
  

 

Abstract—An explicit Bargmann symmetry constraint is 

computed and its associated binary nonlinearization of  Lax 

pairs is carried out for the super Guo hierarchy.  Under the 

obtained symmetry constraint, the n-th flow of the super Guo 

hierarchy is decomposed into two super finite –dimensional 

integrable Hamiltonian systems,  which defined over the super 

symmetry manifold R
4N|2N with the corresponding dynamical 

variables x and tn. The integrals of motion required for Liouville 

integrability are explicitly given. 

 
Index Terms—Symmetry constraint, binary nonlinearization, 

super guo hierarchy, super finitee-dimensional integrable 

hamiltonian systems.  

 

I. INTRODUCTION 

For almost twenty years, much attention has been paid to 

the construction of finite-dimensional integrable systems 

from soliton equations by using symmetry constraints. Either 

(2+1)-dimensional soliton equations [1], [2] or (1+1) 

-dimensio -nal soliton equations [3], [4] can be decomposed 

into two compatible finite-dimensional integrable systems. It 

is known  that a crucial idea in carrying out symmetry 

constraints is the nonlinearization of Lax pairs for soliton 

hierarchies. The nonlinearization of Lax pairs is classified 

into mono-nonlinearization [5]-[7] and binary 

nonlinearization [8], [9]. 

The technique of nonlinearization has been successfully 

applied to many well-known (1+1)-dimensional soliton 

equations, such as the AKNS hierarchy [3], the KdV 

hierarchy [4] and the Dirac hierarchy [10]. But there are few 

results on nonlinearization of super integrable systems, 

existing in the literature. But there are few results on 

nonlinearization of super integrable systems, existing in the 

literature. Studies provide many examples of super symmetry 

integrable systems, with super dependent variables and/or 

super independent variables [11]-[15]. Only very recently, 

nonlinearization were made for  the super AKNS hierarchy , 

the super Dirac hierarchy and their corresponding super finite 

dimensional hierarchies were generated [16]-[18]. Li and 

Dong presented the super Hamiltonian structures of the super 

Guo hierarchy [19]. In this paper, we would like to consider 

the binary nonlinearization of the super Guo hierarchy. 

This paper is organized as follows. In the next section, we 

 

will recall the super Guo soliton hierarchy and its super 

Hamiltonian structure. Then in Section III, we compute a 

Bargmann symmetry constraint for the potential of the super 

Guo hierarchy. In Section IV, we apply the binary 

nonlinearization method to super Guo hierarchy, and then 

obtain super finite-dimensional integrable Hamiltonian 

hierarchy on the super symmetry manifold ℝ4𝑁|2𝑁 , whose 

integrals of motion are explicitly given. 

 

II. THE SUPER GUO HIERARCHY 

 

 

𝜙𝑥 = 𝑈𝜙,𝑈 =
1

2
  

𝜆−1 𝑞 + 𝑟 𝛼

𝑞 − 𝑟 −𝜆−1 𝛽
𝛽 −𝛼 0

 , 

                𝑈 =  

𝑞
𝑟
𝛼
𝛽

 ,𝜙 =  

𝜙1

𝜙2

𝜙3

 ,                  (1) 

 

where 𝜆 is a spectral parameter, q and r are even variables, 

and 𝛼 and  𝛽 are odd variables(see [20] ). Taking 

 

𝑉 =
1

2
 

𝐴 𝐵 + 𝐶 𝜌
𝐵 − 𝐶 −𝐴 𝛿
𝛿 −𝜌 0

 , 

 

the co-adjoint equation associated with (1) 𝑉𝑥 =  𝑈,𝑉  gives 

 
 
 
 

 
 
 𝐴𝑥 = 𝑟𝐵 − 𝑞𝐶 +

1

2
𝛽𝜌 +

1

2
𝛼𝛿,

𝐵𝑥 = 𝜆−1𝐶 − 𝑟𝐴 −
1

2
𝛼𝜌 +

1

2
𝛽𝛿,

𝐶𝑥 = 𝜆−1𝐵 − 𝑞𝐴 −
1

2
𝛼𝜌 −

1

2
𝛽𝛿,

𝜌𝑥 =
1

2
𝜆−1𝜌 −

1

2
𝛼𝐴 −

1

2
𝛽𝐵 −

1

2
𝛽𝐶 +

1

2
𝑞𝛿 +

1

2
𝑟𝛿,

𝛿𝑥 = −
1

2
𝜆−1𝛿 +

1

2
𝛽𝐴 −

1

2
𝛼𝐵 +

1

2
𝛼𝐶 +

1

2
𝑞𝜌 −

1

2
𝑟𝜌,

  (2) 

 

If we set 

A= 𝐴𝑖𝜆
𝑖 ,𝑖≥0  B= 𝐵𝑖𝜆

𝑖 ,𝑖≥0  C= 𝐶𝑖𝜆
𝑖 ,𝑖≥0

 ρ= 𝜌𝑖𝜆
𝑖 ,𝑖≥0

 

δ= 𝛿𝑖𝜆
𝑖 ,𝑖≥0                              (3) 

then (2) is equivalent to 

 
  
 

  
 𝐴𝑖+1,𝑥 = 𝑟𝐵𝑖+1 − 𝑞𝐶𝑖+1 +

1

2
𝛽𝜌𝑖+1 +

1

2
𝛼𝛿𝑖+1,

𝐵𝑖+1 = 𝑞𝐴𝑖 + 𝐶𝑖𝑥 +
1

2
𝛼𝜌𝑖 +

1

2
𝛽𝛿𝑖，

𝐶𝑖+1 = 𝑟𝐴𝑖 + 𝐵𝑖𝑥 +
1

2
𝛼𝜌𝑖 −

1

2
𝛽𝛿𝑖 ,

𝜌𝑖+1 = 𝛼𝐴𝑖 + 𝛽𝐵𝑖 + 𝛽𝐶𝑖 + 2𝜌𝑖𝑥 − 𝑞𝛿𝑖 − 𝑟𝛿𝑖 ,
𝛿𝑖+1 = 𝛽𝐴𝑖 − 𝛼𝐵𝑖 + 𝛼𝐶𝑖 + 𝑞𝜌𝑖 − 𝑟𝜌𝑖 − 2𝛿𝑖𝑥 .

