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A Fixed Point Theorem on Four Complete Metric Spaces

Vishal Gupta, Naveen Mani, and Ashima Kanwar

Abstract—Our object in this paper to discuss about fixed
point theorem in four metric spaces. Here we established a
fixed point theorem in four complete metric spaces, which
generalized many results of many authors [1]-[5].

Index Terms—Complete metric space, fixed point.

I.  INTRODUCTION
Let (X,,d,),(X,.,d,),(X;,d;) and (X,,d,) be complete
metric spaces.
If4:X - X,,4,: X, > X,,4,: X, > X, and
A, : X, — X, are mapping than we denote

M, (xl,x2) ={df (xla A4A3Azxz)ad1p(xla A4A3A2A1xl)’d;(x2’A1xl)}
(1.1)

Mz(xz,x?’) ={d? (xz,AIA4A3x3),d2” (xz,A]A4A3A2x2),d3”(x3,A2x2)}
(1.2)

M3(x3,x4) ={d} (x3,A2A]A4x4),d3p(x3, A2A1A4A3x3),df(x4, A3x3)}
(1.3)

M, (x4 > xl) ={d; (x4 5 A3A2A1xl ),d; (x4 > ‘43/’12‘41‘44)54 ),d? (xs > A4x4)}
(1.4)

Let F:[0,00] — R* be continuous mappings in 0 with
F(0)=0

II. MAIN RESULT

Theorem

Let (X,,d,),(X,.d,),(X,,d,),(X,,d,) and (X,,d;) be
complete metric spaces where. If
4:X - X, 4, X, > X4, X, > X, and

A,: X, — X, are mapping satisfying the following

inequalities.
d? (A, 4,4,%°, A, 4,4, 4x") < cmax M (x',x*)+ F(min M,)
(1.5)
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Al (AA,AxX, AA,AAX") < cmax M, (x*,x*)+ F(min M,)
(1.6)

dr (A, AAx", A, 44,4x°) < cmax M,(x’,x*)+ F(min M)
(1.7)
d7 (4,4, Ax', A, 4,4 A,x*) < cmax M, (x*,x')+ F(min M,) 8
VxeX,x’eX,,x’ e X,,x*e X, ,where, 0<c <1 .
Then  4.A4,4,4,4, fixed
Be X, ; AA;A,A,A, has a unique fixed point § € X, ;
A, A A, A, A, has a unique fixed point 5, € X, ; 4,4,4 4.4,
has a unique fixed point 3, € X, .
Further, 4,(8) = f,.4,(8,)= B A (B.) = B..4,(B.) = B
Proof: Let xé be an arbitrary point in X, , let define
sequence {xrln} ) {xri}’{xi} and {x,} in X X, XX,
by
X, =4, (xz ) )

m

has a  unique point

respectively

(A4A3A2A1 )m x(l) = x;lw xi =4 (xrln—l )r

X =4, (x;) x =4, (xi) form=1,2,3,... We will

2 2
X, =X " #EX

1 1
X #FX X
m m+l and so on ~ ™

m+12

assume that m+ for all

1 1 2 2
. . X =X X =x
m. Otherwise, if “»  “m+ for some m, then “m = “m+l |
3.3 4 4 L :
xm - 'xm+1 and xm - xm+l JWe could put Xy = ﬁl R Xops1 = ﬂz and

, EANEFREM

X, = .
i = Py First, we prove the sequences

4
and Y are cauchy sequences.Taking x' =x! , x> =x in
(1.1) (1.5) ,

obtain
M, (x! x2)= {d? (x)

m?>"m m?>

and we

A4A3A2xi ).df (xrl'n > A4A3A2A]x:1 ),dy (xn21 > Alx:1 )}

= {dlp (xrln > xrln )’ dlp (xrln > xrln+1 )’ de (xri > x:zﬂ )}
=1{0,d/ (xrln > xrlnH ),dy (sz 5 xriﬂ)}
dlp ('xrln > x11n+1) =
df (A4A3A2xi > A4A3A2A1x:n )
< cmax M, (x),x. )+ F(min M (x},x))

cmax{0,d} (x,,,x,.,).d3 (x,,,.)} + F(0)

2 2
= CdZP (xm > xm+] )

Since,  if  maxM,(x,,x))=d/(x),x.,) .then

1 1 1 1
dlp (xm > xm+1 ) < C‘dlp (xm s xm+1)
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It follows x = x since 0<c<1,

<cd!(x2,x..) (1.9)

1 1
m+1 ? s0 dlp (‘xm ’ ‘xm+1)

Taking x* = xm,x = x _, in(1.2) and (1.6), we get
Mz(x x )= {d”(x AIAAA_}xm,,),dZ”(x,i,A,A4A3A2x,i),d{(x;f,,,,Azxfn)}
={d} (x,, 2,0, A7 (6, %0), Y (X, 1,X,)}
={0,d; (xm7xm+l)’d3p (xiz—l’xr:;)}
d”(xi,xiﬂ)
d? (44,4, AA,A4A4x)
< x), )+ F(min M, (x}, x),,))

)7 (X, ,x,)} + F(0)

m—1°

cmax M, (x

m?

