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Abstract: The purpose of this paper is to investigate FC -projective comodules and FC -projective
dimensions. We introduce the concepts of copure exact sequences and FC-projective comodules, and give
some equivalent characterizations of FC-projective modules. We also define FC-projective dimensions,
which is similar to projective dimensions. We characterize semihereditary and coregular coalgebras related
to FC-projective comodules.
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1. Introduction

Note that absolutely pure modules are precisely FP-injective modules. Maddox [1] and Stenstrom [2]
introduced absolutely pure modules (i.e., FP-injective modules). Enochs [3] and Stenstréom [2] gave that a
ring is right Noetherian (resp. coherent) if and only if the class of injective (resp. FP-injective) right
modules is closed under direct limits. Mao and Ding [4] wondered if every right R-module over any ring
has an FP-injective precover. They investigated the FI-injective and FI-flat modules with respect to
FP-injective modules [5]. Li et al. [6] introduced the strong FP-injective modules and characterized
coherent rings. If R be a commutative ring with unitary. Recall that an exact sequence of right R-modules
0> K-> M- N -0 is called pure exact [7], if for every left R-module A, we have the exactness of 0 —
KRA->MQ®A—-NQ®A— 0. We say that f(K) S M is a pure submodule in this case. An R-module M
is called absolutely pure [1] if M is a pure submodule in every R-module which contains M as a
submodule. According to Ref. [8], an R-module M is absolutely pure if and only if Ext:(F, M) = 0 for all
finitely presented R-modules F.

The coalgebra theory as a dual of algebra has been more and more prosperous. Many scholars devoted
themselves to investigating this aspect and came up with some open problems [9, 10]. For instance,
Professor Simson [11] in Copernicus University, pointed nine questions out, about the structure of
coalgebras and the research for representations.

Motivated by the above research mentioned, our main aim of this present paper is to study the
FC -projective comodules and FC -projective dimension. Then we use FC -projective comodules to
characterize special coalgebras. Throughout this paper, C denotes the semiperfect coalgebra over filed k.
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2. FC-Projective Comodules

2.1. Definition

A short exact sequence of C-comodules
0 K-> M->N->0 (1)
is said to be copure if every finitely copresented comodule is injective with respect to this sequence.

2.2. Definition

A subcomodule K of M is said to be copure in M if the canonical short exact sequence 0 - K - M —
M/K — 0 is copure.

Remark: We can obtain that the exact sequence (1) is copure if and only if K is the copure subcomodule
of M from Definitions 2.1 and 2.2.

2.3. Definition

Let C be a coalgebra, and M a right C-comodule. We call M a FC -projective comodule, if
Extg(M,F) = 0 for any finitely copresented right C-comodule F .

Remark: It is clear that the class of FC-projective comodules is closed under direct sums and direct
summands.

2.4. Proposition

Assume that C is a right semiperfect coalgebra and M is a right C-comodule. Then the following are
equivalent.

(1) M is FC-projective;

(2) Every exact sequence 0 > A - B - M — 0 iscopure;

(3) There is a copure exact sequence 0 - K - P - M = 0 with P being a projective right C-comodule;

(4) There exists a copure exact sequence of right C -comodules

0> M ->M,»> M->0
with M, being FC-projective;
(5) Let F be a finitely cogenerated free right C-comodule, and N be a finitely cogenerated quotient
comodule of F, then for any right C-comodule homomorphism h: M — L, there is a right C-comodule

homomorphism g:M — F such that the following diagram is commutative.
M

L

Feouuo [ — =0

Proof: (1) = (2) Take any finitely copresented right C-comodule F, it is easy to get by the assumption
that Ext:(M,F) = 0. Applying the functor Com¢(—, F) to the short exact sequence

0—>A£>B—>M—>O,

Then we can obtain the following induced exact sequence

Comc(f,F)
0 -» Com¢(M, F) - Com¢(B,F) ——— Com¢(4,F) — Ext:(M,F) = 0.

Then, Com.(f,F) isan epimorphism. It follows by the definition that the exact sequence
0> A->B-> M->0

is copure.