 
 
  (4)
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which results in the following recurrence relations 

 

 
(𝐵𝑖+1,−𝐶𝑖+1,𝛿𝑖+1,−𝜌𝑖+1)𝑇 = ℒ(𝐵𝑖 ,−𝐶𝑖 ,𝛿𝑖 ,−𝜌𝑖)

𝑇 ,

Ai = ∂−1  𝑟𝐵𝑖 − 𝑞𝐶𝑖 +
1

2
𝛽𝜌𝑖 +

1

2
𝛼𝛿𝑖 , 𝑖 ≥ 0.

    (5) 

 

where 

 

ℒ =

 

 
 

𝑞𝜕−1𝑟 −𝜕 + 𝑞𝜕−1𝑞

−𝜕 − 𝑟𝜕−1𝑟 −𝑟𝜕−1𝑞

𝐿13 𝐿14

𝐿23 𝐿24

−𝛼 + 𝛽𝜕−1𝑟 −𝛼 + 𝛽𝜕−1𝑞

−𝛽 − 𝛼𝜕−1𝑟 𝛽 − 𝛼𝜕−1𝑞

𝐿33 𝐿34

𝐿43 𝐿43 

 
 

    (6) 

 

with 𝐿13 =
1

2
𝛽 +

1

2
𝑞𝜕−1𝛼, 𝐿14 = −

1

2
𝛼 −

1

2
𝑞𝜕−1𝛽, 

𝐿23 =
1

2
𝛽 −

1

2
𝑟𝜕−1𝛼, 𝐿24 =

1

2
𝛼 +

1

2
𝑟𝜕−1𝛽, 

𝐿33 = −2𝜕 +
1

2
𝛽𝜕−1𝛼, 𝐿34 = −

1

2
𝛽𝜕−1𝛽 − 𝑞 + 𝑟, 

𝐿13 = −
1

2
𝛼𝜕−1𝛼 + 𝑞 + 𝑟, 𝐿14 = 2𝜕 +

1

2
𝛼𝜕−1𝛽. 

 

Upon choosing the initial conditions 

 

𝐵0= 𝐶0 = 𝜌0= 𝛿0= 0,   𝐴0 = 1, 

 

all other 𝐴𝑖 ,𝐵𝑖 , 𝐶𝑖 , 𝜌𝑖 ,𝛿𝑖 (𝑖 ≥ 1) can be worked out by the 

recurrence relations (5). The first few results are as follows: 

 

𝐴1 = 0,𝐵1 = 𝑞,𝐶1 = 𝑟,𝜌1 = 𝛼, 𝛿1 = 𝛽, 

𝐴2 = −
1

2
𝑞2 +

1

2
𝑟2 − 𝛼𝛽,𝐵2 = 𝑟𝑥 ,𝐶2 = 𝑞𝑥 ,𝜌2 = 2𝛼𝑥 , 

𝛿2 = −2𝛽𝑥 , 𝐴3 = 𝑞𝑥r−q𝑟𝑥 − 2𝛼𝑥𝛽 + 2𝛼𝛽𝑥 , 

𝐵3 = 𝑞𝑥𝑥 + 𝛼𝛼𝑥 − 𝛽𝛽𝑥 −
1

2
𝑞3 +

1

2
𝑞𝑟2 − 𝑞𝛼𝛽, 

𝐶3 = 𝑟𝑥𝑥 + 𝛼𝛼𝑥 + 𝛽𝛽𝑥 −
1

2
𝑞2𝑟 +

1

2
𝑟3 − 𝑟𝛼𝛽, 

𝜌3 = 4𝛼𝑥𝑥 + 𝑞𝑥𝛽 + 2𝑞𝛽𝑥 + 𝑟𝑥𝛽 + 2𝑟𝛽𝑥 −
1

2
𝑞2𝛼 +

1

2
𝑟2𝛼, 

𝛿3 = 4𝛽𝑥𝑥 + 𝑞𝑥𝛼 + 2𝑞𝛼𝑥 − 𝑟𝑥𝛼 − 2𝑟𝛼𝑥 −
1

2
𝑞2𝛽 +

1

2
𝑟2𝛽. 