= c¢max{0, d”(xm, S

Since 0<c<1 , we get df(x},x.,,)<cd!(x) ,,x))
(1.10)

Taking x° = x_,x* = x| in(1.3) and (1.7), we get
M, (x5 ) = 4] (6, Ay A A ), (53, A A A, A, d] ()
={d{ (x,,x),d) (x,,%,,,),d] (x, 1, %,)}
=10,dy (x,, %)), d} (%, ,,%,)}
dr (., x2 )= d”(A AAAX A, AAA4,A4X)
cmax M,(x )+ F(min M, (x),x} )
),dy (%, ;,%,)}+ F(0)

3
1> Ay,

m> m+l

<

m’ ml
=cmax{0,d’ (x
= Cdf (xmfl’xm)

Replacing m to m-1, we obtain

m ’ m+l

dr(x) ,x.)<ecd!(x) ,,x} ) (1.11)

m—1°

Taking x* = x*,x' = xm , in (1.4) and (1.8), we get

M, (xb,xt y=A{dr(x}, 44,4 ),dl (3, 44,4 4,x0),d7 (x40
= {df (x:wx:« )’df (xm’xmﬂ)’dlp (xm—l’x:n)}

=10, d”(x:,ax,iﬂ) d} (x,5%,)}

dr(x )=d; (AAAxml,AAAAx“)
)+F(m1nM (xhxl )

),d (x,,,%,)} + F(0)

m?>

m?> m+1

<

cmax M, (x},
=cmax{0,d’ (x!,
=cd/ (x,.,x,)

Replacing m with m-2 we obtain

ml

m+l

dr(x! ., x} Y<ed?(x), ,x) ) (1.12)

Using (1.9), (1.10), (1.11) and (1.12), we get

dlp(x m+1) <Cdp(xm’ m+l) <czdp(xm l’x ) S
c3al”(x4 )Sc4dp(xm 30X, 2)
<..<cf d"(xm 6r X0 5)
< 4kafl”(xl,xz),,m:3»k+1

g }

4k gp 1 1 _
dl (x,,x,),,m=3k

)
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Since 0<c<l the

o}

{x) 1 {x2},{x} },{x} } are cauchy sequences. Since (X d)

sequences

>

be complete metric spaces where ;=1,2,3,4
., =€ X lim,___x} =, X,
lim =/f, € X,,lim =p,eX,

m—>o0 m

m%w m
m—oo m

Now taking x' = x! and x* = f,in the inequality (1.5) we

obtain
df (4, 4,4,5,,x m+l) df (A,4,4,5,, 4, A3A2A1x,]n)
< emax M, (x),B,)+ FminM,(x.,5,))  (1.13)
Where M1 (‘x:n’ﬂZ) = {dlp (x,ln’AztAsAzﬂz ),

dp(x1 A A3A2A1x,1n),d2p(ﬁ2,z41x}n)}

= {dp(xm,A A,4,4,,),df (‘xrln’xrlnﬂ)’dzp (ﬁzsxjm)}

As m tend to infinity in (1.13) and F is continuous at 0 we
get  dl (A, 44,5,,B) <cd! (B, A44.5,) So  we
get, 4445, =5

In same way, we obtain,
A1A4A3ﬂ3 = ﬂz ’A2A1A4ﬁ4 = ﬁ3 > ASAZAlﬁl =ﬂ4

Using (1.5), taking x'=8.,x=x we
get dl”(x JAALAA L) = a”’(AAAx LA A4, A B)

< emax M, (B, x.)+ F(min M, (S, x.))

Where, M,(B,x2)=4{d! (B, A,A,4,x),
d (B, A A 4,4 B),d7 (x,, 48)}
={d/(B,x,).d/ (B, 4L A4 4LAB).d7 (x,, 43)}

Now letting m tend to infinity we get

dlp (ﬂl > A4A3A2A1ﬂ1)
< cmax{d/ (ﬂ1 > :B1 ),df (181 > A4A3A2A1ﬁ1 ),dy (182 > Alﬁl )}
=cmax {dlp (181 > A4A3A2A1ﬂ1 ), dzp (ﬁz 5 Alﬂl )}
or df (:B1 > A4A3A2A1:B1)
Scd! (B, 4, 44,5) < 444,46 =P,
dl' (B, A,4,4,AB) < cd? (B,,A ) - This can be also
written in following form

