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The Bijectivity of the Tight Frame Operators in Lebesgue
Spaces
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Abstract—The motivation of this dissertation mainly is which
affine frame wavelet systems span Lebesgue spaces have been
investigated less.  The technique we used is analogous to
technique of Calderén-Zygmund operators, but we rely on
Calder&n-Zygmund decomposition theorem. We prove our
main results without smoothness assumption on frame wavelets.
We prove that affine tight frame wavelets span Lebesgue spaces
under the condition, we also show that the affine tight frame
operator extends from | 2(Rr) to a bounded, linear and bijective

operator on L°(R), for 1<p<e., Under such condition, the
affine orthonormal basis of L*(R) is also an unconditional basis
for L"(R),1< p <.

Index Terms—Bijective, frames, basis,

unconditional basis, wavelets.

orthogonal

I. INTRODUCTION
The conditions of many problems force the use of a set of
basis {y;}, of a Hilbert space H which can not be

orthonormal (often because of uncertainty principles). Lastly,
if we can disregard even linear independence, we end up with
the "frames" whose theory was first developed by Duffin and

Schaeffer [1]. A frame {i/, }"; acts like an overcomplete set

in linear algebra where one can expressany f e H with but
not necessarily in a unique way since the elements y/; need

not to be linearly independent. In this paper, we focus on tight
frames which their canonical dual frame has the same
structure as the frames themselves. This implies many
advantages. Indeed, it is not only difficult to control the
behavior of the dual frames, but also nothing can guarantee
the decay of the dual frames. Tight frames act like orthogonal
bases but are without linear independence. Historically, [2],
[3], [4] use the Calderén-Zygmund operators; [5], [6] use
multiresolution analysis and Marcinkiewicz interpolation
theorem. We prove that the frame operator associated the
affine tight frame with the condition extends from L*(R) toa

bounded, linear and bijective operator on L°(R) , for
1< p <. By the way, we can use the same technique to the
case for an orthonormal wavelet case. We list our main
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results.
Theorem 1.1: The frame operator S associated ]—;

(define later) is bijective on L°(R),1< p < oo and hence ]—;
is dense in the Lebesgue spaces. Moreover,

Cl fl, <|sf|, <Dl f|

p?

for all fel’(R),1<p<o and some constants
0<C,D<oo.
Theorem 1.2: Let F,, be an orthonormal basis of L*(R).

Then,
1) T is of type weak (1,1) and of type (p, p), for all

1< p <oo. Moreover,

1
21141, <[t <cl ¢1,

where C does not depend on f, for all f € L°(R),1< p<oo.

2) F,, forms an unconditional basis for L°(R), for all
l<p<oo

3) If1<p<2, 7, is Besselian for L°(R) and there exists
¢, C,>0 such that

CpH{aJ,k}HZ < Z aj,kl//j,k < Cp”{aj,k}Hp’

j.kezZ P

for all scalars @;, .

4) If 2<p<o, 7, is Hilbertian for L°(R) and there
exists prCp- > (0 such that

Cp'H{aj,k}Hp < Z a Wik Scp'H{aj,k}HZ’

j.kezZ P

for all scalars Q-
5) F is simultaneously Besselian and Hilbertian if and only
if p=2

Il. PRELIMINARIES AND NOTATIONS
Bases in this paper are Schauder bases. In [7], it mentions
a special class which satisfies Wiener condition. Let  be a

measurable function on IR and satisfies the following
inequality:
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[ iy = 2s0Pl(x+K) [ <0 @
kez [0.1)

where y is the characteristic function. We consider that

[l o] dx = j:(zh//(x + k)|) dx

p
< (Zsylr))h//(x + k)|j =Wl -

kez [0,
It follows that if (1) holds, we have y e L"(R) , for

alll< p<oo.LetT be a mapping from L°(R) to L'(R),
forall 1<p, ¢ < o0.Then, Tis of type (p, q) if
HT(f)Hq <Al f||p, f e LP(R) where A does not depend

on f .Similarly, T is of weak type (p, q) if

| AlTIL Y
m{x : [Tf ()| > o} < <o, a>0
(94

where A does not depend on f or &, and m is the Lebesgue
measure. We note that an operator of type (p, q) is of weak

type (p, q). A sequence {l//i};’il of elements H is a frame for
H if there exists constants A, B>0 such that

Al fIP<D < fy>F<BI I,
i=1
forall f eH. Let {i;}-, be a frame with frame operator S
(see [8]). Then,

f =§:<f,8"11,yi >y,

i=1
for all f eH. The series converges unconditionally in H.