 

Let us associate the spectral problem (1) with the following 

auxiliary problem 

 

                𝜙𝑡𝑛 = 𝑉(𝑛)𝜙 = (𝜆−𝑛𝑉)−𝜙,                  (7) 

 

with  

 

𝑉(𝑛) =  
1

2

𝑛
𝑖=0  

𝐴𝑖 𝐵𝑖 + 𝐶𝑖 𝜌𝑖
𝐵𝑖 − 𝐶𝑖 −𝐴𝑖 𝛿𝑖
𝛿𝑖 −𝜌𝑖 0

 𝜆−𝑛+𝑖 , 

 

where the minus symbol “−”denotes  taking the non-positive 

part in the power of  𝜆. 
The compatible conditions of the spectral problem (1) and 

the auxiliary problem (7) are 

               𝑈𝑡𝑛 − 𝑉𝑥
(𝑛)

+[𝑈,𝑉(𝑛)] = 0,                   (8) 

which infer the super Guo soliton hierarchy 

     𝑢𝑡𝑛 = 𝐾𝑛 = (𝐶𝑛+1,𝐵𝑛+1,
1

2
𝜌𝑛+1,−

1

2
𝛿𝑛+1)𝑇,n≥ 0.  (9) 

Here  𝑢𝑡𝑛 = 𝐾𝑛  in (9) is called the n-th flow of this 

hierarchy, 

When 𝛼 = 𝛽 = 0, the super integrable hierarchy (9) can be 

reduced to the hierarchy which was constructed by Guo in 

[22], so we call (9) as the super Guo hierarchy. 

Using the super trace identity 

 

       
δ

δ𝑢
 Str  𝑉

𝜕𝑈

𝜕𝜆
 d𝑥  =  𝜆−𝛾

𝜕

𝜕𝜆
𝜆𝛾 Str  

𝜕𝑈

𝜕𝑢
𝑉 ,     (10) 

 

where Str means the super trace [20,21], we have 

     

𝐵𝑖+1

−𝐶𝑖+1

𝛿𝑖+1
−𝜌𝑖+1

 =  
δ

δ𝑢
𝐻𝑖 ,𝐻𝑖 =  −

𝐴𝑖+2

𝑖+1
d𝑥, 𝑖 ≥ 0.   (11) 

Therefore, the super soliton hierarchy (9) can be written as 

the following super Hamiltonian form: 

 

                       𝑢𝑡𝑛 = 𝐽
𝛿𝐻𝑛

𝛿𝑢
,                        (12) 

 

where 

𝐽 =

0 1 0 0

1 0 0 0

1
0 0 0

2

1
0 0 0

2

 
 
 
 

 
 
 

 
 

 

is a super  symplectic operator, and 𝐻𝑛  is given by (11).  

The first non-trivial nonlinear equations of the super Guo 

hierarchy (9) is given by its second flow 

 

 
 
 

 
 𝑞𝑡2

= 𝑟𝑥𝑥 + 𝛼𝛼𝑥 + 𝛽𝛽𝑥 −
1

2
𝑞2𝑟 +

1

2
𝑟3 − 𝑟𝛼𝛽,

𝑟𝑡2
= 𝑞𝑥𝑥 + 𝛼𝛼𝑥 − 𝛽𝛽𝑥 −

1

2
𝑞3 +

1

2
𝑞𝑟2 − 𝑞𝛼𝛽,

𝛼𝑡2
= 2𝛼𝑥𝑥 +

1

2
𝑞𝑥𝛽 + 𝑞𝛽𝑥 +

1

2
𝑟𝑥𝛽 + 𝑟𝛽𝑥 −

1

4
𝑞2𝛼 +

1

4
𝑟2𝛼,

𝛽𝑡2
= −2𝛽𝑥𝑥 −

1

2
𝑞𝑥𝛼 − 𝑞𝛼𝑥 +

1

2
𝑟𝑥𝛼 + 𝑟𝛼𝑥 +

1

4
𝑞2𝛽 −

1

4
𝑟2𝛽.

  

                                                                                          (13) 

which possesses a Lax pair of  U and 𝑉(2) defined by 

 

  𝑉(2) =
1

2
 

𝜆−2 − 1

2
𝑞2 + 1

2
𝑟2 − 𝛼𝛽 𝑉12

(2)
𝑉13

(2)

 𝑞 − 𝑟 𝜆−1 − 𝑞𝑥 + 𝑟𝑥 𝑉22
(2)

𝑉23
(2)

𝛽𝜆−1 − 2𝛽𝑥 𝑉32
(2)

0

 ,   (14) 

 

where 

𝑉12
(2)

= 𝑞 + 𝑟 𝜆−1 + 𝑞𝑥 + 𝑟𝑥 , 𝑉13
(2)

= 𝛼𝜆−1 + 2𝛼𝑥 , 

𝑉22
(2)

=−𝜆−2 + 1

2
𝑞2 − 1

2
𝑟2 + 𝛼𝛽, 𝑉23

(2)
= 𝛽𝜆−1 − 2𝛽𝑥 , 

𝑉32
(2)

=−𝛼𝜆−1 − 2𝛼𝑥 . 

 

III. BARGMANN SYMMETRY CONSTRAINT OF SUPER GUO 

HIERARCHY 

In order to compute a Bargmann symmetry constraint, we 
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consider the following adjoint spectral problem of the 

spectral problem (1): 

 

𝜓𝑥 = −𝑈𝑆𝑡𝜓 =
1

2
 

−𝜆−1 −𝑞 + 𝑟 𝛽

−𝑞 − 𝑟 𝜆−1 −𝛼
−𝛼 −𝛽 0

 𝜓, 𝛹 =  

𝜓1

𝜓2

𝜓3

 , 

                                                                                        (15) 

 

where St  means the super transposition. The following result 

is a general formula for the variational derivative with respect 

to the potential u (see[3] for the classical case). 

Lemma 1 [17]-[19] Let 𝑈(𝑢, 𝜆) be an even matrix of order 

𝑚 + 𝑛  depending on 𝑢,𝑢𝑥 ,𝑢𝑥𝑥 ,⋯,  and a parameter 𝜆  . 

