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Discussions on Necessary Conditions for Equivalency of
Primary, Irreducible, and Strongly Irreducible Submodules
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Abstract—Among the important types of submodules of a
module are maximal submodules, prime and primary
submodules. New concepts such as, strongly and strongly
irreducible submodules were introduced in last decade. Under
some conditions, equality holds for these concepts. Only few
conditions that satisfy the equivalency of these types of
submodules are known while most of them are yet to be
investigated. Some conditions were investigated following the
introduction of the concepts of irreducibility and strongly
irreducibility of submodules. In this present paper, first the
importance of the set of zero divisors was addressed. Then, to
create new condition for equivalency, finitely generated modules
and multiplicative modules also are applied. Finally, it is shown
that the combination of multiplicatively, being finitely generated,
and faithfulness of a module is the condition for equivalency

Index Terms—Irreducible, Strongly Irreducible, Distributive
and Arithmetical Modules.

I. INTRODUCTION

In last three decades, considerable researches has been
done on rings with distributive lattice of ideals. For example,
at 1988, some properties of rings and distributive lattice of
ideals and its generalization on modules was studied by
Erdogdu [1] and some properties of distributive modules
investigated. A R-module M is introduced to be distributive if

the condition X ﬂ(Y +Z):(X ﬂY)+(X ﬂZ) for all

submodules X, Y,Z of M is satisfied. At 2002, the concept of
strongly irreducible ideals was introduced for the first time [2].

Anideal | ofaring R is defined Strongly Irreducible (SI) if
for ideals J and Kof R the inclusion J (1K < | implies that

either J < | or K < | . The concept was generalized at
2006 by Khaksari [3]. In the present paper, [4], the
relationship between the irreducible, strongly irreducible,
prime, and primary submodules of an R-modules is
investigated. Also, one of the most important families of
modules which are Laskerian modules is studied. Therefore,
some important results on well-known Noetherian modules
which are special cases of Laskerian modules are presented.
Under some certain conditions, maximal submodules, prime
submodules, primary submodules, and SI submodules of a
Laskerian module are shown to be equivalent. In section I,
we will define some concepts and propositions on zero
devisors and its properties which will be used in our proofs in
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the rest of the paper. Then in section I11, the concept of SI will
be extended for submodules. Then, using the properties of
zero divisors and Nagata’s lemma, we will provide the
necessary preliminaries for proofs on equivalency on primary,
irreducible and strongly irreducible submodules under
specific conditions. Then, section IV we discuss the necessary
conditions under which these submodules will be equivalent.
Lastly, in section V, an specific type of modules will be
studied where four types of submodules - which are prime,
primary, irreducible, and strongly irreducible submodules -
are equivalent.

Il. INTRODUCTION TO SOME CONCEPTS OF COMMUTATATIVE
ALGEBRA

Definition: Let P be an ideal of R and P = R, then for
each ideal A,B in R:

ABgP:(BgP)Or(Ag P) ()]

Definition: Let Q be the ideal of R. Q is primary ideal if for
eachx, Y e R:

xyeR=yeRordnelIN>x"eQ (2

Definition: Let R be a commutative and unitary ring and I,
J,K be ideals of R. Then I is irreducible if:

I=KNJ=I1=Korl =J (3)

Definition: Let R be a commutative and unitary ring and I,
J,K be ideals of R. Then I is strongly irreducible ideal if:

JNKcl=Kclord | (4)

Definition: Let S be a subset of commutative ring R. S is
closed multiplicative subset if:

1)0eS

2)1eS

3)if s,,8,eS=5s,€S

Definition: Let R be a commutative and unitary ring, M be

a R-module and S be a closed multiplicative subset of R.
Then:

(m,s,)~(m,,s,) =3l eS,I(ms,-sm,)=0 (5)

This multiplication is an equivalence relation on M xS .
m

In this paper[(m,s)]is denoted as — and the set of all
S

equivalence classes as follows:
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(6)

Remark: If P be a prime ideal of R , S=R-P then S is a
closed multiplicative subset of R. S~ M is denoted as M.
Definition: Let M be a ring and I, J,K ideals of R .R is
arithmetical if:
(1+3)NK=(1NK)+(INK)or(INJI +K
=(1+K)N(J +K)

S M :{m|me|\/|,ses}
S

O

Definition: Let M be a R-module and K, P,N submodules
of M. M is distributive if:

NO(P+K)=(NNP)+(NNK) (@)

Definition: Let | be an ideal of R. The following definition
exists:
r(1)

Preposition: Let | be an ideal of R. Then it can be proved
that r(1)= npespec(R)’lgP P.[4]

Definition: Let PN be R-modules. Then
(N X P):{Xe R|XPg N} If N = 0 then (0: P) =

\/I_z{XeR‘ElnelNaxnel} 9)

AnnR(P)-
Definition: The R-module M is faithful if A,,z(M) = 0.
Lemma: If M be a R-module, | be an ideal of R and A,,r(M)
R
=1, then M as aT module is faithful.

