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Optimal Parameters of Moving Average Control Chart

Yupaporn Areepong

Abstract—The objective of this paper is to study Statistical
Process Control (SPC) with a Moving Average control chart
(MA) for monitoring the non-conforming product. The
characteristic of control chart is Average Run Length (ARL)
which is the average number of samples taken before an action
signal is given. The ARL should be sufficiently large while the
process is still in-control and the Average Delay time (AD)
(mean delay of true alarm times) should be small when the
process goes out-of-control. The explicit formulae of ARL and
AD for MA-based are presented when observations are from
binomial distribution. In particular, the explicit analytical
formulas for evaluating ARL and AD be able to get a set of
optimal parameters which depend on a width of the moving
average (W) and width of control limit ( H ) for designing MA
chart with minimum of AD.

Index Terms—Optimal parameters, Average Run Length,
Average Delay time, Moving Average control chart, Non-
conforming.

I. INTRODUCTION

In the past few decades, cumulative sum (CUSUM) and
exponentially weighted moving average (EWMA) charts
have been proposed as good alternatives to the Shewhart
chart for detecting small shifts. The CUSUM chart was
initially presented by Page [1]. It has been shown that
CUSUM chart is asymptotically optimal under minimax
type criteria (see, e.g., Lorden [2]). The EWMA chart was
initially introduced by Roberts [3]. It is a very flexible and
effective chart for detecting small changes and has the
advantage of showing robustness to non-normality (Borror
et al. [4]; Stoumbos and Reynolds [5]). When the quality
characteristic cannot be measured on a continuous scale, as,
for example, in counting the number of defective products
or the number of nonconformities in a production process,
an attribute control chart must be used. Commonly-used
attribute control charts are p, np, ¢, and u charts. EWMA
and CUSUM methods for attribute data have also been
applied to discrete processes (see, e.g., Alwan [6]).
Recently, the Moving Average control chart (MA) has been
introduced for both continuous and discrete processes (see,
e.g., Alwan [6]). Michael and Khoo [7] have studied the
MA chart for monitoring the non-conforming or defective
fraction in discrete processes.

The characteristic of control chart is Average Run Length
(ARL) which is the average number of samples taken before
an action signal is given. The ARL should be sufficiently
large while the process is still in-control and the Average
Delay time (AD) (mean delay of true alarm times) should be
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small when the process goes out-of-control. Many methods
for evaluating the ARL and AD for control charts have been
studied in the literature. A simple approach that is often used
to test other methods is Monte Carlo (MC) simulation. MC
is simple to program and is convenient for controlling and
testing accuracy of analytical approximations. However,
MC is usually based on a large number of sample
trajectories so it is very time consuming. Markov Chain
Approach (MCA) is considered as a popular technique. It is
based on approximation of Markov Chains by using matrix
inversions. Although there are at present no theoretical
results on accuracy of this procedure, the results have been
tested by direct comparison with MC simulations. Integral
Equation (IE) is the most advanced method currently
available. However, the results for ARL and AD usually
cannot be obtained analytically and intensive programming
or specialized software is required to obtain numerical
results. Recently, explicit formulas for evaluation ARL have
been presented. Areepong [8] derived analytical formulas
for ARL and AD for MA chart when observations are from
a binomial distribution. In this paper, using the explicit
formulas we have been able to provide the tables for the
optimal width of the moving average and width of control
limit (H ) with minimum AD for MA chart for binomial
distribution.

Il. CONTROL CHARTS AND THEIR PROPERTIES
In this paper, SPC charts are considered under the
assumption that sequential observations X, X,,... of
some process are independently distributed
random variables with a distribution function F (X, n, p),

identical,

where n is the total number of observations and p is a
control parameter. It is assumed that p = P, while the

process is in-control and P =P, > P, when the process

goes out-of-control. It is assumed that there is a change-
point time @ < oo at which the parameter changes from

P=p, to p=Pp,. Note that & =00 means that the

process always remains in the in-control state. All popular
charts, such as Shewhart, CUSUM and EWMA are based on
some function of parameter values that is used as a criterion
for a process to go “out-of-control” if this function value
goes above an upper control limit (UCL) or below a lower
control limit (LCL). The minimum time required for a chart
to signal out-of-control is defined as the stopping (alarm)
time 7 .

Let E,(.) denote the expectation that the change-point

from p=p, to Pp=p; for a distribution function
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F(x,n, p) occurs at time & , where # <o . In the

literature on quality control the quantity E_(z) is called

the Average Run Length (ARL) of the chart for the given
process.
A typical condition imposed on an ARL is that:

ARL=E_(¢)=T

where T is given (usually large). For given distribution
function and chart, this condition then determines choices
for the UCL and LCL.

A typical definition of the AD is that

AD=E (7|7 =1),

For example, that the change point occurs at @ =1. One
could expect that a sequential control chart has a near
optimal performance if its AD is close to a minimal value.