Suppose   that 𝜙 =  𝜙𝑒 ,𝜙𝑜 
𝑇 and 𝜓 =  𝜓𝑒 ,𝜓𝑜 

𝑇satisfy the 

spectral problem and the adjoint spectral problem 

 

   𝜙𝑥 =  𝑈 𝑢, 𝜆 𝜙,𝜓𝑥 = −𝑈𝑆𝑡𝜓,                (16) 

 

where 𝜙𝑒 = (𝜙1,⋯ ,𝜙𝑚 )  and 𝜓𝑒 = (𝜓1,⋯ ,𝜓𝑚)  are even 

eigenfunctions, and 𝜙𝑜 = (𝜙𝑚+1,⋯ ,𝜙𝑚+𝑛)  and 𝜓𝑜 =
(𝜓𝑚+1,⋯ ,𝜓𝑚+𝑛)  are odd eigenfunctions. Then the 

variational derivative of  the parameter  𝜆 with respect to the 

potential u is given by 

 

            
𝛿𝜆

𝛿𝑢
=

(𝜓𝑒 ,(−1)𝑝(𝑢 )𝜓𝑜 ) 
𝜕𝑈

𝜕𝑢
 𝜙

− 𝜓𝑇 
𝜕𝑈

𝜕𝜆
 𝜙d𝑥

,                     (17) 

 

where we denote 

 

 𝑝 𝑣 =  
0,   𝑣 𝑖𝑠  𝑎𝑛  𝑒𝑣𝑒𝑛 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒,

1, 𝑣 𝑖𝑠  𝑎𝑛  𝑜𝑑𝑑 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒.
             (18) 

 

By Lemma 1, it is not difficult to find that 

 

                 
𝛿𝜆

𝛿𝑢
=

1

2𝐸
 

𝜓1𝜙2 + 𝜓2𝜙1

𝜓1𝜙2 −𝜓2𝜙1

𝜓1𝜙3 + 𝜓3𝜙2

𝜓2𝜙3 − 𝜓3𝜙1

 .                (19) 

 

where 𝐸 =  
1

2λ2
 𝜓1𝜙1 − 𝜓2𝜙2 d𝑥 . If we consider zero 

boundary conditions lim 𝑥 →∞𝜙 =  lim 𝑥 →∞𝜓 = 0, then we 

can obtain a characteristic property: a recurrence relation for 

the variational  derivative of  λ: 

 

                          ℒ
𝛿𝜆

𝛿𝑢
 = 𝜆

𝛿𝜆

𝛿𝑢
,                            (20) 

where ℒ and  
𝛿𝜆

𝛿𝑢
 are given by (5) and (19), respectively. 

Let us now discuss the two spatial and temporal systems: 

 

𝜙1𝑗

𝜙2𝑗

𝜙3𝑗

 

𝑥

= 𝑈 𝑢, 𝜆𝑗   

𝜙1𝑗

𝜙2𝑗

𝜙3𝑗

  

=
1

2
 

𝜆𝑗
−1 𝑞 + 𝑟 𝛼

𝑞 − 𝑟 −𝜆𝑗
−1 𝛽

𝛽 −𝛼 0

  

𝜙1𝑗

𝜙2𝑗

𝜙3𝑗

 , 

 

𝜓1𝑗

𝜓2𝑗

𝜓3𝑗

 

𝑥

= −𝑈𝑆𝑡 𝑢, 𝜆𝑗   

𝜓1𝑗

𝜓2𝑗

𝜓3𝑗

  

               =
1

2
 

−𝜆𝑗
−1 −𝑞 + 𝑟 𝛽

−𝑞 − 𝑟 𝜆𝑗
−1 −𝛼

−𝛼 −𝛽 0

  

𝜓1𝑗

𝜓2𝑗

𝜓3𝑗

 ,           (21) 

 

and 

 

 

𝜙1𝑗

𝜙2𝑗

𝜙3𝑗

 

𝑡𝑛

= 𝑉(𝑛) 𝑢, 𝜆𝑗   

𝜙1𝑗

𝜙2𝑗

𝜙3𝑗

  

               =
1

2
 𝜆𝑗

−𝑛+𝑖𝑛
𝑖=0  

𝐴𝑖 𝐵𝑖 + 𝐶𝑖 𝜌𝑖
𝐵𝑖 − 𝐶𝑖 −𝐴𝑖 𝛿𝑖
𝛿𝑖 −𝜌𝑖 0

  

𝜙1𝑗

𝜙2𝑗

𝜙3𝑗

 , 

 

𝜓1𝑗

𝜓2𝑗

𝜓3𝑗

 

𝑡

= − 𝑉(𝑛) 
𝑆𝑡
 𝑢, 𝜆𝑗   

𝜓1𝑗

𝜓2𝑗

𝜓3𝑗

                                                     

  =  
1

2
 𝜆𝑗

−𝑛+𝑖𝑛
𝑖=0  

−𝐴𝑖 −𝐵𝑖 + 𝐶𝑖 𝛿𝑖
−𝐵𝑖 − 𝐶𝑖 𝐴𝑖 −𝜌𝑖
−𝜌𝑖 −𝛿𝑖 0

  

𝜓1𝑗

𝜓2𝑗

𝜓3𝑗

 ,   (22) 

 

where 1 ≤ 𝑗 ≤ 𝑁  and 𝜆1,⋯ , 𝜆𝑁  are N distinct spectral 

parameters. Now for the system (21) and (22), we have the 

following symmetry constraints: 

 

                   
𝛿

𝛿𝑢
𝐻𝑘 =  𝛾𝑗

𝛿𝜆𝑗

𝛿𝑢

𝑁
𝑗=1 , 𝑘 ≥ 0.          (23) 

The symmetry constraints in the case of 𝑘 = 0 is called a 

Bargmann constraint(see[9]). If  taking 𝑘 = 0,𝐸𝑗 = 𝛾𝑗 =

 
1

2𝜆𝑗
2 (𝜓1𝑗𝜙1𝑗−𝜓2𝑗𝜙2𝑗 )d𝑥, then it leads to an expression for 

the potential 𝑢, i.e. 

