution at 2t; has two sources: 1) the continual accumulation of
numerical error; 2) the error in the initial condition at t;. Since numerical error is inherent in any
numerical scheme, our hope is to reduce the error in the initial condition at t = t; such that the numerical
result at 2t; does not drift too far away from the “truth”—in our case, the exact solution. This decrease of
error in the initial condition at t; is accomplished through a reduction of the cost function between the
solution at 2t; and the exact solution. This cost function is defined as the usual L2 norm between the two
solutions,

J@u) =2 (u—u)? (18)

where u”* is the exact solution or the “truth”.
In order to reduce the cost function, I would like to find its gradient with respect to the initial condition at
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t1, Vu)J Then, I can apply a gradient descent algorithm to reduce the cost function by altering the

initial condition through iterations.

u(x, )y =u(x,t), —a Vi, (19)

where k represents iteration and a is a learning rate with appropriate magnitude to reduce the cost
function J without causing oscillation.

For a cost function that is not completely convex, some exploration of the function space is required.
However, in the present problem, the cost function is, in fact, convex. These considerations are strikingly
similar to what one typically faces in machine learning algorithms. While the engineering details are
different, both approaches seek to minimize the cost function in the functional space.

For a more complex non-linear system that has multiple spatial dimensions, the boundary conditions can
also be improved through the gradient descent algorithm. In the derivation, I will show that assimilating the
boundary condition is not necessary for the 1D Burgers’ equation.

Finding the gradient of the cost function with respect to the initial condition function at t; is equivalent
to determining the optimal u(x,t;) such that the cost function at 2t; can be minimized. This is clearly a
variational problem—I must optimize a function (u(x, t;)) in order to reduce the cost function at 2t;.

3.1. Variational Method

One of the simplest examples of a variational problem is determining the function that minimizes the L2
distance between two points on a plane. Intuitively, the solution is a line that connects the two points;
however, these problems inspired Bernoulli, Euler, and Lagrange to generalize the approach to find an
optimal function for variational problems. In ordinary calculus, optimization problems entail determining
where a function is optimized for certain points, whereas in variational calculus, optimization problems
seek to find an optimized function.

In the case of the L2 distance, its Euler-Lagrange equation is

I = f: F(x,y,y)dx = f; 1+y2dx (20)
d 0F(x,y,y') OF _

where the second equation is derived from the variational principle. I adapt and apply the principle to
optimize a system governed by its state equation

L(u, y)= f (22)
where 7Y is a set of model parameters that I can assimilate to optimize the cost function, L is the set of

equations, and f is the set of forcing terms.
The cost function is defined as the L2 norm between model predictions and the “truth”. In the present

case, U = U° = Ugyaer
J=2 1 Ftu, u'p)e dxd
_EJ‘O JO (x,t,ll, u 77) (X—Xi) xat (23)

where x; are the discrete points at which Burgers’ equation is solved and §(x — x;) is the Dirac Delta

function. 7y represents the initial condition of a DA window.

The variation of u with respectto 7y in the direction of J7y is
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ou=V;u-oy (24)
where V3 u is the gradient of u with respect to the model parameter vector v, leading to an Hessian
matrix 24,

an
Similarly, the variation of the cost function with respect to the model parameter is

5J=ViJ-Sy=Vi-Su (25)
Now, I proceed to optimize the variation of the state equation with respect to the model parameter.
L = VzL&7 + VgLsu = 0 (26)

Multiplying this with the adjoint function v (equivalent to the Lagrange multiplier) and integrating
over space and time yields
(¥ - V5L87) + (B - VzLot) = 0 (27)

The bracket symbol in the above equation means fOT fOL u (x, t)dxdt. After some manipulation, I can find

the solution to the adjoint function (similar to the Lagrange multiplier).
ViL(v) v=— ViJ(V) (28)
With the adjoint solution ;1, the directional derivative of the cost function can be evaluated.
Vy/87 = (¥ - VyL67) (29)
With the gradient of the cost function, I can then apply a gradient descent algorithm to update the model

parameter Yy through iterations.

Yin = Y —aVyJOY (30)
[ now apply this general approach to find the adjoint equation of Burgers’ equation.

3.2. Adjoint Equation
[ start with Burgers’ equation and its initial and boundary conditions.

6u+u6u v 0%u
at dx 0x 0x

u(O, t) = ¢1(t)lu(l’l t) = ¢2(t):u(x: t= 0) = uO(t) (32)
where ¢; are the boundary conditions and u, is the initial condition at the beginning of each DA window.