Proof: Immediate from the last definition

Definition: Let ™M be a R-module. Then,
Z.(M)={reR[@meM >m=0,rm=0}
Lemma: Let M be a R-module

and S :{r € R\r ¢ ZR(M )} , then it can be proved that S

is a closed multiplicative subset of R, [4].

Proposition: Let M be a R-module. Then Zz(M) is the
union of some prime ideals of R, [4].

Lemma: Let M be a R-module and N be a submodule of M.

T )l

Proof: Letr € Z, R Then:
(N:M)

R

(N:M)

M

10
N (10)

Z{ﬁ]z{reR‘HXGRarXE(N:M),xe(N :M)={reR|HXGR9er,g N,xe(N :M)}(ll)

Using equation (11), it can be shown that there exists s € R
suchthats # Oands ¢ (N:M)and rs € (N: M). Also

SO
:{reR

Sinces ¢ (N: M), thenthere existm € M such that sm ¢
Nandrs € (N:M). Hence, rsM < Nandrsm € N.Sosmis

Hne%ar(nJrN):N}

(12)

HneMarneN}
N

M
the member that satisfies the definition of Z, (—J and

M
thereforer € Z, (—j
N

Lemma: Let M be a R-module and N be a submodule of M.

( )(%j e

M
ThenZ, (Wj is a prime ideal of R iff Z

j [3].

IIl. STRONGLY IRREDUCIBLE (SI) SUBMODULES

Definition: Let M be a R-module and N,K,L be submodules
of M. Then, N is strongly irreducible submodule if:

R

N:M

a prime ideal of
N:M
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LNKcN=KcNorLcN

Definition: Let N be a primary submodule of R-module M
and P = r(N : M). Then, N is P-primary submodule of
R-module M.

Proposition: Let N be a submodule of R-module M. Then,

(13)

MYy
Z, | — |is prime ideal of R.
N
o M.
Proof: Firstly it should be proved that Z W is ideal.

, M
For this purpose, letr;,r, € Z, N
According to definition :

Elml,mze(%jarl(ml+N)=N,rz(m2+N)=N (14)

Since M is strongly irreducible, then Rm, (YRm, < N
If Rm, (NRm, < N then N being SI gives:

Rm, < N or Rm, = N and since R is unitary then,
m, € N or m, € N and this is a contradiction.

Now, letX € Rm, (1Rm, < N . Then, there exist a,, a,
€ R so that x = aym; = a;m,. Since rim; € N, then rix =
a;rim; € N and rox = a;rom, € N.

Hence:
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(r+r,)xeN,r+r, eZR(%j
M. .
Also, to prove that Z N is ideal, lett € R, r €
M : - M .
Zq N Using the definition of Z, N there exist n

M
€ (W) such that r(n + N) = N which gives rn € N.

Also, N is a submodule of M that results in trn € N, tr

ez, M . Hence Z, M is an ideal of R.
N N

MYy,
To prove that Z, W is prime ideal, let:

nnelZg (%j

M
Using the definition, there exist m [Wj such that

(16)

rir,(m+ N) =N. Then, rirom € N. Let:

M
n,r,e ZR(W]

M
then, for eachme W the following relation holds:

(17)

rmegN,rmgN (18)

Also, I,I, €N shows that rl(rzm)eN . Hence,
L M3
rz(rlm)e N and it is proved thatr, € Z, N which

leads to a contradiction.
Hence

nelZg (%),or,rz e/ (%)

Corollary: Let N be a strongly irreducible submodule of
of —

[Mj__ _
— | is prime ideal
N

I

Proof: Immediate from above proposition.
( Rj ! !
I_ is prime

Definition: Let M be a R-module and N be a submodule of
M. Then,

(19)

R-module M and I = (N : M). Then, Z,
N

R

Corollary: If I be a (SI) ideal of R, then Z
1

. R
ideal of —

r(N)={reRfneIN>x"M cN} (20)

Lemma(Nagata’s lemma) [6]: Let Q be a P-primary ideal
of R and S be a closed multiplicative submodule of R. Then:

385

1) If PS # ¢ then PRs = QRs =Rs.
2) If P(\'S = ¢then QRsis PRs -primary ideal and:

PR,NR=P,QR,NR=Q

Proposition: Let | be an ideal of arithmetical ring R. Then,
I is irreducible iff I be (SI) ideal iff the set of all zero divisors

R
ofl— be a prime ideal of R.