 

            

 
 
 

 
 𝑞 =

1

2
  𝛹1,𝛷2 +  𝛹2,𝛷1  ,

𝑟 =
1

2
  𝛹2,𝛷1 −  𝛹1,𝛷2  ,

𝛼 = −
1

2
  𝛹2,𝛷3 −  𝛹3,𝛷1  ,

𝛽 =
1

2
  𝛹1,𝛷3 +  𝛹3,𝛷2  ,

                (24) 

 

where we use the following notation 

 

𝛷𝑖 =  𝜙𝑖1,⋯ ,𝜙𝑖𝑁 
𝑇 ,𝛹𝑖 =  𝛹𝑖1,⋯ ,𝛹𝑖𝑁 

𝑇, i=1, 2, 3. 

 

and  ∙,∙  denotes the standard inner product of the Euclidean 

space ℝ𝑁. 

 

IV. BINARY NONLINEARIZATION OF SUPER GUO 

HIERARCHY 

In this section, we want to perform binary nonlinearization 

for the Lax pairs and adjoint  Lax pairs of super Guo 

hierarchy. To this end, let us substituting (24) into the Lax 

pairs and adjoint Lax pairs (21) and (22), and then we obtain 

the following nonlinearized Lax pairs and adjoint Lax pairs:  

 

𝜙1𝑗

𝜙2𝑗

𝜙3𝑗

 

𝑥

= 𝑈 𝑢 , 𝜆𝑗   

𝜙1𝑗

𝜙2𝑗

𝜙3𝑗
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=
1

2
 

𝜆𝑗
−1 𝑞 + 𝑟 𝛼 

𝑞 − 𝑟 −𝜆𝑗
−1 𝛽 

𝛽 −𝛼 0

  

𝜙1𝑗

𝜙2𝑗

𝜙3𝑗

 , 

 

𝜓1𝑗

𝜓2𝑗

𝜓3𝑗

 

𝑥

= −𝑈𝑆𝑡 𝑢 , 𝜆𝑗   

𝜓1𝑗

𝜓2𝑗

𝜓3𝑗

  

                                                    

               =
1

2
 

−𝜆𝑗
−1 −𝑞 + 𝑟 𝛽 

−𝑞 − 𝑟 𝜆𝑗
−1 −𝛼 

−𝛼 −𝛽 0

  

𝜓1𝑗

𝜓2𝑗

𝜓3𝑗

 ,          (25) 

 

and 

 

 

𝜙1𝑗

𝜙2𝑗

𝜙3𝑗

 

𝑡𝑛

= 𝑉(𝑛) 𝑢 , 𝜆𝑗   

𝜙1𝑗

𝜙2𝑗

𝜙3𝑗

  

=
1

2
 𝜆𝑗

−𝑛+𝑖𝑛
𝑖=0  

𝐴 𝑖 𝐵 𝑖 + 𝐶 𝑖 𝜌 𝑖
𝐵 𝑖 − 𝐶 𝑖 −𝐴 𝑖 𝛿 𝑖
𝛿 𝑖 −𝜌 𝑖 0

  

𝜙1𝑗

𝜙2𝑗

𝜙3𝑗

 , 

 

𝜓1𝑗

𝜓2𝑗

𝜓3𝑗

 

𝑡

= − 𝑉(𝑛) 
𝑆𝑡
 𝑢 , 𝜆𝑗   

𝜓1𝑗

𝜓2𝑗

𝜓3𝑗

                                                     

  =  
1

2
 𝜆𝑗

−𝑛+𝑖𝑛
𝑖=0  

−𝐴 𝑖 −𝐵 𝑖 + 𝐶 𝑖 𝛿 𝑖
−𝐵 𝑖 − 𝐶 𝑖 𝐴 𝑖 −𝜌 𝑖
−𝜌 𝑖 −𝛿 𝑖 0

  

𝜓1𝑗

𝜓2𝑗

𝜓3𝑗

 ,  (26) 

 

where 1 ≤ 𝑗 ≤ 𝑁 and 𝑃  means an expression of P(u) under 

the explicit constraint (24). Note that the spatial part of the 

nonlinearized system (25) is a system of ordinary differential 

equations with an independent variables x, but for a given 

n(𝑛 ≥ 2), the 𝑡𝑛 -part of the nonlinearized system (26) is a 

system of ordinary differential equations. Obviously, the 

system (25) can be written as 

 

  𝛷1,𝑥 =
1

2
𝛬−1𝛷1 +

1

2
 𝛹2,𝛷1 𝛷2

−
1

4
  𝛹2,𝛷3 −  𝛹3,𝛷1  𝛷3, 

 𝛷2,𝑥 =
1

2
 𝛹1,𝛷2 𝛷1 −

1

2
𝛬−1𝛷2

+
1

4
  𝛹1,𝛷3 +  𝛹3,𝛷2  𝛷3, 

𝛷3,𝑥 =
1

4
  𝛹1,𝛷3 +  𝛹3,𝛷2  𝛷1

+
1

4
  𝛹2,𝛷3 −  𝛹3,𝛷1  𝛷2, 

𝛹1,𝑥 = −
1

2
𝛬−1𝛹1 −

1

2
 𝛹1,𝛷2 𝛹2

+
1

4
  𝛹1,𝛷3 +  𝛹3,𝛷2  𝛹3, 

𝛹2,𝑥 = −
1

2
 𝛹2,𝛷1 𝛹1 +

1

2
𝛬−1𝛹2

+
1

4
  𝛹2,𝛷3 −  𝛹3,𝛷1  𝛹3, 

 𝛹3,𝑥 =
1

4
  𝛹2,𝛷3 −  𝛹3,𝛷1  𝛹1 

 