First I introduce the Tangent Linear Model (TLM) equation that captures the effect of perturbing the
initial condition and boundary condition similar to Eq. (26). Let #i be the solution to Burgers’ equation

=0,x €[0,L] (31)

after perturbing the initial condition u, and boundary condition ¢; by some small number a (learning
rate). The TLM state function is defined as @i as shown in Eq. (33) below.

u = u(ug, h1, 2)

T = 1i(uy + adugy, p1 + adpy, o, + ade,) (33)
2 = lim —
a—-0 a
ou ou 0*u
E + E - axdx 0 (34)
o . . 0u ?u
E + E axox 0 (35)
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Using the definition of the TLM state function 33, the two sets of solutions from Burgers’ equation are
subtracted without perturbation 35 and with perturbations 35. Then, the limit is taken as a — 0, to yield

~ 0t ou
@ . ua—ua _ 027 _ 36
6t+£51_r>% a Vaxax_o ( )
The second term further evaluates to
_0ti_du 8_112_8u2 oti? — u? o( +w) (& —u) . ~
lim Yox " “ox — lim 135x ~ ox — lim-—0x _ _ liml 0x _ la(u +u)i _ Jutt
a-0 a a—>0 2 a a-02 a a-0 2 a 2 ox ox

I used the definitions: limii = u, i = llmTu in the last steps of the derivation. Then, I substitute this

a—-0 a—0

result back into Eq. (36). I can define the TLM equation with its associated boundary and initial conditions.

at a(;;u) Vaizz;x =0 (37)
2(0,t) = P, (), (L, t) = P,(t), i(x, 0) = 1y (x) (38)

Next, I multiply the TLM Eq. (37) with the adjoint function v and integrate over the domain like in the
general Eq. (27).

Jy gy (B4 %0y 28 et = 0 (39)

[ dropped the vector arrow from v in the above equation for clarity. It’s a dot product between the TLM
equation and the adjoint function in the space-time domain. I require the adjoint function to satisfy the
following boundary and initial conditions

vx=0)=v(x=L)=0,v(t=T)=0 (40)
The derivation from Eq. (39) involves three separate evaluations using integration by parts. [ will show

, L (Tl -
how to evaluate the first term fo fo 6—1; v dxdt; the other two terms can be evaluated similarly.

T o0 ov
i Evdt =uv|g—fuadt

ov
=1(x, T)v(x,T) — a(x, 0)v(x,0) — [ aadt
d
= —2(x 0)v(x,0) - [ a5 dt

Tau L L T v
f f —vdtdx =—f ﬁ(x,O)v(x,O)dx—f f ﬂadtdx
0 0 Jo

I used the initial condition for the adjoint function v(t = T) = 0 from Eq. (40). After some manipulation,
Eq. (39) becomes

f f (—‘;—:— Z—Z—va ax)d dt—fL—ﬁ(x,O)v(x, 0)dx+f0T(v1,bzg—Z—w,blg—z) dt (41)

If I introduce no perturbations for the boundary condition, then ,(0,t) = ¥,(L,t) = 0 and the above
equation simplifies to

I By (=5 =5 Vi) e = [y 06 00vC, 00 2

The gradient 67.] based on the L2 norm evaluates to

J(y)= % Ju—uyax (43)

41 Volume 15, Number 1, 2025



J(y+asy)-J(y) = % [@—uy —(u-uydx (44)

I define f = lin}) % Using the definitions lin%ﬂ =u, i = lin}) %, I determine the directional derivative.
a— a— a—

J=V;J=VJ- §=1in(1)‘]_‘]=ja(u—u0)dxdt (45)
a—> a
Note thatat t = 0,
i(x,t=0) = im =% = [im XY 7Y _ g (46)
a0 o at—0 (04

Comparing Eqgs. (42), (45), and (46), I recognize that I can define the adjoint equation as

v v v 9%y —u—
at ax axdx

(47)

With the boundary and initial conditions specified in Eq. (40), the gradient of the cost function can be
evaluated using the right hand side of Eq. (42).

IOL V.J ydx = j: —12£x,())v(x,0)dx - j: yv(x,0)dx 8
VJ =—-v(x,0)

Now I have the gradient of the cost function 48 which is the solution of the adjoint Eq. (47). [ can now
update the initial condition at the beginning of the DA window using the gradient descent algorithm 19.

u(x,0) 41 = ulx, 0)y + av(x, 0) (49)

where t = 0 is the beginning of each DA window corresponding to Eq. (30) in the general solution.

