
  

  
Abstract—We deal with a system of nonlinear ordinary 

differential equations (ODEs), which models the dynamics of 
“immortality” of interacting companies. The system possesses 
blowing-up solutions. We determine the asymptotic behavior of 
these blowing-up solutions, and discuss the meaning in financial 
economics.  
 

Index Terms—Asymptotic behavior, blowing-up solutions, 
dynamics of interacting companies, system of nonlinear 
ordinary differential equations.  
 

I. INTRODUCTION 
This paper is concerned with the following system of 

nonlinear ordinary differential equations (ODEs), which 
models the dynamics of interacting companies 

 
ሻݐሺ′ݑ ൌ ሻݐሺݑߙ െ   ሻݐሺݓሻݐሺݒߙ

ݒ ′ሺݐሻ ൌ ሻݐሺݒߚ െ  ሻ                            (1)ݐሺݑሻݐሺݓߚ
ݓ ′ሺݐሻ ൌ γ ݓሺݐሻ െ γ ݑሺݐሻݒሺݐሻ 

 
where ߙ, ,ߚ  are positive constants. Unknown functions ߛ
,ሻݐሺݑ ,ሻݐሺݒ ሻݐሺݓ  represent the “immortality” of respective 
firms. The derivation of the system (1) will be recalled in 
Section II.  

As is easily observed, the system (1) possesses blowing-up 
solutions in the sense that  
 

ሻଶݐሺݑ ՜ ∞, ሻଶݐሺݒ ՜ ∞, ሻଶݐሺݓ ՜ ∞   as  ݐ ՜ ܶ 
 
for some positive T. See Section III below. These behaviors 
are interpreted as representing that the firms may be defaulted 
and/or be renovated within finite period. The meaning of this 
observation will be considered later.  

The aim of this paper is to determine the asymptotic 
behavior, in particular, the rate of blowing-up for these 
solutions.  

Our main theorem reads as follows:  
 
Theorem. For every sufficiently large initial data 

ሺݑ, ,ݒ ሻݓ  in the sense that ݑ
ଶ, ݒ 

ଶ, ݓ
ଶ  are large enough 

with ݑݒݓ ൏ 0,  the solution beaks down within finite time. 
Conversely, if the solution ሺݑሺݐሻ, ,ሻݐሺݒ ሻሻݐሺݓ  to (1) 

blow-up as ݐ ՜ ܶ,  then we have 
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lim௧՜்ඥߛߚሺܶ െ ሻݐሺݑሻݐ ൌ:  כݑ
lim௧՜்ඥߙߛሺܶ െ ሻݐሺݒሻݐ ൌ:  , כݒ
lim௧՜்ඥߚߙሺܶ െ ሻݐሺݓሻݐ ൌ:  כݓ

 
with ሺכݑሻଶ ൌ  ሺכݒሻଶ  ൌ ሺכݓሻଶ ൌ  െכݒכݑwכ ൌ 1. 

Moreover if we define ݔሺݐሻ,  ሻ byݐሺݖ ሻ andݐሺݕ
 

ሻݐሺݑ ൌ ሺܶ െ ሺ1כݑሻିଵݐ   , ߛߚሻሻ/ඥݐሺݔ
ሻݐሺݒ ൌ ሺܶ െ ሺ1כݒሻିଵݐ   (2)                  , ߙߛ√/ሻሻݐሺݕ

ሻݐሺݓ ൌ ሺܶ െ ሺ1כݓሻିଵݐ   , ߚߙሻሻ/ඥݐሺݖ
 

then it follows that  
 

lim௧՜்ሺߚ  ߛ െ ሻିଵሺܶߙ െ ሻݐሺݔሻିଵݐ ൌ 1/2 , 
lim௧՜்ሺߛ  ߙ െ ሻିଵሺܶߚ െ ሻݐሺݕሻିଵݐ ൌ 1/2 ,     (3) 

lim௧՜்ሺߙ  ߚ െ ሻିଵሺܶߛ െ ሻݐሺݖሻିଵݐ ൌ 1/2 . 
 

That is, the second order behavior of blowing-up solutions 
is established. Furthermore, we note that the possible choices 
of ሺכݑ, ,כݒ   ሻ areכݓ
 

ሺെ1, െ1, െ1ሻ,   ሺെ1,1,1ሻ,   ሺ1, െ1,1ሻ,   ሺ1,1, െ1ሻ. 
 