             −
1

4
  𝛹1,𝛷3 +  𝛹3,𝛷2  𝛹2,             (27) 

 

where 𝛬 = diag 𝜆1,⋯ , 𝜆𝑚 . Then system (25) or (27) can be 

represented as the following Hamiltonian form: 

 

 
𝛷1,𝑥 =

𝜕𝐻1

𝜕𝛹1
,𝛷2,𝑥 =

𝜕𝐻1

𝜕𝛹2
,𝛷3,𝑥 =

𝜕𝐻1

𝜕𝛹3
,

𝛹1,𝑥 = −
𝜕𝐻1

𝜕𝛷1
,𝛹2,𝑥 = −

𝜕𝐻1

𝜕𝛷2
,𝛹3,𝑥 =

𝜕𝐻1

𝜕𝛷3
.
        (28) 

 

where 

 

𝐻1 =
1

2
 𝛬−1𝛹1,𝛷1 −

1

2
 𝛬−1𝛹2,𝛷2 +

1

2
 𝛹2,𝛷1  𝛹1,𝛷2  

      −
1

4
  𝛹2,𝛷3 −   𝛹3,𝛷1    𝛹1,𝛷3 +  𝛹3,𝛷2  . 

 

When 𝑛 = 1, the system (26) is exactly the system (25) 

with 𝑡1 = 𝑥.  When 𝑛 = 2, the system (26) is  

      

𝛷1,𝑡2
=

1

2
 Λ−2 −

1

2
𝑞 2 +

1

2
𝑟 2 − 𝛼 𝛽  𝛷1 

          +
1

2
  𝑞 + 𝑟  Λ−1 + 𝑞 𝑥 + 𝑟 𝑥 𝛷2 +

1

2
 𝛼 Λ−1 + 2𝛼 𝑥 𝛷3, 

 

𝛷2,𝑡2
=

1

2
  𝑞 − 𝑟  Λ−1 − 𝑞 𝑥 + 𝑟 𝑥 𝛷1 

      −
1

2
(Λ−2 −

1

2
𝑞 2 +

1

2
𝑟 2 − 𝛼 𝛽 )𝛷2 +

1

2
 𝛽 Λ−1 − 2𝛽 𝑥 𝛷3, 

 

𝛷3,𝑡2
=

1

2
 𝛽 Λ−1 − 2𝛽 𝑥 𝛷1 −

1

2
 𝛼 Λ−1 + 2𝛼 𝑥 𝛷2, 

 

𝛹1,𝑡2
= −

1

2
(Λ−2 −

1

2
𝑞 2 +

1

2
𝑟 2 − 𝛼 𝛽 )𝛹1 

        −
1

2
( 𝑞 − 𝑟  Λ−1 − 𝑞 𝑥 + 𝑟 𝑥)𝛹2 +

1

2
 𝛽 Λ−1 − 2𝛽 𝑥 𝛹3, 

 

𝛹2,𝑡2
= −

1

2
  𝑞 + 𝑟  Λ−1 + 𝑞 𝑥 + 𝑟 𝑥 𝛹1 

      +
1

2
 Λ−2 −

1

2
𝑞 2 +

1

2
𝑟 2 − 𝛼 𝛽  𝛹2 −

1

2
 𝛼 Λ−1 + 2𝛼 𝑥 𝛹3, 

 

 𝛹3,𝑡2
= −

1

2
 𝛼 Λ−1 + 2𝛼 𝑥 𝛹1 −

1

2
 𝛽 Λ−1 − 2𝛽 𝑥 𝛹2,  (29) 

where 𝑞 , 𝑟 ,𝛼 ,𝛽  denote the functions 𝑞, 𝑟,𝛼,𝛽  defined by 

the explicit constraint (24), and 𝑞 𝑥 , 𝑟 𝑥 ,𝛼 𝑥 ,𝛽 𝑥  are given by  

𝑞 𝑥 = −
1

2
 𝛬−1𝛹1,𝛷2 +

1

2
 𝛬−1𝛹2,𝛷1  

+
1

4
  𝛹1,𝛷2 −  𝛹1,𝛷2    𝛹1,𝛷1 −  𝛹2,𝛷2  , 

𝑟 𝑥 =
1

2
 𝛬−1𝛹1,𝛷2 +

1

2
 𝛬−1𝛹2,𝛷1  

         −
1

4
  𝛹1,𝛷2 +  𝛹1,𝛷2    𝛹1,𝛷1 −  𝛹2,𝛷2  , 

𝛼 𝑥 = −
1

4
( 𝛬−1𝛹2,𝛷3 −  𝛬−1𝛹3,𝛷1 ) 

         +
1

8
  𝛹1,𝛷1 −  𝛹2,𝛷2    𝛹2,𝛷2 −  𝛹3,𝛷1  , 
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𝛽 𝑥 = −
1

4
( 𝛬−1𝛹1,𝛷3 +  𝛬−1𝛹3,𝛷2 ) 