13 Volume 14, Number 1, 2024



(2) = (3) Itisclear.

(3) = (4) Since C is a semiperfect coalgebra, there is a projective right C-comodule P such that M is
the epimorphic image of P, i.e. f:P - M is an epimorphism with P projective. Let K = Kerf, then we
have the following exact sequence

0-K->P->M-0.

Since projective right C-comodule P is FC-projective, the conclusion holds.
(4) = (1) Let P be afinitely copresented right C-comodule and the exact sequence

0-> M > M,»> M- 0

be copure with M, FC-projective. Applying the functor Com;(—, P) to the above sequence, then we have
the long exact sequence

-+ = Comg(M,, P) > Com¢(M,, P) > Ext:(M,P) - Exti(M,,P) — -
Ityields by M, FC-projective that Ext}(M,, P) = 0. Since the exact sequence
0-M->-M,»>M-0

is copure, we can learn that Com¢(M,, P) - Com¢(M,, P) is epimorphic. Then, Extt(M,P) =0, i.e. M is
FC-projective.
(1) @ (5) Applying the functor Com;(M,—) to the short exact sequence

0-K->F 5 L-0
There is a long exact sequence
0 - Com¢(M,K) - Com¢(M,F) - Com¢(M, L) - Extt(M,K) — -

Since F is a finitely cogenerated free comodule and L is a finitely cogenerated comodule, we have that
K is finitely copresented. It follows by the assumption that Ext:(M,K) = 0. Hence, Com.(M,p) is
epimorphic. So, h: M = L can be extendedto g:M — F.

On the other hand, let P be any finitely copresented right C-comodule, then there is an exact sequence

0-P->F->L-0
with F finitely cogenerated free and L finitely cogenerated. Applying the functor Com.(M,—) to the
above exact sequence, then we can have the following exact sequence

Comc(M,p)
-+ > Com¢(M, F) ——— Com¢(M, L) - Ext}(M, P) - Ext:(M,F) = 0.

It follows by the assumption that Com.(M,p) is epimorphic. Therefore, Ext}(M,P) = 0. So, M is

FC-projective.

2.5. Lemma

Let C be a right cocoherent coalgebra, if M is a FC-projective right C-comodule, then Ext}(M,F) =0
for n > 0 and any finitely copresented right C-comodule F.

Proof: Let F be a finitely copresented right C-comodule, since C is right cocoherent, there is an exact
sequence of right C-comodules

0-F->l)y-L->>I,_,->K, ,—-0

with K,_, = Im(l,_, - I,,_;) being finitely copresented and I; being finitely cogenerated injective for
0 < i <n— 2.Thus, we have that Ext}(M,F) = Ext}(M,K,_,) =0
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2.6. Lemma

Let C be a right cocoherent coalgebra. If 0 > K - M - N -0 is an exact sequence of right
C-comodules with M being FC-projective, then Ext.(K,F) = Ext:*(N,F) for i >0 and any finitely
copresented right C-comodule F.

Proof: Consider the exact sequence of right C-comodules

0-oK->-M->N-0

with M being FC-projective. Applying the functor Com.(M,—) to the above exact sequence for each
finitely copresented right C-comodule F, we have the following exact sequence

Exti(M, F) - ExtL(K,F) — ExtS"Y(N, F) — Ext&FY(M, F)
Hence, Ext.(M,F) = 0 and Ext:'(M,F) = 0 by Lemma 2.5. Thus, ExtL(K,F) = ExtZ"Y(N, F).

2.7. Proposition

Let C be a right cocoherent coalgebra and 0K —->M —> N -0 an exact sequence of
right C-comodules.

(1)If K and N are FC-projective, sois M.

(2)If M and N are FC-projective,sois K.

(3)If K and M are FC-projective, then N is FC-projective if and only if Ext}(N,F) = 0 for all finitely
copresented right C-comodules F.