Proof: The ideal | of R is irreducible if it is not in the form
of intersection of two ideal of R. If | be irreducible and K,
J be the ideals of R such that:

(INK) LENK)+1=(I+DN(K+1)@21)

Then,

Kcl,or,Jcl (22)

Therefor 1 is irreducible. According to the definitions of
strongly irreducible and irreducible ideals, irreducibility is
immediate result of being strongly irreducible. First part of
proposition is proved here.

To prove the second part, let the set of zero devisors of

— be a prime ideal P. Then, Nagata’s lemma shows | = IRp

N R.

Itis concluded that Ry is totally ordered set, [3]. Therefore,
IRp as a ideal of Rp is SI. Hence I is SI.

IV. (SI) SUBMODULES IN MULTIPLICATION MODULES

Definition: A proper submodule K of a module M over a
ring R is said to be prime (resp primary) ifra € Kforr € R
anda € M/K impliesthatrMc K (resp r"M < K for somen
c N).

Proposition 1: Let M be a multiplication and N be a prime
submodule of M. Then, N is a SI submodule, [3].

Remark: Each commutative ring with identity is cyclic.
Therefore, each of its Sl ideal is strongly irreducible
submodule of cyclic multiplication R-module.

Corollary: Let R be a commutative and unitary ring. Then,
each ideal of R is SI.

Proposition2: Let M be a finitely generated multiplication
faithful module and N = IM be a submodule. Then,

1) Let I, be anideal of R, then IM < IMiff I, C I

2) N = IM is a prime sub-module iff I is a prime ideal of R.

3) N =1IMis Sl iff I is SI.

4) If P be a prime ideal of R, then PM is a SI submodule.

5) lisa primary ideal of R iff N = IM is primary submodule.

Proof: Refer to [4].

Proposition 3: Let M be a multiplication R-module and P
be a prime ideal of R. Then, there exist a SI submodule N of M
so that Zg(M/N) = P.

Proof: The proof is immediate from proposition 2.

Proposition 4: A multiplication faithful R-module M on
R-domain is finitely generated [5].

Proposition 5: Let M be a distributive R-module. Then,
each primary submodule is SI submodule [1].
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Proposition 6: Let R be a PID and M be a multiplication
faithful R-module. Then, each P-primary submodule N of M
is strongly irreducible, [4].

Corollary: Let R be a Dedekind domain and M be a
faithful multiplication module and N be a submodule of M.
Then, the following statements are equivalent;

1) N is primary.

2) N is SI.

3) N is irreducible.

Proposition 7: Let M be a distributive R-module and N be
a submodule. Then, N is strongly irreducible iff N be
irreducible,[4].

Proposition 8: Let R be an arithmetical ring and N be a
finitely multiplicative R-module and N be a submodule of M.
Then, Zz(M/N) is prime ideal iff N is strongly irreducible iff N
is irreducible. Also, if N is a primary submodule, then N is
irreducible.

Proof: To prove above mentioned proposition, the
following statements have to be established step by step:

M
1) If N be a SI submodule, then Z (Wj is a prime ideal
of R, [5].
M o ,
2) If Z, W be a prime ideal of R, then N is a SI

submodule of M. To prove this statement, let N be a
submodule of M and | be an ideal of R so that N = IM

M
andZ, (Wj be an prime ideal of R. Define a module of
quotient W Since M is multiplicative and finitely

M R
generated, then (Wj as a I_ module is multiplicative,
finitely generated and faithful.
So according to proposition 2, that is enough to prove | is

SI.
Last proposition of section Il proves that if R be an

R
arithmetical ring and | be an its ideal, then Z (TJ is prime

ideal iff | be Sl. Also
ZR(

Since Z (%) is prime, then Z
T

M
(23)

()
— | is prime. Hence
N

R
Z, (Tj is prime which gives | is Sl and as the result N is SI.

3) If N be a SI submodule of M, then N is irreducible.

4) If R be an arithmetical ring and M be a multiplicative and
finitely generated module and N be an irreducible submodule
of M, then N is SI.