         +
1

8
  𝛹1,𝛷1 −  𝛹2,𝛷2    𝛹1,𝛷3 +  𝛹3,𝛷2  .   (30) 

 

which are computed through using the spatial  constrained 

flow (27). Then system (29) can be represented as the 

following  super Hamiltonian form: 

 

      
𝛷1,𝑥 =

𝜕𝐻2

𝜕𝛹1
,𝛷2,𝑥 =

𝜕𝐻2

𝜕𝛹2
,𝛷3,𝑥 =

𝜕𝐻2

𝜕𝛹3
,

𝛹1,𝑥 = −
𝜕𝐻2

𝜕𝛷1
,𝛹2,𝑥 = −

𝜕𝐻2

𝜕𝛷2
,𝛹3,𝑥 =

𝜕𝐻2

𝜕𝛷3
.
       (31) 

 

where  

 

𝐻2 =
1

2
 𝛬−2𝛹1,𝛷1 −

1

2
 𝛬−2𝛹2,𝛷2 −

1

4
 𝛹2,𝛷1  𝛹1,𝛷2 ∙ 

          𝛹1,𝛷1 −   𝛹2,𝛷2    +
1

8
  𝛹2,𝛷3 −   𝛹3,𝛷1  ∙ 

 

  𝛹1,𝛷3 +  𝛹3,𝛷2    𝛹1,𝛷1 −   𝛹2,𝛷2  +  
1

2
 𝛹2,𝛷1  𝛬

−1𝛹1,𝛷2 +
1

2
 𝛬−1𝛹2,𝛷1  𝛹1,𝛷2  

−  
1

4
  𝛹2,𝛷3 −   𝛹3,𝛷1    𝛬

−1𝛹1,𝛷3 +  𝛬−1𝛹3,𝛷2   

−  
1

4
  𝛬−1𝛹2,𝛷3 −   𝛬−1𝛹3,𝛷1    𝛹1,𝛷3 +  𝛹3,𝛷2  . 

 

In addition, the characteristic property (20) and the 

recurrence relations (5) ensure that 

 

 
 
 
 

 
 
 𝐴 𝑖+1 =  

1

2
  Λ−𝑖𝛹1,𝛷1 −   Λ−𝑖𝛹2,𝛷2  , 𝑖 ≥ 0,

𝐵 𝑖+1 =  
1

2
  Λ−𝑖𝛹1,𝛷2 +  Λ−𝑖𝛹2,𝛷1  , 𝑖 ≥ 0,

𝐶 𝑖+1 =  
1

2
  Λ−𝑖𝛹2,𝛷1 −   Λ−𝑖𝛹1,𝛷2  , 𝑖 ≥ 0,

𝜌 𝑖+1 = −  
1

2
  Λ−𝑖𝛹2,𝛷3 −   Λ−𝑖𝛹3,𝛷1  , 𝑖 ≥ 0,

𝛿 𝑖+1 =  
1

2
  Λ−𝑖𝛹1,𝛷3 +  Λ−𝑖𝛹3,𝛷2  , 𝑖 ≥ 0.

      (32) 

 

Then the co-adjoint representation equation 𝑉 𝑥 = [𝑈 ,𝑉 ] 

remains true. Furthermore, we know that  𝑉 𝑥
2 = [𝑈 ,𝑉 𝑥

2] is 

also true.  Let  

 

                       F = 
1

4
Str𝑉2.                             (33) 

 

Then it is easy to find that 𝐹𝑥 = 0. That is to say, F is a 

generating function of integrals of motion for the system (25) 

or (27). Due to 𝐹 =  𝐹𝑛𝜆
𝑛

𝑛≥0 ,  we obtain the following 

formulas of  integrals of motion: 

 

𝐹0 = 1

2
𝐴 0

2 ,𝐹1 = 𝐴 0𝐴 1 , 

      𝐹𝑛 = 𝐴 0𝐴 𝑛 +
1

2
 (𝐴 𝑖𝐴 𝑛−𝑖 +

𝑛−1

𝑖=1

𝐵 𝑖𝐵 𝑛−𝑖 − 𝐶 𝑖𝐶 𝑛−𝑖  

                       +  2𝜌 𝑖𝛿 𝑛−𝑖),𝑛 ≥ 2.                              (34) 

 

Substituting (32) into the above formulas of integrals of 

motion, we obtain the following expression of  𝐹𝑚 𝑚 ≥ 0 : 

𝐹0 =
1

2
, 𝐹1 =

1

2
  𝛹1,𝛷1 −  𝛹2,𝛷2  , 

𝐹2 =
1

2
 𝛬−1𝛹1,𝛷1 −

1

2
 𝛬−1𝛹2,𝛷2 +

1

2
 𝛹2,𝛷1  𝛹1,𝛷2  

      −
1

4
  𝛹2,𝛷3 −   𝛹3,𝛷1    𝛹1,𝛷3 +  𝛹3,𝛷2  ， 

 

𝐹𝑛 =
1

2
 𝛬−𝑛+1𝛹1,𝛷1 −

1

2
 𝛬−𝑛+1𝛹2,𝛷2 + 

           
1

8

𝑛−1

𝑖=1

  𝛬−𝑖+1𝛹1,𝛷1 −  𝛬−𝑖+1𝛹2,𝛷2  × 

  𝛬−𝑛+𝑖+1𝛹1,𝛷1 −  𝛬−𝑛+𝑖+1𝛹2,𝛷2  + 

 
1

4

𝑛−1

𝑖=1

( 𝛬−𝑖+1𝛹1 ,𝛷2  𝛬
−𝑛+𝑖+1𝛹2,𝛷1 

+               𝛬−𝑖+1𝛹2,𝛷1  𝛬
−𝑛+𝑖+1𝛹1,𝛷2 ) 