For an np chart, let observations X,, X,,..., X be i.i.d

random variables with binomial distribution, where X, the
number of nonconforming is items in sample i of m samples
of size n. For these observations, the 3o upper and lower
control limits at NP after m samples are defined by

r=inf{i>0: X, >UCL or X, < LCL}.
A Moving Average control chart is defined by the
following statistics:
2 X

X, + X, 4o+ X,
M= 2 E R e T R et sy g
w w
> X,
]
Moo Xt Rt Xy S

i i
where w is the width of the moving average chart.
For period i > W, the 3o upper and lower control limits

are given
UCL — np + 3 M
\/ w

np(1- p)

W

np(l-
M is replaced with

W

LCL=np-3

and for periods 1 <W,

UCL =np+3\np(l—P), LCL=np-3,/np(L-P)

DX,

where P isestimated by p=-=
nm

The alarm time for the np chart is given by:

Let ARL =n, then

ARL

1
n

i=1

n

then

' np. ' np. n—(w-1
{Z_““[P(Zj}np’ >UCL)+ P(L":}np’ < LCLi)}} +[
| 1

np(d-p)
: .
The alarm time for the MA procedure is given by
r=inf{i>0:M, >UCL or M, < LCL}

A. Optimal Parameters for Binomial MA Chart

The ARL values of a Moving Average control chart can
be derived as follows:

= P(out —of —control signal at time i < w) J{n—(w—l)} P(out —of —control signal at time i > w)
n

}[P(\}sziwﬂnpj >UCL,)+ P(%Zij:iiwﬂnpj < LCLW)}

As mentioned above, the value of the parameter p is
equal to p, when the process is in-control. Therefore,
substituting p = p, into Equation (1), the formula for the

desired ARL can be obtained by replacing 3 by width of
control (H) . Then, the

373

T W ‘”p) (1)

ARL =
(-2 [P@ > W)+ P <-H)])[PZ, > H)+PZ, <-H)]"
+(w-1)

2

When the process is out-of-control, the value of the
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parameter p in equation (1) will be p= p,. The formula  Written as follows:
for AD for a width of control limit H, can therefore be

Z 1 np, + H npo(li_ po) —np, npo(l po

AD=[1-%""" P(Z, > Y+P(Z, <

' ' npl(l_ pl) ' np1(1 p1
i \

npo + H M _ np1 npo npo (l po (3)
x| P(Z, > w Y+ P(Z, < +(w-1).
\/npl(l_ pl) \/npl(l p1
w

We first describe a procedure for obtaining optimal solutions of the optimality problem.
designs for binomial MA chart. The criterion used for
choosing optimal values for is the width of the moving
average chart (w) and boundary parameter ( H )
minimization of AD for a given in-control parameter value
p, =0.01, ARL=T and a given out-of-control parameter

C. Numerical Results

In this section, the numerical results for ARL and AD for
an MA chart were calculated from Equation (2) and
Equation (3). Table 1 shows a comparison of these MA
chart values with values obtained for np chart by simulation.
value ( P = p,). We compute optimal (w,H ) values for  The parameter values for MA and np charts were chosen by
T= 370.4 and 500 and magnitudes of change. Table of the  Setting the desired ARL = 370, the value of the in-control
optimal parameters values are shown in Table 2. parameter P, = 0.01 and the out-of-control parameter

B. The Numerical Procedure for Obtaining Optimal p, € [0.013; 0.03]. The MA chart shows a better
Parameters For Ma Designs
1) Select an acceptable in-control value of ARL and
decide on the change parameter value ( p,) for an out-of- its out-of-control value P, . Note that, calculations with the
control state. explicit formulas in Equation (2) and (3) are simple and very
2) For given p,and T, find optimal values of w and H fast with computational times of less than 1 second.

to minimize the AD values given by equation 3 subject to
the constraint that ARL=T in Equation 2, i.e. w and H are

performance than np from its in-control value P, = 0.01 to

TABLE I: COMPARISON OF ARL AND AD FROM PROPOSED FORMULAS WITH NP CHART FOR GIVEN ARL= 370

n p MA
W=1 W=2 W=3 W=4 W=5 W=6 W=7 W=8 W=9 W =10
500 | 001 | 37039 | 370.39 370.39 370.39 370.39 37039 | 370.39 | 370.39 37039 | 37039
0013 | 42.274 | 27.011 19.489 15.001 12.582 11096 | 10.218 | 9.725 9489 | 9.428
0015 | 15961 | 8550 6.187 5.301 5.014 5.012 515 | 5.376 5636 | 5916
0017 | 7.3387 | 4.136 3413 3.316 3431 3.619 3.8246 | 4.019 4192 | 4.339
002 | 33733 | 2278 2.207 2.317 2.443 2.543 2611 | 2.653 2.678 | 2.692
0.023 | 2.0865 | 1673 1.723 1.797 1.841 1.862 1871 | 1874 1875 | 1.875
0025 | 1.6850 | 1.467 1.519 1.559 1575 1,580 1582 | 1582 1582 | 1582
0027 | 1.4435 | 1330 1.369 1.387 1.391 1.392 1393 | 1.393 1393 | 1.393
003 | 12371 | 119 1214 1.219 1219 1219 1219 | 1.219 1219 | 1219

The numerical results in terms of optimal width of the  the values for P, W and H into Equation 3 we obtain an
moving average (W), optimal width of control limit (H)  optimal AD value = 2.207. As shown in Table 1 and 2 the

and minimal AD (AD*) for ARL=370 and 500 are shown Use of the suggested explicit formulas for ARL and AD for
in Table 2. For example, if we want to detect a parameter ~ MA chart can greatly reduce the computation times, and are

change from p=0.01to p=0.02 and the ARL value is useful to practitioners especially finding optimal parameters

370 then the optimality procedure given above will give of MA chart

optimal parameter values W=3 and H =3. On substituting
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