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Characterization of P-Compactly Packed Modules

Lamis J. M. Abu Lebda

Abstract—Let R be a commutative ring with 1, and M is a
(left) R—-module. We introduce the concepts of (strongly) p-
compactly packed submodules as: A proper submodule N of
an R-module M is called P-Compactly Packed if for each

family {N a}aE , Oof primary submodules of A with

, there exists such

N c U, N, a,,0,,....,0, € A

that Vc U7 N, . N C N for some S€ A, then N is

called Strongly P-Compactly Packed. In this paper, we list
some basic properties of this concept. In addition, the
necessary and sufficient conditions for an R—module M to be
(strongly) P-Compactly Packed are investigated.We also
generalize the Prime Avoidance Theorem for modules that was
proved in [7] to the Primary Avoidance Theorem for modules.
Furthermore, we find the conditions on an R-module M that
make the following important result true, that is for a
multiplication Bezout module M, M is strongly P- compactly
packed if and only if every primary submodule of M is strongly
P- compactly packed.

Index Terms—P-compactly packed submodule, Strongly p-
compactly packed submodule, MAXIMAL submodule, bezout
module.

I.  INTRODUCTION

Zaynab A.A.Al-Ani generalized the concept of compactly
packed rings to modules and introduced the definition of
compactly packed submodule and strongly compactly
packed submodule; a proper submodule N of an R-module

M is called compactly Packed if for each family {N o Joen OF
prime submodules of M with
NcUg,N, there exist &,Q,....0, EA such

that N c U N, . IfN C N for some € A then N is
called Strongly Compactly Packed. A module M is
said to be Compactly Packed (Strongly Compactly
Packed) if every proper submodule of M is compactly
packed (or strongly compactly packed) submodule [1].

In this paper, we discuss the situation when the union of a
family of primary submodules of M is considered.

C. P. Lu generalized the Prime Avoidance Theorem to
modules in terms of prime submodules [5]. We consider a
generalization of this theorem to modules in terms of
primary submodules.

II. P-COMPACTLY PACKED AND STRONGLY P-
COMPACTLY PACKED SUBMODULES

We introduce the following definition for p-compactly
packed submodule and strongly p-compactly packed

Manuscript received May 10, 2012; revised June 12, 2012
L. J. M. A. Lebda is with the Abu Dhabi University, UAE (e-mail:
lamis_jomah@yahoo.com).

submodule.

Definition
A proper submodule N of an R-module M is called P-
Compactly Packed if for each family {N o }ae A, of

primary submodules of » with NcU,, N, , there
exist ¢, a,,...,a, € Asuchthat NcU’_ N, .
Ify ¢ N, for some pe A, then N is called Strongly P-

Compactly Packed.

A module M is said to be P-Compactly Packed (Strongly
P-Compactly Packed) if every proper submodule of M is p-
compactly packed (strongly p-compactly packed).

It is clear every strongly p-compactly packed submodule
is a p-compactly packed submodule but the converse is not
true is general, as is seen by the following example.

Example
Let ¥ be a vector space of dimension greater than 2 over
the field 7 = z /27 . Then every subspace of y is prime,
so every subspace of 7 is primary. Let ¢, and ¢, be distinct
Vi=elF
and

vectors of a basis for p
V,=e,F, V,=(e +e,)F,
L=10,e.e,.¢,+e¢, }=V,UV,UV,is an efficient union of
three primary submodules with \/[V,—M] =(0) » but
L ¢ v forevery j=1,23.

In the following we give a condition under which the
converse holed. For that we give a generalization of the
prime avoidance theorem [5] in terms of primary
submodules.

Definition
Let L,,L,,..., L, be submodules of an R-module M.
We call a covering L C L, U L, U..u L, efficient if

no r,  is shall

L=1, U L, U..uU L, is an efficient union if none of
the 1 's may be excluded.

superflous. Analogously we say

Any cover or union consisting of submodules of M can be
reduced to an efficient one called an efficient reduction by
deleting any unnecessary submodules. A covering of a
submodule by two submodules of a module is never

efficient. Thus L C L, U L, U..u L, may be possibly

an efficient covering only wheny = 10r , )2 [6].

Proposition
Let L C L, U L, U..uU L, be an efficient covering

consisting of submodules of an R-moduleM where, y2 . If

L, Ml :M] for every j#k, then no L, for
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k={1,...,n }is a primary submodule of M.
Proof. Since L C L, U L, U..u L, is an efficient

covering, then
L=(LNLH)U(ZNL)U..U(LNL,) is an

efficient union. Hence for every kK <7 there exists an

element e, €L—1L,.