3.3. Numerical Evaluation

Next, I verify the adjoint Eq. (48) for Burgers’ Eq. (1), applied during the data assimilation algorithm 49
using the three initial conditions discussed previously Sections 2.1, 2.2, 2.3. In this process, I need to solve
Burgers’ equation numerically. To do so, I have chosen to use the 2nd-order predictor-corrector algorithm

. a . . . . a 02 .
for time a—ltl and the 4th-order finite difference algorithm for % and ﬁ. At the boundaries, I use forward

and backward difference approximations, while in the interior, I use central difference approximations. The
algorithm used step sizes that were restricted by the Courant-Friedrichs-Lewy (CFL) condition to perform
time integration. Other suitable methods for solving Burger’s equation include finite volume method which
is more tolerant of sharp gradient because it’'s integral based instead of difference based [21], spectral
method since the analytical solution of the Burger’s equation can be expressed in terms of Fourier
series [22], and discontinuous Galerkin finite element method that is also integral based therefore well
suited for problems with shock waves and sharp gradients [23]. A more complete survey of these methods
can be found in [24-28].

Fig. 1 shows the result of the simulation compared with exact solutions for the sinusoidal initial condition
at both low and high viscosities. The numerical result departs quite significantly at the end of the DA
window. This is equivalent to a Numerical Weather Prediction (NWP) system that has lost fidelity in its
predicted results. To show that this occurred over time, in Fig. 2, | demonstrate the numerical result and
exact result at time steps 300 to 600. I can see that the deviation grows over increasing time integration
steps.
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(a) Low Viscosity (b) High Viscosity
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Fig. 1. Numerical and exact solutions of the sinusoidal initial condition Eq. (6) with low and high viscosities.
(@) v=10.01,a =1,b = 200,k = 8r starting from initial condition. Results shown after 600 steps of time
integration. The numerical solution differs from the exact solution noticeably near the peak and trough of
the sinusoidal wave. (b) similar to (a) but with higher viscosity v = 0.8,a = 1,b = 200,k = 8w starting
from initial condition 6. Note the difference in scale of the y-axis in the two panels. Created by student

researcher.
(a) Timestep 300 (b) Timestep 400
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(c) Timestep 500 (d) Timestep 600
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Fig. 2. Comparison between numerical calculation and exact values of u at various time steps [(a) 300; (b)
400; (c) 500; and (d) 600] for high viscosity v = 0.8. It can be seen that the numerical solution gradually
deviates away from the exact solution to such an extent that the slope at the right boundary becomes
reverted. However, as shown below in Fig. 6, the DA algorithm is able to correct the bias in the numerical
solution after about 100 iterations. Created by student researcher.
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Figs. 3 and 4 shows the comparison between numerical and exact solutions for the Dirac delta and
Heaviside step initial conditions at both low and high viscosities. In both the delta and the step function
solutions I can see the shock formation patterns more visibly compared to the sinusoidal solution. The
non-linear term in Burgers’ equation causes the solution to move to the right where u > 0 and left where
u < 0. The magnitude of the movement depends on the magnitude of u. As a result, the more positive part
of the solution shifts to the right more quickly than the less positive part, causing a shock boundary to form
over time. This behavior is most obvious at low viscosity, causing difficulties in numerical solvers to capture
the shock formation accurately. At high viscosity, the gradient in u is smeared out—the shock front barely
forms. I can see that the agreement between the numerical and exact solutions at high viscosity is better for
both the delta and the step function initial conditions.

(a) Low Viscosity (b) High Viscosity
2.5
9| |— Numerical —— Numerical
Exact 2 Exact
1.5
1.5
1 1
0.5 0.5 !
\~
0 - - 0 ~—
-1 -0.75-0.5-0.25 0 025 05 0.75 1 -1 —-0.75-0.5-025 0 0.25 05 075 1
T T

Fig. 3. Numerical and exact solutions of the Dirac delta function initial condition Eq. (9) with low and high
viscosities. (a) Low viscosity: v = 0.08,4A = 1 starting from initial condition. The solution shows correct
shock formation behavior as the solution moves to the right as predicted by Burgers’ equation. (b) High
viscosity: v = 0.8, A = 1. Higher viscosity reduces the gradient in the function u. Created by student
researcher.