− 
1

4

𝑛−1

𝑖=1

  𝛬−𝑖+1𝛹2,𝛷3 −  𝛬−𝑖+1𝛹3,𝛷1  × 

          𝛬−𝑛+𝑖+1𝛹1,𝛷3 +  𝛬−𝑛+𝑖+1𝛹3,𝛷2  ,𝑛 ≥ 3.     (35) 

 

On the other hand, let us consider the temporal part of 

nonlinearized system (26). Making use of (32) and (35), the 

system (26) can be represented as the following super 

Hamiltonian  form: 

 

      
𝛷1,𝑡𝑛 =

𝜕𝐹𝑛+1

𝜕𝛹1
,𝛷2,𝑡𝑛 =

𝜕𝐹𝑛+1

𝜕𝛹2
,𝛷3,𝑡𝑛 =

𝜕𝐹𝑛+1

𝜕𝛹3
,

𝛹1,𝑡𝑛 = −
𝜕𝐹𝑛+1

𝜕𝛷1
,𝛹2,𝑡𝑛 = −

𝜕𝐹𝑛+1

𝜕𝛷2
,𝛹3,𝑡𝑛 =

𝜕𝐹𝑛+1

𝜕𝛷3
.
  (36) 

 

This can be checked pretty easily.  For example, we can 

show one equality in the above system as follows: 

 

 𝛹2,𝑡𝑛 =  −   
1

2

𝑛
𝑖=0  𝐵 𝑖 + 𝐶 𝑖 Λ

−𝑛+𝑖Ψ1 +  
1

2

𝑛
𝑖=0 𝐴𝑖Λ

−𝑛+𝑖Ψ2 −

                
1

2

𝑛
𝑖=0 𝜌𝑖Λ

−𝑛+𝑖Ψ3  

=−   
1

2

𝑛
𝑖=0  𝛬−𝑖+1𝛹1,𝛷2 Λ

−𝑛+𝑖Ψ1 + 

 
1

4

𝑛

𝑖=0

  𝛬−𝑖+1𝛹1,𝛷1 −  𝛬−𝑖+1𝛹2,𝛷2  Λ
−𝑛+𝑖Ψ2 

+
1

2
 Λ−𝑛+1𝛹2   +      

1

4

𝑛

𝑖=0

( 𝛬−𝑖+1𝛹1,𝛷1 

−           𝛬−𝑖+1𝛹2,𝛷2 )Λ
−𝑛+𝑖𝛹3 

= −
𝜕𝐹𝑛+1

𝜕𝛷2
.                          (37) 

In order to show the Liouville integrability for the 

constrained flows (25) and (26), we need to prove the 

commutative  propertity  of  motion {𝐹𝑚 }𝑚≥o  , under the 

corresponding Poission bracket 

 

 𝐹,𝐺 =   (
𝜕𝐹

𝜕𝜙𝑖𝑗

𝜕𝐺

𝜕𝜓𝑖𝑗

𝑁

𝑗=1

3

𝑖=1

 

−(−1)𝑝(𝜙𝑖𝑗 )(−1)𝑝(𝜓 𝑖𝑗 ) 𝜕𝐹

𝜕𝜙𝑖𝑗

𝜕𝐺

𝜕𝜓 𝑖𝑗
).               (38) 

 

At this time, we still have an equality 𝑉 𝑡𝑛 = [𝑉  𝑛 , 𝑉 ] , 

and After a similar discussion,  we know that  𝐹𝑚(𝑚 ≥ 0) are 

integrals of motion for the system (26) or (36), which implies 
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   {𝐹𝑚+1 ,𝐹𝑛+1} = 
𝜕

𝜕𝑡𝑛
𝐹𝑚+1= 0, m,n≥ 0.          (39)  

 

The above equality (39) shows that 𝐹𝑚(𝑚 ≥ 0)  are in 

involution in pair under the Poisson bracket (38). 

In addition, similar to [16], we know that   

 

 𝑓𝑘 = 𝜓1𝑘𝜙1𝑘 + 𝜓2𝑘𝜙2𝑘 + 𝜓3𝑘𝜙3𝑘 ,1 ≤ 𝑘 ≤ 𝑁.   (40) 

 

are integrals of motion for (25) and (26). It is not difficult to 

verify that 3𝑁 functions {𝐹𝑚 }𝑚=1
2𝑁  and {𝑓𝑘}𝑘=1

𝑁  are involution 

in pair. To show the functional independence of the 3𝑁 

functions {𝐹𝑚 }𝑚=1
2𝑁  and  {𝑓𝑘}𝑘=1

𝑁 , we can use the method in 

[16], or the technique by ma etal[23,24]. Therefore, the 3𝑁 

functions {𝐹𝑚 }𝑚=1
2𝑁  and  {𝑓𝑘}𝑘=1

𝑁 , are functional independent  

over  some  region of the super symmetry manifold  ℝ4𝑁|2𝑁.  

Now, all of the above analysis gives the following theorem. 
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Theorem 1 Both the spatial and temporal flows (25) and 

(26) are Liouville integrable Hamiltonian systems defined on 

the super symmetry manifold ℝ4𝑁|2𝑁 , which possess 3𝑁
functionally independent and involutive  integrals of  motion 

{𝐹𝑚 }𝑚=1
2𝑁 and  {𝑓𝑘}𝑘=1

𝑁 defined by (35) and (40).