0N, (LNL)=n"(zNL,)c(ZNL,)

ﬂ#k (L ﬂLj)g (L ﬂLk). Now, for every j#k ,
by hypothesis, W Joa m so that there exists
s, € 1I[Lj : M but S, & v[L;, : M] . Therefore there
exists 1, €Z "
t=I1t, =t byt
primary submodule so 4/ [Lk : M] is a prime ideal of R. Let

S=L) e S =81 84Sk S, - So StMQl? for every j#k.

But S&./[L, :M] . Consequently Stek € (LﬂL]) for
every j # k. But Stek %(LﬂLk). But this contradicts the
fact that [ ek (L N Lj. ) - (L N L, ) Therefore

L, is not primary submodule.

Moreover, by Lemma

t.
such that s].’Mng. Let

Suppose that some L, is a

Theorem (The Primary Avoidance Theorem)
Let M be an R-module , L,, L, ,..., L, a finite number of

submodules of M and L a submodule of M such that
Lc L UL,U..UL, assume that at most two of the

L's are not submodules and  that

primary

/[Lj ‘M| \[[L, :M] Whenever j # kthen L C Lk for some
k.
Proof. For the given covering L € L, UL, U..UL,,

let L C Lu U Ll.2 U..uU L, be an efficient reduction,

thenl<m<nand m#2. If m)2 there exists at least
one L,- j which is primary. In view of proposition (1.4) this

is impossible as I[L/ M) zAf[L, :M] if j #k . Hence m=1,
thus L C L, for some k.
The condition /[L/. M)z [, : M) If j#k in the statement

of the theorem is essential as is seen in example (1.2) If N is
a p-compactly packed submodule of an R-moduleM, such

that whenever /1 # K , then [[H:M] ¢ [L:M] for every

proper submodules H and L of M , then by the primary
avoidance theorem, N is a strongly p-compactly packed
submodule.

Recall that J(M) denotes the Jacobson Radical of M [4,
p-55]. The following proposition shows that p-compactly
packed modules which have J (M) # M, satisfies a certain

329

kind of ascending chain condition.

Proposition

Let M be a p-compactly packed R-module with J (M)
# M, then M satisfies the ascending chain condition for
primary submodules.

Proof. N, C N, C N, C ... be an ascending chain of
primary submodules of M. Let N =, N,. We claim that
N#M.In fact if N=M and H is a maximal
submodule of M then H #J,N,, so there exists

ny,N,,..., N, such that HQUII;N and since

n;?
N, C N, C N, C ... is an ascending chain, so there
=N, so

HCN, , then H=N, , and consequently

exists m € {l,..., k} such that U*, N,
M=U,N, = N, which is a contradiction. So N is a proper
submodule of M, thus there exists n,,n,,..., #, such
that N C Uian’_,and since N, C N, C N, C...is
an ascending chain, so there exists m € {1,..., k }such that

1;=1 Nn,- = Nnm U, N, c Nn,,, SO
N, CcN,C N, C ...Nnm . Therefore M satisfies the

that is

ascending chain condition on primary submodules.

Since finitely generated or multiplication module has a
maximal submodule, the following corollary follows
directly from the previous proposition.

Corollary

If M is a generated or multiplication p-compactly finitely
module, then M satisfies the ascending chain condition for
primary submodules.

The following proposition and theorem give
characterizations of strongly p-compactly packed modules.
Recall that the primary radical of a submodule N of an R-
module M, denoted by prad,,(N) is defined as the

intersection of all primary submodules of M which contain
N. If there exists no primary submodule of M containing N,

we put prad,,(N) =M [7].
A proper submodule N of an R-module M with
prad,,(N) =N will be called P-Radical Submodule [7].

Proposition

Let M be an R-module. M is strongly p-compactly packed
if and only if every p-radical submodule of M is the primary
radical of a cyclic submodule of it.

Proof. Let N be a p-radical submodule of M such that N is
not the primaryradical of a cyclic submodule of it, thus for

each me N,N # prad,,((m)) . So there exists a
primary submodule L D{(m)but N Z L .

Thus
N= u\r<m> c UVLm for{myc L, ¢ N. That is L, & N for each meN.

This contradicts that M is strongly p-compactly packed
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module. Conversely, let N U N , Where N is a

aeN
primary submodule of

M for each &€ A and N = prad, ({m)) for some
mée N.Sinceme N ,me U N, so there exists
e

such that hence

BeA me Ny ,

(m) € Ny, s0 prad,,({m)) TN, that is N C N, .
Therefore M is a strongly p-compactly packed module.
Theorem

Let M be an R-module. The following statements are
equivalent:-

1) M is a strongly p-compactly packed module.