Numerical study is performed in Section 4 and the 
implications in financial economics of this theorem will be 
discussed in Section V.  

 

II. MODEL 
Here we briefly recall the derivation of the system (1).  
Suppose that the there are three firms whose “immortality” 

are represented by ܺሺݐሻ, ܻሺݐሻ, ܼሺݐሻ,  respectively, where t 
denotes the time variable. The immortality is just an abstract 
quantity. If ܺሺݐሻ  ൌ  െ∞, then the company X is interpreted 
as being defaulted. While ܺሺݐሻ  ൌ  ∞, then X is considered to 
be graded-up or ranked-up to the higher level.  

We assume that the rate of immortality is divided into two 
parts; the one is the spontaneous growth part and the other is 
the exogenous depreciation part. The depreciation part is 
assumed to come from the interaction of other two firms only. 
The resulting system of ODEs now becomes  
 

ܺᇱሺݐሻ ൌ ܽܺሺݐሻ െ ܾܻሺݐሻܼሺݐሻ 
ܻᇱሺݐሻ ൌ ܻܿሺݐሻ െ ܼ݀ሺݐሻܺሺݐሻ 
ܼᇱሺݐሻ ൌ ܼ݁ሺݐሻ െ ݂ܺሺݐሻܻሺݐሻ 

 
where a, b, c, d, e, f are positive constants. If we put 
 

ሻݐሺݑ ൌ ඥܿିଵ݀݁ିଵ݂ ܺሺݐሻ,       ߙ ൌ ܽ , 
ሻݐሺݒ ൌ ඥܽିଵܾ݁ିଵ݂ ܻሺݐሻ,       β ൌ ܾ , 
ሻݐሺݓ ൌ ඥܽିଵܾܿିଵ݀ ܼሺݐሻ,       γ ൌ ܿ , 
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then we recover the system (1).  

We remark that the change of variables 𝑢 → −𝑢, 𝑣 → −𝑣 

and 𝑤 → −𝑤 transforms the system (1) into 

 

𝑢′ 𝑡 = 𝛼𝑢 𝑡 + 𝛼𝑣 𝑡 𝑤 𝑡  
𝑣 ′ 𝑡 = β𝑣 𝑡 + β𝑤 𝑡 𝑢 𝑡                          (4) 

𝑤 ′ 𝑡 = γ 𝑤 𝑡 + γ 𝑢 𝑡 𝑣 𝑡  
 

The structure of solutions to (1) and (4) is therefore seen to 

be the same. Other possibility is  

    

𝑢′ 𝑡 = 𝛼𝑢 𝑡 + 𝛼𝑣 𝑡 𝑤 𝑡  
𝑣 ′ 𝑡 = β𝑣 𝑡 + β𝑤 𝑡 𝑢 𝑡                         (5) 

 𝑤 ′ 𝑡 = γ 𝑤 𝑡 − γ 𝑢 𝑡 𝑣 𝑡   
 

and its variants. However, it is shown that every solution to 

(5) grows-up exponentially as the time tends to infinity; 

namely,  
 

𝑢(𝑡)2 + 𝑣(𝑡)2 + 𝑤(𝑡)2 → ∞   exponentially as  𝑡 → ∞. 
 

Therefore, the structure of solutions to (5) and its variants 

is rather trivial. We will discuss the meaning of the system (1) 

further in Section 5.  

 

III. SKETCH OF PROOF 

Here we give a sketch of main theorem. The proof 

proceeds along the same line as in [1]. Indeed, if we make the 

reversion of the time 𝑡 → −𝑡, then (1) reduces to  
 

𝑢′ 𝑡 = −𝛼𝑢 𝑡 + 𝛼𝑣 𝑡 𝑤 𝑡  
𝑣 ′ 𝑡 = −β𝑣 𝑡 + β𝑤 𝑡 𝑢 𝑡  
𝑤 ′ 𝑡 = −γ 𝑤 𝑡 + γ 𝑢 𝑡 𝑣 𝑡  

 
which is exactly the same system treated in [1]. Concerning 

the analysis below, we thus refer to [1] and we just provide 

the outline.  