Proof: (1) Applying the functor Com¢(—, F) to the exact sequence for any finitely copresented right
C-comodule F, we can obtain the following exact sequence

-+ > Ext: (N, F) - Exti (M, F) - Exti (K, F) - -

Since K and N are FC -projective, we have that Exti(K,F)=Ext:(N,F) =0 for any finitely
copresented right C-comodule F.It follows that Ext:(M,F) = 0,i.e. M is FC-projective.

(2) Similarly to the proof of (1), we can obtain the result by Lemmas 2.5 and 2.6.

(3) Applying the functor Com.(—,F) to the exact sequence for any finitely copresented right
C-comodule F, we can obtain the following exact sequence

0—Com¢(N, F)-»Com¢(M, F) —» Com.(K,F) - Ext}(N,F) - Ext}(M,F) - Ext:(K,F) - -

By the definition of FC-projective, we can easily get the conclusion.
According to Ref. [12], aclass X of right C-comodules is called projectively resolving, if P € X, here P
stands for the class of projective C-comodules, and for every short exact sequence

0--K-M->N-0

with N € X, then K € X ifand only if M € X. Dually, X is called injectively resolving, if 7 € X, where J
stands for the class of injective C-comodules, and for every short exact sequence

0-oK-M->N-0
with K € X,then M € X ifandonlyif N € X.
2.8. Theorem

Let C be aright cocoherent coalgebra, then the class of FC-projective right C-comodules is projectively
resolving.

Proof: Note that every projective right C-comodule is FC-projective. Consider the exact sequence of
right C-comodules
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0-oK-M->N-0,

where K is FC-projective. On the other hand, if N is also FC-projective, we have the following exact
sequence

0 = Ext:(N,F) » Ext:(M,F) - Exti(K,F) =0

for each finitely copresented right C -comodule F. Thus, Ext}(M,F)=0. It follows that M is
FC-projective.
On the other hand, if M is also FC-projective, we have the following exact sequence

Exti(M,F) - Exti(K,F) > Ext4(N,F)

for each finitely copresented right C-comodule F.Since M is FC-projective, we have that Ext:(M,F) = 0.
It follows by Lemma 2.5 that Ext2(N,F) = 0. Thus, Ext}(K,F) = 0,i.e. K is FC-projective.

2.9. Definition
Let C be a right cocoherent coalgebra and M a right C-comodule, the FC-projective dimension of M,

denoted by FC-pd(M), is defined as follows,

FC-pd(M) = inf{ n | there is an exact sequence of right C-comodules0 - P, > P,_; &> =+ > Py > M
- 0, where P; are FC-projective}.

If no such exact sequence exists, we define FC-pd(M) = oo.

2.10. Proposition

Assume that C is a right cocoherent coalgebra and n is a nonnegative integer. Then the following
conditions are equivalent.

(1) FC-pd(M) <n;

(2) Ext}*1(M,F) = 0 for any finitely copresented right C-comodule F;

(3) Ext?” (M,F) = 0 for any finitely copresented right C-comodule F and any j;

4 1f0->P ->P,_q—>—>Py—>M-0 is an exact sequence of right C-comodules with P; being
FC-projective 0 < i < n—1,then P, is FC-projective;

(5) There is an exact sequence of right C-comodules

0-P,->P, 1> >Ph->M->0

such that P; (0 < i < n) is FC-projective.
Proof: (1) = (2) Since FC-pd(M) < n, there is an exact sequence of right C-comodules

0-P,>Pp 1> ">Pp->M->0

where P; (0 <i<m) is FC-projective and 0 <m < n. Thus Ext}*1(M,F) = Ext}""™*1(P,,F) =0 for
every finitely copresented right C-comodules F by Lemmas 2.6 and 2.7.

(2) = (3) The case j =1 is clear. We may assume j = 2. Since C is right cocoherent and F is finitely
copresented, there is an exact sequence of right C-modules

O—)F—)Io—>11—>---1j_2—>Kj_2—>0,

where K;_, = Im(l;_, - I;_) is finitely copresented and each I; (0 <i <n—1) is finitely cogenerated

injective. Thus, Exty '/ (M, F) = Ext2*'(M,K;_,) = 0.
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(3) = (4) Suppose that 0 » B, » P,_; » - > P, > M — 0 is an exact sequence of right C-comodules
with each P; FC-projective, then Ext:(PB,, F) = Ext}*1(M,F) =0 for every finitely copresented right
C-comodule F.Thus P, is FC-projective.