(a) Low Viscosity (b) High Viscosity

1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2

—— Numerical —— Numerical
0 Exact D 0 Exact
-1 -0.75-0.5-0.25 0 0.25 05 0.75 1 -1 -0.75-0.5-0.25 0 0.25 05 0.75 1
T T

Fig. 4. Numerical and exact solutions of the Heaviside step function initial condition Eq. (17) with low and
high viscosities. (a) Low viscosity: v =0.03,a = 1,c =1 starting from initial condition. The shock
formation is distinct at low viscosity. (b) High viscosity: v=0.1,a =1,c = 1. Created by student
researcher.
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Fig. 5(a) shows the result of the simulation compared with exact solutions after DA correction is applied.

The improvement to the numerical prediction is more striking when the graphs are animated—indeed, I

can clearly observe the DA-corrected prediction approaches the exact solution during the iterations. Fig. 5(b)

shows the decrease in cost function over the iteration steps. The solution of the adjoint equation in Fig. 5(c)

indicates where the numerical prediction differs from the exact solution u —u°. Over time, as the

numerical prediction approaches the exact solution, the magnitude of the adjoint solution decreases.
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Fig. 5. (a) Sinusoidal Initial Condition, v = 0.01, Learning Rate = 2. The exact solution is shown in blue. Data

assimilation approximation after 1 step is shown in red, after 2 steps is shown in purple, after 3 steps in

orange, after 5 steps in green, after 10 steps in gray, and after 50 steps in yellow. (b) Sinusoidal Solution

Cost Function (c) Sinusoidal Solution Adjoint Function. (d) Dirac Delta Function Initial Condition v = 0.08,

Learning Rate = 5 (e) Dirac Delta Solution Cost Function (f) Dirac Delta Solution Adjoint Function (g)

Heaviside Function Initial Condition v = 0.03, Learning Rate = 2 (h) Heaviside Solution Cost Function (i)

Heaviside Solution Adjoint Function. Created by student researcher.
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Fig. 6(a)-(c) shows the result of the simulations at high viscosity for each setup. In general the result is
similar to the low viscosity case as DA is able to correct the bias in the initial condition and improve the
numerical result during the DA time window.

When analyzing the effect of DA corrections, I find the sinusoidal case to be the most interesting. As the
time step integration continues, numerical results deviate significantly from the exact solution as shown in
Fig. 2. When DA is applied, the solution from the adjoint equation is able to correct the deviation in the
numerical solution as shown in Fig. 5(a) and Fig. 6(a) for the sinusoidal setup at both low and high
viscosities.

() u(xt)

0 (b) Cost Function 10-7 (c) Adjoint Function

=

~ \ ]

! _A_A AL
& o

Exact
DA (Step=1) |/
DA (Step = 10) {ff
DA (Step = 20)
~—— DA (Step = 30)
DA (Step = 100)

0 02 04 06 08 1 0 20 40 60 80 100 0 02 04 06 08 1
T Steps T

(d) u(xt) (e) Cost Function 10-3 (f) Adjoint Function

3| —— DA (Step=1) S|
—— DA (Step = 3)
25| — DA (Step=17) ] 0.5
—— DA (Step = 13)
—— DA (Step = 25)

1.5 0.8
1 -1.5
0.6
0.5
““" -2
0

| 0.4 1

04 02 0 02 04 o5 10 152N -1 05 0 0.5 1
= Steps T
(g) u(xt) (h) Cost Function (i) Adjoint Function

1073
T 0.7 T T

4
0.6

2
0.5 \ 0

0.4 =2 1

0.5

— Exact

—— DA (Step=1)
—— DA (Step = 3)
—— DA (Step=17)
~—— DA (Step = 13)
0 || —— DA (Step = 25)

0.3
M -6

—

—04 02 0 0.2 0.4 0 5 01520 2 -1 —05 0 05
z Steps T

Fig. 6. (a) Sinusoidal Initial Condition, v = 0.8, Learning Rate = 30 (b) Sinusoidal Solution Cost Function (c)
Sinusoidal Solution Adjoint Function. (d) Dirac Delta Function Initial Condition v = 0.8, Learning Rate = 5
(e) Dirac Delta Solution Cost Function (f) Dirac Delta Solution Adjoint Function (g) Heaviside Function
Initial Condition v = 0.1, Learning Rate = 2 h Heaviside Solution Cost Function (i) Heaviside Solution
Adjoint Function. Created by student researcher.