{S7'w. }*, is called the dual of {;}", . We also list some

properties which are needed to our results.
1) Let H =L*(R) . We denote the frame operator S of

{w.}2, as sf ::i<f'l//i sy foral fel’(R). T
i=1

is called the pre-frame operator or the synthesis operator
which is bounded.

T:P(N)>H, T{c}, =D ey, S=TT =TT.
i=1
2) Both S and S™ are of type (2, 2), bounded, invertible,
self-adjoint and positive [8].
3) A frame may have several duals; a dual which is not the
canonical dual is called an alternate dual. ¢s,,3 may not

have wavelet structure.
4) {S'y,} isalso a frame in H and its frame operator is st

5) For a tight frame{y/, }-; , {9%}:{%%}, and A is

the tight frame bound.

There are rich information about frames can be found in

[2].

I1l. PROOFS
We start at the L” —boundedness of frame operators. Let
{v, :i.kez} be a frame in |*R) where
v =2"y(2) k). Wesay y e M if y satisfies

I:|092(1+ X)sup|y|(y)dx < oo - We list two things that
x<lyl

need to be noticed.
1) If y e M, y is also belong to W(L", I") so that i is
belong to L°(R),1< p<co.

2) Our result can be applied to all compactly support
orthonormal/tight frame wavelets.
For all f e }(R), by Calder&-Zygmund decomposition

theorem [9], there exists a collection Q<272 such that
intervals {lnntmmea are disjoint,
lon =[27"0,27"(n+1)) , |f(X)|< e, almost everywhere
, for all >0, and also for all

o F=Rr\ |J I,

(m,n)eQ

(m,n) eQ,

05<2mj‘I |f|£2a. So we have

D a2 <[ . @)
(m,n)eQ
We denote an affine tight

frame 7 ={y, weM, jkeZ}  and B is the
projection from 12(r) onto)) :=span{y,, : j.k € Z, j<m},
and let {S’lq//jyk . j,k € Z} be the canonical dual frame
of 7,

P(f)= Y < .5, >p,
j.kez
j<m

1
=— Z< fv‘//j,k >
Aj,keZ

j<m
forall f e L*(R).Forall fel*nL(R),we set

g:="fr+ Z Pm(f)ﬁm)a

(m,n)eQ

h=f-g= Z [fZLm _Pm(fllmvn)]'

(m,n)eQ

It follows that Sh

- Z Z Z < fllm‘n’l//jv,k‘ Z<VikVix = Vik

(m,n)eQ jkeZ j K ez

j'=m
Claims that S is of weak type (1, 1) and of type
(p, p),1< p < oo which relies on the same idea of [5], [6],
but we don't have complicated estimations.
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Theorem 3.1: Under notations as above, then, S is weak
type (1, 1) and of type (p, p), forall 1< p <.

Finally, we prove Theorem 1.2. by defining an operator on
L'(R) &  Tf=> ¢, <fy, >y, fr al

j.keZ
€, =*1, f € L°(R) since the feature of T is similar to the

0

frame operator S So, we can conclude that T is of type (p,
p), forall 1< p <oo.
Proof of Theorem 3.1: First, we claim that, for all &>0,
HgHz <aA| £, where constant A does not depend on f

and «. Assuming, by Dirichlet test,

17, =[2"(n-1),2"(n+2)), F" =

M, =A" ||z//|| Z 2 E sup|1//|(2‘x+k)<oo

Im,n

j<m<m

2

2 Rulfz,)

(m,n)eQ

2

> X Rulfr )P (Fr )

(Mn)eQ (m',n)e
7]

<4aM; >

|
(mn)ex ™"

Z Z 2 = sup|z//|(21x+k)
(m n)erkeZ

m n

m<m  j<m<m’

<daM, Y |

(m,n)eQ ™"

|f]

Next,

togl; <

1—m

22<422

(p+1)2 xS
When we take any finite

m=m m-m

n'=p2 2

terms of P, j and k ,

Z. sup |‘//|(X+k')<||l//”m/(|_°°,|l)'

p.ik W
. Pty
j<m<m 2 'p

JR‘fZF‘Z Sa.uf‘ﬁa” f||1,
(16M;N +1)all f[l,. Secondly, we set

R\ U 1o

(m,n)eQ

it leads

#(x) = suply|(y), 20,

x<yl
J-]R\I

snwnl[ S| f|j > s b0
(mn)e ™" jkez2i, +k
j=m
[Zsup|z//|(2lx+k)jj "Z\z/xjk\
jkeZ xeR
<BJl fl.