(4)=(5) Let 0> K > P,_; > - > P, > M — 0 be a projective resolution of M, where each P; (0 <
i <n—1) isprojective. Thus, K is FC-projective by (4).

(5) = (1) Itis easy to be obtained by the definition.

3. Some Special Cases

3.1. Definition

Let C be a coalgebra, we call C a right semihereditary coalgebra if every finitely cogenerated quotient
comodule of finitely cogenerated injective right C-comodule is injective.

3.2. Lemma

Let C be aright semiperfect coalgebra, then the following are equivalent.

(1) C isaright semihereditary coalgebra;

(2) The subcomodules of FC-projective comodules are FC-projective;

(3) The subcomodules of projective comodules are FC-projective.

Proof: (1) = (2) Let M be a FC-projective comodule and K a subcomodule of M. For any finitely
cogenerated injective right C-comodule [, and I, is a finitely cogenerated quotient comodule of I, we can

obtain that I, isinjective. Then we have the following commutative diagram

L=< T

A A

K—sM
Indeed, since I, is injective, we have that for any f:K — I,, there is g:M — I, such that f = gi. It is
easy to obtain the following exact sequence

0L —15L -0 2)

with I; = Ker(I - I,). Then we can get that I; is finitely copresented. Applying the functor Com.(M, —)
to this exact sequence, since M is FC-projective, we have the induced exact sequence

omc(M,p)
s

c
0 - Com¢(M, I;) - Comc(M,I) Com¢(M, I,) - Ext:(M,I;) = 0.

So, the Com (M, p) is an epimorphism. This means that for g: M — I,, thereis h: M — I such that g =
ph. It follows that for any f:K — I,, there is hi: K = I such that f = phi. Therefore, the conclusion holds
by Proposition 2.4 (5).

(2) = (3) Itisclear.

(3) > (1) Let I be a finitely cogenerated injective right C-comodule and I; a finitely cogenerated
quotient comodule of I. Let I, = Ker(I = I), it is easy to see that I, is finitely copresented. Take any
projective comodule P, and P; is a subcomdule of P, then by the assumption that P; is FC-projective.

We can easily obtain the following commutative diagram
p

0 Iy I I; 0
Ay
qu

i

In fact, since P; is FC-projective, it yields that for any f:P — I, there is g:P; = I such that f = pg.
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Because [ is injective, we have that there is h:P — I such that g = hi. Therefore, f = phi. So, I; is
injective.
3.3. Definition

A coalgebra C is said to be right coregular if every finitely copresented right C-comodules is injective.

3.4. Proposition

The following statements are equivalent.

(1) C isaright coregular coalgebra;

(2) Every right C-comodule is FC-projective;

(3) Every finitely cogenerated right C-comodule is FC-projective.

Proof: (1) = (2) = (3) Itis obvious.

(3) = (1) Let M be a finitely copresented right C-comodule, E(M) the injective envelope of M. It is
easy to see that E(M)/M is finitely cogenerated. By the assumption, we have that E(M)/M is
FC-projective. It follows by Proposition 2.5 that the following exact sequence

0->M->EM)->EM)/M-0 (3)
is copure. Applying the functor Com;(—, M) to the above sequence, since E(M)/M is FC-projective, we
have the following induced exact sequence

0 - Com¢(E(M)/M,M) - Com(E(M),M) - Com;(M, M) - Ext:(E(M)/M,M) =0

Then we can learn that 1, factors through E(M). Therefore, the sequence (3) is split. Hence, M is
injective. The proof is completed.

4. Conclusion

The concepts of FC-projective comodules and FC-projective dimensions are given. We show the
equivalent characterizations of FC-projective modules. Moreover, we investigate FC-projective dimensions.
Finally, we use FC-projective comodules to give new characterizations of semihereditary and coregular
coalgebras.
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