
 

 

 

 

 

Abstract—It is very important to specify the forms of 

arbitrary parameters in differential equations. The procedure 

for performing this task is known as Lie symmetry classification. 

The main technique used to analyze the symmetry classification 

problems is the traditional Lie's algorithm. In this paper, 

symmetry classifications of KP equation and Hopf equation are 

given. 

 

Index Terms—Differential equations, arbitrary parameters , 

Lie symmetry,  symmetry classification. 

 

I. INTRODUCTION 

Many physical phenomena in the fields such as physics, 

fluid dynamics can be described by nonlinear partial 

differential equations (PDEs) [1], [2]. The theory of Lie 

symmetry groups of differential equations was developed by 

S. Lie, which was called classical Lie method. Nowadays, Lie 

symmetry method has been widely used in diverse fields of 

mathematics and many areas of physics [3]-[6]. Determining 

the group invariant solutions, construction of new solutions 

for the system from the known ones, group classification of 

PDEs, reduction of the order of ordinary differential 

equations, and mapping solutions to other solutions are the 

important applications of classical Lie method in the theory 

of differential equations[6]-[12]. Symmetry classification of 

PDEs with arbitrary parameters (or functions) is one of the 

main applications of symmetry method to differential 

equations. For a family of PDEs with arbitrary parameter  , 

finding both the parameters  and corresponding maximal 

set of symmetries  is called the symmetry classification 

problem of the family of PDEs [14]-[18]. The main technique 

used to analysis the symmetry classification of PDEs with 

arbitrary parameters is the Lie’s algorithm. 

Consider a general form kth-order PDEs with parameter 

 : 

  0, 1, ,F S                           (1) 

where  1, , nx x x   denotes n  independent variables, 

 1, , mu u u   denotes the dependent variables,  

and  iu  denotes the set of u  with respect to x  and 
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The generator of the symmetry of PDEs (1) is decomposed 

to [2] 
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We will write the k-th prolongation of X to the derivatives 

involved in the system (1) in the following form  

                    
  , ,J

k

J

x u
u


 




 
                       (3) 

where  ,,,1 njjJ   with ,1 kjJ i

n

i  
 

.
2121

21
nn j

n

jj

J

jjjJ
xxx

u
uu









  The coefficient  0,1J l    

are given by  

     ,, , 1, , ,
nJ q q

J q J qx u D u u m  

          

where ,
i

i
x

u
u







  and .,

i

J
iJ

x

u
u







  

The total derivative  

.,, 21

21

 times

,
n

i

i j

n

jj

J

j

iii

j

i

J

iJ

i

i DDDDDDDD
u

u
x

D 

 













  

The system (1) is invariant under the symmetry group with 

the generator (2) if and only if  

  0,F E                                   (4) 

when (1) is held. 

One then reads off the coefficients of the different 

monomials in the derivatives of u  in (4) and setting those to 

zero yields a linear over-determined PDEs, called the 

determining equations (DTEs)  denoted as   0D   , 

satisfied by   and which determine operator  . 

In the above algorithm, admitting symmetry of PDEs(1) 

means that the determining equation   0D   is solvable. 

Thus, the question of the group classification is completely 

transformed into solving the parameterized determining 

equations. It is known that the over-determined PDEs 

  0D    is not always solvable for every  . Thus, we 

have to find the proper conditions for   so that the equation 
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  0D    is solvable. The conditions are usually given by 

the so called classifying equations, which are satisfied only 

by  . The key point to determine the symmetry 

classification is to find out classification equations and solve 

determining equations. 

 

II. SYMMETRY CLLASSIFICATION OF PDES 

A. The Perturbed KP Equation 

The KP equation is given by  

     0,t x xxx yy
x

u f u u u g x u


                 

where  f u ,  g x  are arbitrary functions. 

Firstly, we seek a symmetry generator 

x t y u
   
   

    
   

 

of equation (7)，where , ,    and   depend on variables 

, ,x t y  and u . 

Form (4), we obtain following determining equations   
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Solving this system we obtain  
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and classifying equations 
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for arbitrary functions    , .f u g x  

Then the solutions of the classifying equations lead to the 

following cases. 

1)    , ,f u F g x G   where ,F G  are constants. 

 

   

  

2 3 2 4

2 5 2 3 5

1

2

3 2 2

, , ,

A x A y FA t A
x

A t A A y GA t A
t y

Au m x t y
u


    



 
    

 


 



 

where function  , ,m x t y  satisfies equation 

( tm  ) 0x xxx x yyFm m Gm   . 

2)    , , 1.f u F g x x      
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where function  , ,m x t y  satisfies equation 

( tm  ) 0x xxx x yyFm m x m   . 
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, ,f u u g x G   here G  is constant. 
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where    ,k t m t   are arbitrary functions. 
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7)    ,f u F g x  is an arbitrary function, F  is 

constant. 
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where function  , ,m x t y  satisfies equation  

( tm   ) 0x xxx x yyFm m g x m   . 

8)    
1

,f u u g x  is an arbitrary function. 
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Here , 1, ,3jA j    are arbitrary constants. 

B. Hopf Equation  

Consider  Hopf  equation 

           t x x x
u uu K u u  ,                        (5) 

where  K u  is an arbitrary function. 

Introducing potential variable v , we get following potential 

system [12] 
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which is equivalent to original equation (9). 

Let  

x t u v

   
   

   
                   (7) 

be the symmetry generator of system (6), where  , ,   and  

 are unknown functions of four variables , ,x t y   and .u  

The following is to determine functions , ,   and 

 and  K u and show whether or not the original equation 

(5) admits potential symmetries. i.e., at least one of the 

functions , ,   depends on potential variable v . 
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Here , 1, , 5,iK i    and , 1, , 4rA r    are 

arbitrary constants. 

 

III. CONCLUSION 

Lie's algorithm is the main technique used to analyze the 

symmetry classification of differential equations with 

arbitrary parameters. The key point to determine the 

symmetry classification is to find out classification equations 

and solve determining equations. Symmetry method has 

many applications, including the construction of analytic 

solutions of nonlinear differential equations, the 

classification of such equations, the construction of 

conservation laws, testing of numerical computations etc 

[19]-[26]. 
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