4. Conclusion

[ examine Burgers’ equation and its exact solutions for three different key initial conditions: the

46 Volume 15, Number 1, 2025



sinusoidal function, Dirac delta function, and Heaviside step function. These key initial conditions can be
used as a basis to define any arbitrary initial conditions. Burgers’ equation is unique in that it'’s a non-linear
partial differential equation with known exact solutions. This allows for verification of results which makes
quantifying the utility of new methods—from numerical to data assimilation techniques—relatively easy.

I presented the variational calculus method which I applied to both define the tangent linear equation
and derive the adjoint equation for Burgers’ equation. The gradient of the cost function with respect to the
initial condition is the solution of the adjoint equation backward in time. Both Burgers’ equation and the
adjoint equation are solved with a predictor-corrector scheme in time and a 4th-order accurate finite
difference scheme in space. The entire DA algorithm and all of its numerical complexities are implemented
in a python computer program.

The integration of data assimilation in numerical simulation significantly improved the numerical
approximation results as shown in Figures 5, 6, and 2. In the case of the positive definite sinusoidal function
initial condition, the numerical solution deviated significantly from the exact solution at the end of the DA
window. The adjoint solution is able to correct the initial condition at the beginning of the DA window and
manages to successfully bring the numerical solution to close agreement with the exact solution again. In
the cases of the shock-forming delta and step function initial conditions at low viscosity, data assimilation
once again proves itself effective as it brings the numerical solution to close agreement with the exact
solution.

It's worth noting that data assimilation can improve numerical models by providing better initial
conditions, boundary conditions, or model parameters provided those statistics are available. It does not,
however, improve the physics of the numerical model directly. Instead, the physics of the numerical model is
captured by its governing equations. There are two approaches toward improving the overall quality of the
numerical prediction: improving the physics of the numerical model, and better integrating the
observations as part of the numerical simulation. DA effectively addresses the second approach towards
solving the issue of poor numerical approximations—as shown in this work.

The data assimilation approach to Burger's equation is not limited to the 1D problem as shown in this
work. It can easily be extended to 2D or 3D problems. It would be interesting to set up numerical
validations of the Burger's equation in 2D and 3D based on the recent work by [22] where exact analytical
solutions for 2D and 3D Burger's equation were found for a particular set of boundary and initial conditions.
Continuing from here, the approach presented here can also be extended to solve the full 3D Navier-Stokes
equations corrected by observational data.

Appendix of Data Assimilation

The conception of data assimilation originated in the numerical weather forecasting community through
its access to both numerical weather forecasting systems and observational networks of atmospheric and
ocean states. DA has shown its continual value to improve the quality and accuracy of Numerical Weather
Predictions (NWPs) by mixing numerical results with various sources of measurements. In recent years,
apart from its applications in traditional NWP systems, more applications of DA have been explored in 1)
Global Positioning System (GPS)/Meteorology (MET) Data Assimilation; 2) Hurricane Initialization by Data
Assimilation; 3) Estimation of Ocean Mixed Layer by Data Assimilation [7]; 4) Physics-based hydrological
modeling [29]. While the DA method can significantly improve the quality of the numerical prediction, it
requires iterations performed backward in time and storing the observational data within the DA window.
This makes the DA approach more computationally expensive than conventional methods.

Machine Learning and Deep Learning (ML/DL) [30] is also being integrated with DA to further the
prediction skills of NWPs. While DA has the advantage of incorporating domain-specific physics knowledge
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of the system, it is incapable of improving the physics of the model while also being computationally
expensive. However, ML/DL can provide better insight into parameters needed in physical models while
reducing computational cost once trained. ML/DL is capable of extracting non-linear information about a
system that scientists still have inadequate knowledge about. Therefore, combining ML/DL with DA may
provide a better overall solution to improving physical aspects—known and unknown—of a NWP system.

In addition, scientists at the Large Helical Device (LHD) are able to incorporate DA algorithms [31] to
provide advanced control in future fusion reactors. To address the high computational demand when
performing DA—due to the requirement of many iterations to minimize cost function—researchers are
looking into the quantum annealing process [32].

The data assimilation approach also goes by different names in various other fields such as state
estimation [33]; optimization [34]; history matching [35]; retrieval production [36]; and inverse
modelling [37]. Data assimilation attempts to solve a very fundamental problem in any predictive
system—how to best mix model predictions and real-world observations to deal with uncertainties.
Therefore, I expect data assimilation techniques to be explored in many more fields in the future.
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