 

Proposition. The equilibrium points of (1) are  
 
 0,0,0 ,    1,1,1 ,    1, −1, −1 ,    −1, −1,1 ,    −1,1, −1 . 

 
The origin is unstable. Other four points have two 

dimensional stable manifold and one dimensional unstable 

manifold.  

This proposition follows directly from the analysis on the 

linearized system of ODEs.  

Proposition. For any solution of (1) whose initial value 

(𝑢0, 𝑣0, 𝑤0) satisfies 
 

  

   

 

 

breaks down within finite time.  

This proposition is proved by the application of 

Gronwall’s inequality. It is to be noted that the other 

combination of the sign for (u, v, w) is also possible.  

The rest of the proof is almost the repetition of those of [1]; 

we derive the differential equations for (x(t), y(t), z(t)) and 

establish various estimates, which we may safely omit the 

details.  

 

IV. NUMERICAL STUDY 

We perform numerical implementation for (1). We refer to 

the related previous work of [2].  

 
Fig. 1. Blowing-up behavior of u -variable when the initial value is large. 

 

 
Fig. 2. Convergence of the blowing-up time T. 

 

We use the 30-digits fourth order Runge-Kutta scheme to 

approximate the solutions. As is well known, the numerical 

computation for the blowing-up profiles is a little subtle. The 

careful treatment is therefore necessary.  

The behaviors of each𝑢, 𝑣, 𝑤 -variables as well as the 

blowing-up time are exhibited in the following figures, where 

the constants are set to be α = 4.0β = 3.0γ = 2.0, which 

are the same as in [2].   

Fig. 1 shows the blowing-up of the u -variable when the 

initial value is sufficiently large; we consider the sigh system 

so that the u -variable takes positive value.  

The blowing-up patterns of the v and w -variables are also 
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similar. Of course the sign of the v or w -variable should be 

negative.  

Next, Fig. 2 shows the convergence of the blowing-up time 

with respect to the u -variable. The same profiles apply to the 

case of v  and w -variables since the blowing-up times are 

proved to be the same for all variables.  

It can be seen that the blowing-up takes place drastically 

near the blowing-up time. Since the graph indicates the 

saturation, we understand that our computation scheme well 

works.  

 

V. DISCUSSION 

We have introduced a system of nonlinear ordinary 

differential equations (ODEs), which models the fate of 

interacting three firms. The governing system is obtained 

solely theoretically, where the company grows spontaneously 

but may fade because of the influence of other companies. 

Self-growth is assumed to be linear and of Malthus type, 

while the depreciation is considered to be nonlinear and of 

the simplest multiplicative components. These terms can be 

much complicated; however, such generalizations make the 

analysis much harder.  

It is shown that firms can be defaulted and/or ranked-up 

within finite time. The pattern of these phenomena is 

interesting: One pattern is that all three companies fall in 

default simultaneously. The other is that one company is 

graded-up and the rest two companies are defaulted. Finally, 

two firms are ranked-up and the rest one firm is defaulted. 

We hope that these consequences may shed light on the 

analysis of existing firms.  

On the other hand, the existence of equilibrium points of 

the system indicates that the firms may co-exist substantially 

stably. These occasions, however, are rather rare with respect 

to the initial conditions, which can be observed ubiquitously 

in the real world.  

The innovative point of our main theorem is that the 

second order behavior of breaking down solutions is clarified. 

Although the technique employed there is elementary, the 

result is in a sense sharp. The rate of blowing-up is proved to 

be the same for all companies, which is natural from the 

viewpoint of the modeling of the interaction. The numerical 

computation of such blowing-up solutions, although the 

system is time-reversal, is also performed in our previous 

paper [1], where the good agreement with the theory is 

observed as well.  

The mathematical models involving ODEs are very 

popular in applied sciences. The nonlinear terms usually give 

rise to typical reaction terms in the reaction-diffusion partial 

differential equations (PDEs) models. We refer to, for 

instance in the ODE settings, [3]-[5] and the references cited 

therein. We believe that such modeling is also possible as 

well as useful in the field of social sciences including 

financial mathematics. We thus hope that our paper may 

advance this possibility and our paper is worth publishing.  
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