
 

Abstract—In this paper, the Reduced Differential Transform 

method (RDTM) is used to find the numerical solution of the 

equal width wave (EW) equation and the exact analytical 

solution of the inviscid Burgers' equation with initial conditions. 

The method has been used successfully to investigate the motion 

of a single solitary wave that is governed by the EW equation. 

The solution is obtained in the form of convergent power series. 

The results obtained show that the error norms to the exact 

solutions are reasonably small and that the present method is 

easier and powerful than some other known techniques.  
 

Index Terms—Single solitary wave, equal width wave (EW) 

equation, inviscid burgers' equation, reduced differential 

transform method (RDTM). 

 

I. INTRODUCTION 

It is commonly known that the equations of gas dynamics 

are the mathematical expressions of conservation laws which 

exist in engineering physics such as conservation of mass, 

conservation of momentum, conservation of energy etc. The 

inviscid equation of gas dynamics can be written in the 

conservation form which is a nonlinear partial differential 

equation. Partial differential equations have numerous 

applications in various fields such as fluid mechanics, 

physics, thermodynamics etc. 

Most of these equations are nonlinear partial differential 

equations. A broad class of analytical solution 

methods and numerical solution methods were applied to 

solve these partial differential equations by Morrison et al. 

[1], Gardner and Gardner [2], Smith [3], Courant and 

Friedrichs [4], Evans and Bulut [5], Wazwaz ([6] and [7]), He 

([8] and [9]), Keskin [10], Peregrine [11], Bluman and Kumei 

[12], Whitham [13], Hunter and Keller [14], He and Moodie 

[15], Sharma and Radha [16], Sharma and Srinivasan [17] 

and Arora and Sharma [18] etc.wave equation. 

The equal width wave equation, introduced by Morrison et 

al. [1], is of great importance since it is used as a model 

partial differential equation for the simulation of one 

dimensional wave propagation in nonlinear media with 

dispersion process. 

In this Paper, we shall consider the Inviscid Burgers’ 

equation 

   
     

 
                                 (1) 

with the initial condition         ,                                        (2) 

and the Equal width wave equation (EW)  ([1] and[2]) 

                                           (3) 
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with the initial condition  

                                          (4) 

where t is time, x is the space coordinate, the dependent 

variable          is the wave amplitude,   is the positive 

parameter, c is the constant wave velocity,    
 

  
     

measures the width of the wave pulse and subscripts t and x 

denote partial differentiation, with the boundary condition 

    as       
The problem of the motion of single solitary wave governed 

by the EW equation (3) with the initial condition (4) has an 

exact solution of the form ([1] and [2]) 

                                         (5) 

A. Analysis of the Method 

The basic definition of the Reduced Differential 

Transformation method [10] is as follows: 

Definition I: If function u(x, t) is analytic and k times 

continuously differentiable with respect to time t and space x 

in the domain of interest, then let     

  ,                       (6)  

where the t-dimensional spectrum function       is the 

transformed function of the original function u(x, t).   

Definition II: The differential inverse transform of       

is defined as follows  

                
   .                           (7)  

Then combining these two equations we write 

         
        

        
  

                       (8) 

We write the inviscid Burgers’ equation (1) in the standard 

operator form 

                                      (9) 

with initial condition                                                   (10) 

where           
 

  
       is a linear term and 

          
     

 
 is a nonlinear term. 

According to RDTM, The transformed form of eq. (9) is 

                      ,                (11) 

where          is the Reduced differential transformation 

of           . 

We shall also write the gas dynamics equation in standard 

Operator form 

                              

                                         (12) 
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with initial condition                   ,                        (13) 

where,             , is a linear term,           
     

 
 

is a nonlinear term and   
  

     
 is a linear operator which 

has mixed partial derivatives. By the RDTM, we can 

construct the following iteration formula for equation          

                      
 

  
      

    

  

     
                                          (14) 

Definition I implies that the initial approximation       is 

given by the initial condition, that is 

            .                               (15) 

Substituting       in the iteration formula (14), we get the 

values of      . Then the differential inverse transformation 

of the set of values           
  gives approximation solution 

as 

                  
  

                              (16) 

where n is the order of approximation solution. Hence the 

exact solution of the problem is given by 

                                             (17) 

B. Applications 

Problem 1: We consider the Inviscid Burgers’ equation 

   
     

 
                                (18)  

with the initial condition         ,                                    (19) 

where          is a function of the variables x and t. The 

exact solution of this problem is       
 

   
 . 

By RDTM, The transformed form of eq. (18) is 

                                        (20) 

where          is the Reduced differential transformation 

of  
      

 
. 

Using the initial condition (19), we get the initial 

approximation as 

                                      (21) 

Now substituting (21) into (20), we get the successive 

values of       as 

                                            
                 … 

The Differential inverse transform of       gives 

                
                      

                                          
 

   
                                                   (22) 

which is the exact solution of (18) with the initial condition 

(19). 

Problem 2:  For the sake of convenience and without any 

loss of generality, we assume             and    
   in the EW wave equation (3)-(4) to obtain 

                                        (23) 

with initial condition 

                                        (24) 

This problem has an exact solution of the form ([1] and 

[2]) 

                                           (25) 

Taking Reduced differential transformation of (23), we get 

                      
 

  
      

    

  

     
                                                                 (26) 

where the function       is the transformed function of the 

original function u(x, t) and                 
      is the 

nth order approximation solution of (23). From the Initial 

condition (24), Initial approximation is given by  

                                          (27) 

Substituting (27) into (26), we obtain the successive values 

of       as 

                                     

      
                                          
                                
                                    

and so on. 

Then, the differential inverse transformation of the set of 

values           
  gives the second order approximation 

solution as 

                 

 

   

                   

                 
                               
                       
                               
   
                             
     

Therefore the exact solution of (23) with the initial 

condition (24) is given by  

          
   

          

This solution is convergent to the exact solution 

                                

The comparison of the present numerical solutions with 

the exact solutions of the EW equation is made in the 

following table: 

t x Approx. sol. RDTM Exact solution Absolute Error 

 -1 0.2004137028 E-4 0.2003536018 E-4 0.60101 E-8 

0.003 0 0.5547496033 E-4 0.5445863073 E-4 0.163296 E-7 

 1 0.14805511978 E-3 0.1480108208 E-3 0.44299 E-7 

 

0.001 

 0.2004137109 E-4 0.2003936752 E-4 0.200357 E-8 

-1 0.5447496631 E-4 0.5446952255 E-4 0.544376 E-8 

 0 0.1480551197 E-3 0.1480404186 E-3 0.147012 E-7 

 

0.01 

1 0.2004136740 E-4 0.2002134081 E-4 0.200266 E-7 

-1 0.5447493901 E-4 0.5442052648 E-4 0.544125 E-7 

 0 0.1480549962 E-3 0.1479072750 E-3 0.147721 E-6 
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II. CONCLUSION 

The Reduced Differential Transform Method (RDTM) has 

been used to obtain numerical solutions of the inviscid 

Burgers' equation and the equal width wave (EW) equation 

with initial conditions. The efficiency of the RDTM was 

tested on these equations with initial conditions. The method 

provides an analytical approximation, some time an exact 

solution, in the form of convergent power series. The 

comparison of the numerical solution obtained by this 

method to the exact solution in Table 1 shows that the 

numerical results are in very good agreement with the exact 

solution. The results are also depicted in Figure 1 and Fig. 2. 
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