5) If R be an arithmetical and finitely generated ring then,M
is multiplicative iff is a distributive and according to
proposition7, if M be a distributive module, then N is SI iff is

386

irreducible submodule of M. So, according to this results N is
Sl

6) If N be a primary submodule of M, then N is irreducible
submodule of M. To prove this statement let N be a primary
submodule of M and for arbitrary ideal | of R there exist
submodule N of M so that N = IM.

Also, let be submodules of M so that N; () N, = N. Since M
is multiplicative module, then there exist ideals 14, I, so that:

Nl = |1M, Ng = |2M (24)

Then, N = (I, [ I,)M. Also, N is a primary submodule.
Then, | is a primary ideal of R so | is SI, [7]. Hence | =1, or |
=1, then, N=N; or N=N,.

Proposition 9: Let N be a submodule of multiplicative
R-module N. Then, N = (Ann (M/N))M = (N : M)M.

M
Proof: Let A = Ann (Wj Since M is a multiplicative

module, then there exist an ideal | of R such that N = IM.
Therefore:

| CAN=IM C AMCN (25)

Hence, N = AM.
Proposition 10: Let M be a multiplicative p R-module and
N = IM be a Sl submodule. Then, N is a prime submodule iff

(N:M)=(N:M)

Lemma: Let N be a primary submodule of Mand P =r(N :
M) and S be a closed multiplicative subset of R such that
PNS=¢.Then, N=N, M

Since N (1M and N [} NP , then N < NP [ M. Using
proof by contradiction, we prove that NP( 1M < N.

n
Let, X=—¢& N, (1M such that x & N by the definition
S

of NP, there existt € S such that stx € N and hence st € P
and it is contradiction.

Proof: (=) If N be a prime submodule of M, then it can
be shown from N = (N : M)M and proposition 2 that (N : M) is
prime ideal of R. Therefore, using the above mentioned
lemma we have:

(N:M)=(N:M) (26)

( < )Let N be a SI submodule of M and
(N ‘M ) =(N ‘M ) it is sufficient to prove that (N : M)
is prime ideal.

Therefore, let A,B be ideals of R such that AB < (N : M).
Hence:

ANBcVANB cVAB < [(N:M)=(N:M) (27)

Since (N: M) is Slideal of R,thenA < (N:M)orB < (N:
M). Hence (N : M) is prime ideal and therefore N = (N : M)M
is a prime submodule of M.

Lemma: Let M be a faithful finitely generated
multiplicative R-module and N = (N : M)M be a sub-module of
M. Then, there exists a SI minimal submodule of M so that it
includes M, [4].
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Proposition 11: Let R be an UFD and | be an ideal of R
andx,y € R, thenlisaSlideal iff [x,y] € | which implies x
€l ory € | - where [x, y] represents Least Common
Multiple (LCM) of x and y - [3].

Corollary: Let R be an UFD and M be a faithful
multiplication R-module. Then, N = IM is a Sl submodule iff
x,YeERXYlel)= xelor(y €l).

Proposition 12: Let R be an UFD and M a faithful

multiplication R-module and a € R. Then, IN = <2> M isa
SI submodule iff there is p € R (p is prime devisor) and n
€INsothat IN :<p”>M

Proposition 13: Let R be an UFD and M be a
multiplication faithful R-module and N = IM be SI submodule
of M. Then, N is a primary submodule of M, [3].

Proposition 14: Let R be an UFD and M be a

multiplication faithful module and N = (a) M be a
submodule of M. Then, N is SI iff N is primary, [3].

V. TOTALLY FLAT RINGS AnD LASKERIAN MODULES

Definition: A commutative ring R with identity is totally
flat if each of its principle ideals is an idempotent ideal.

Definition: Let M be a R-module. Then M is called
Laskerian module if each sub-module of M is a finite
intersection of primary submodules of M.

Remark: Good example for Laskerian modules are
Noetherian modules.

Proposition: Let R be a totally flat ring and M be a faithful
multiplication and finitely generated module and N = IM be a
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submodule of M. Then, the following statements are
equivalent:

1) N is a maximal submodule of M.

2) N is a prime submodule of M.

3) N is a primary submodule of M.

4) N is a strongly irreducible submodule of M.

Proposition: Let R be a Laskerian ring and M be a faithful
multiplication and finitely generated module and N = IM be a
submodule of M. So, if N is SI submodule, then N is primary
submodule of M.

Corollary: Let R be a Noetherian ring and M be a faithful
multiplication and finitely generated module. Then, each
irreducible submodule of M is a primary submodule of M.
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