Indeed, fixing m, n, we consider

pIDIND WD PRV GRS 2,50 MOl 2
pemen n':pzmTim Ji:jm 2m7|m.‘n. jzm
AaM z |f| and breaking K into parts,
<da I
l(m,n)eQ m.n s
2| 2 2| sup fw](x)
jom \ kg2l ™1 sl [kok+2T™)

im
> > 22 sup fy|(x+k) [<16aM NI f|

peZ j k'eZ j',ﬂl
j<m<m 2 21
where, by Dirichlet test,
Ni=> > 22 sup|p|(x+k)<oo.  Indeed, it
peZ j K eZ s
j'<m<m’ 2 21p

follows from if M<m and p2 2 <n'<(p+1)2 2 ,
-m

then 22 1. |
m,n

U2?|m i

b We also have, under such n ,

-m
1< ‘ | p‘ —22 . Itleads that, for each P , we have

48

[ jIVII

k=—2:21"m

z p(k+21™M)

e

sznwnl_z[
j=m

0

+ > oK)
k=(§2"’m}

<4y, i > 1co(k)

1
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< 4||w||1(¢(0) +i_(uog2 pJ+2)( p)]

<aly], (¢(0) + [ (log, x+ 2)¢)(x)dx).

> sup W(X)U +
jom _ai-m+d fecpi-m-1 [k k+217M)

Izl ™k )‘V/‘

<2l ¥ sw (0

j=m _pl-mHl p<opi-m-1 [k k+ 421 m)

© 2]—m+1

<4lvl, 2 2. o(p)

<4y, (¢(0)+ [ (log, x+ 2)p(x)dx).

This argument also leads to

> sup l00<0. Y sup [yl

j.keZ ZJImn+k ikez 2! 1y o4k

jzm

< ||y/”\l\/(L°°,I1) + Z sup |V/|(X) = 90s
ikez 21, ,+k

j=m

The summation Z sup\l//\ (29 x +k) also finite which it
jkeZ xeR

is not only independent with X , but there exists a constant
D, Y supl i(2'x+k)=D Y sup | pl(x).

jkez XeR jkez 2! 1y qtk

Finally, for all f e "NL*(R), >0, we note that
MR\ F}<3/al Il (from (2))and S is of type (2, 2).

m{x :[Sf|> o}
<m{x:[Sg|> o/ 2} +m{x:|Sh|> a / 2}
<m{x:|Sg| > a*14}+(2B+3)/all f],
<[(an +2B+3) /]l .

So, S is of weak type (1, 1). By Marcinkiewicz
interpolation theorem, it leads to that S is of type (p, p)
hence S is of weak type (p, p), for all 1<p<2 and thus by
duality for all p,1< p<oo.

Proof of Theorem 1.1: From Theorem 3.1., for all
f e 2 nL°(R), we have

Ifll, = su fh
P th=l,hEL2(R) I R ‘
< sup [<Sf,Sth>,l< H S

[ hlly=Lhel? (R)

for some constant é>0 and 1/ p+1/g=1. Since

49

L> A L°(R) is dense in LP(R), we take {f }= L> N L"(R)
such that f, converges to f in L°— norm, for all
f e l’(R),1< p<oo,

. 1.. 1
11, =timl ], < L tim|st, ], = st ,.

We denote S is the adjoint of S which is on L(R)
into LY(R). Following (3),

I pr H sfll, = sup

= sup
C ligly=

JIR(E g)\<—|\

This

. Thus, we can conclude
q

that S is bijective on L°(R),1< p<oo.

Proof of Theorem 1.2: We prove (3) (4). It is a
well-known fact which every bounded unconditional basis is
Besselian (Hilbertian) in

LP([0,1]),1< p<2(2< p <) [10]. We define
S N R N1
”'_[n+1n)’J”' [n-1n),d,, ,:=[-n-1,-n)

and there exists a linear isometric mapping A ,neN
frome L"(J,) onto L"(1,)

©

Ut

n=1

onto LP ([0, 1]) by
A(F) = i/\ (fz,)80 that A is linear, norm preserving

2=[0,1],OJ,12=R Defing a map A from L°(R)
n=1

n=1
since
I A(f)HL"([o,l]) :é ;An(f%n) o
) ISCT7D S 3 Ll JE L e
k=1 ‘ k= YO0

L)
for all f e L"(R). Therefore, {A(y,,)} is also a bounded
unconditional basis in L"([0,1]),1< p <.
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