From which it follows,

or

dl (B, AB,) < cdy (B,, AB) (1.14)
Since, A, 4,4, A, =, , Taking ¥’ =x’,x* = f,in
inequality (1.6) in the same way as above, we obtain

A2 (2, AAAAL)=dP (A4 A, AAAALRB)
< cmax M, (f3,,x.)+ F(min M)

M, (ﬂz’xi):
{dzp (ﬁ29 A1A4A3x§z)a dzp (ﬁz’ A|A4A3A2ﬁ2)a dj,p (-xfn ) Agﬁz)}
={d! (B, %0 .0),dL (B, AAAARB), AL (X, A, 8,)}

Now letting m tend to infinity we get

where,

ay (B, A4, 4,4,5,) < cmax{d] (B,, 5,),d] (B,, 4, 4,44,
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From which it follows,

Then,

a7 (ﬂp A1A4A3Azﬂ2) <cdy (ﬂp A1A4A3A2ﬂ2) 4 A1A4A3A2ﬂz = IBZ

or dzp(ﬂpAlﬂl) <cdi (B, A,5,) (1.15)

Continuously like above, we get
A1 (B ) S cd? (B, A4S (B AB) S cd? (B, A,B,),

By (1.14), (1.15), we
obtain df (B, 4;55) < cdy (B, A )
S chﬁip(ﬂS’AZﬂZ) S C3d4p(ﬂ4’ASﬂ3) S C4d1[)(ﬂl’A4ﬂ4)
= d! (B, 4;5;) <c*dl (B, 4,B,)

S AB =5 . 0<c<l ,
dl (B, 4, 44,4B)=d! (B, 4,8,)=0
& A,A,4,A,8, = B, So, we proved that 3 is a fixed
of AA44,4 ; AAAA has
Be X,; AA,AA, has fixed point S, e X,, 4,444,
has fixed point ﬂ3 € X, , and 4,4,4 A, has fixed point
B.eX, Further,
that 4, (B) = B,, 4,(B) = B 4 (B) = By 4,(B,) =B

Now let assume now that #' e X, is another fixed
point of A4, 4,4, 4, , different from /3, .

Using (1.5), if we take x' = ﬂl,xz = Alﬁll , we get
df (ﬁll’ﬁl) =d/ (A4A3A2A11511: A, 44,4 )
S CmaXMl(ﬂlﬁAlﬂll)+F(mian(ﬂl’Alﬂll))

Where
M](IBI’Alﬁll) = {d]p(ﬂ]’A4A3A2Alﬁ]])’ dlp (ﬁ]’A4A3A2A]ﬁl)’ dzp (A]ﬁll’Alﬁ])}

= {d1p (ﬁ1 > ﬁll ), d1p (ﬁ1 > ﬁ1)» dzp (Alﬂll > :Bz )}

From which it follows

since Thus  again

point fixed point

we also showed

dr (B.B) <cdy (Af. 1) (1.16)

Taking x° = ,,x> = 48 in inequality (1.6) we obtain

dzp (ﬂza A1ﬂ11) = dzp (A1A4A3ﬂ3’A1A3A2A1ﬂ11)
< cmaxMz(Alﬂll,/%)+F(minM2(A1,Hll,,B3))

Where,
MZ (141ﬁll > ﬁ}) = {dip ("4]ﬂ]1 ’ AIAAASﬁB )’ dzp (A]ﬁll > A]AAASAZAlﬁll )’ d}” (ﬂ} > "4214lﬂl1 )}

=d; (A1ﬂ1la ﬂz)a d;y (Alﬁll > Alﬂll)’ d;y (ﬁ3 5 A2A1ﬂ11)}
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d?(B,, AB)<cd? (B, 4,4,8') (1.17)

Continuously like above, using (1.7), (1.8), we get

ar (B, A2A1ﬂ1|) <cd{ (B, AzAzAu[’)ll ),d7 (B, A3A2A1ﬁ1|) < Cd]p(ﬂll B)

(1.18)
By using (1.16), (1.17) and (1.18)
dr' (B, B) <cdy (4.0,
<ldr (B, ALAP) <Al (A,4,4.8, B,) <
C4d1p (ﬂll B) < df (131l > ﬂ1) < C4d1p (181l > ﬂl) where

0<c <I1.Itfollows that g' = 3 .
Thus we proved gis the fixed point of 4,4, 4,4, . In the

same way, it can be shown that 4,4,4,4 has a unique
fixed point f e X,, A4A4,4,4, has a unique fixed point
B,e X,, A,A A, A, has a unique fixed point 3, € X, and
A, A, 4 A, has a unique fixed point S, € X, .
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