2) For every proper submodule N of M, there
exists me N that

prad, (N)= prad,,((m)).
3) For every proper submodule N of M, if {N o } A 1S

such

a family of submodules of M, such that

NCUN, | then there exists S€ A such that
ceA
N C prad,,(Ng).
4) For every proper submodule N of M, if {N o Jen 18
a family of p-radical submodules of M,
with N < {N, }ae . there exists € A such that

N C Ny.
Proof. (1) = (2) : By the same argument of the proof of

(1.8).
(2)=(3): Let N be a proper submodule of M

and{N,}

aeA

be a family of submodules of M, such that
NCUN, . By (2) there exists m€ N such that
ae

prad,,(N)= prad,,((m)) . Since me U N, , it
acA

follows
that there exists € A such that m€ N, hence

L=U ;N , then L is a submodule of M. We claim that L
is a proper submodule of M. In fact if L = M and H a
maximal submodule of M, so H & U, N, then by theorem
((1.9)(iv)) there exists j such that /' C N ; and since H is a

maximal ~ submodule H =N, and this implies

U ,N,.CN ; that isM Cc N ; which is a contradiction.

So L is a proper submodule of M and by theorem (1.9) there
that Lc N ; )

N,CcN,CN,C ...N]. that is M satisfies the

exists ] such

ascending chain condition for p-radical submodules.
The following is an immediate consequence of
proposition (1.10).

Corollary

Let M be a finitely generated or multiplication strongly p-
compactly packed R-module, then M satisfies the ascending
chain condition for p-radical submodules.

Recall that an R-module M is called Bezout Module if
every finitely generated submodule of M is cyclic.

In the following proposition we give a condition for the
converse of proposition (1.10) to hold.

Proposition

Let M be a Bezout R-module. If M satisfies the ascending
chain condition for P-radical submodules, then M is strongly
p-compactly packed module.

Proof. Let N be a proper submodule of M, it is easy to
show that there exists a finitely generated submodule L of N

such that prad, (N )= prad,,(L) But M is Bezout

module so L is a cyclic submodule, there exists m € L ,
that L =(m) , this me N and

prad,, (N ) = prad,,({m)) therefore by theorem (1.9),

M is a strongly p-compactly packed module.

Now, we give a characterization of a strongly p-
compactly packed finitely generated or multiplication
module.

such implies

(m) S N,,s0 N C prad,,(N) = prad,,((m)) C prad,, (N ) Proposition

(3) = (4) : 1t follows directly from the definition of P-
radical submodule N.
(4) = (1) :1t s trivial.

In what follows we give a proposition which gives
information about a strongly p-compactly packed module

with J(M) # M .

Proposition

Let M be a strongly p-compactly packed R-module such
that J(M')# M . Then M satisfies the ascending chain
condition for P-radical submodules.

Proof. Let N, C N, C N; C ... be an ascending
of M. Let

chain of primary p-radical submodules
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Let M be a multiplication or finitely generated R-module.

If we have one of the following:
1) Mis a cyclic module .
2) M s a Bezout module .
3) RisaBezoutring.

Then M is a strongly p-compactly packed module if and
only if every primary submodule of M is a strongly p-
compactly packed submodule.

Proof. Suppose that every primary submodule of M is
strongly p-compactly packed. Let N be a proper submodule
of M such that NC U N, where N, is a primary

aeN

submodule of M for eachax € A . Assume | N,=M.

aeA

Then L is strongly p-compactly packed
sinceNCLcM=U N, so there exists f € A
# [N

and
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Now if
and

such that L C N s » hence
UN,#M , let
SER-U4N,:M

aeA

so S is an S-closed subset of M and since N C U N,

ae\
it follows N C M —S" ,so there exists a submodule L
Maximal in M —S" and contains N [1, p. 75], L is a
prime [1, p. 61], so primary submodule, but LC U N,

aeN

N<;L<;Nﬁ .
S*=M-UN,
e

(because LCM—S" ) so there exists S€ A such
that L C Nﬂ , hence NC L C Nﬂ Therefore M is a

strongly p-compactly packed module. The converse is trivial.

In the remainder of this section we shall investigate the
relation between the strongly p-compactly packed modules,
p-compactly packed modules and the modules of fractions.

Our next result has some interest in itself.

Lemma

Let M be an R-module and S a multiplicatively closed set

in R. If W is a primary submodule of the R —module M, ,

theng~! (w) is a primary submodule of M.
Proof. Suppose that W is a primary submodule of M. First

to show that is proper submodule of M, it is sufficient to
show [p7':M]NS=¢ . Suppose re[p':M]NS , thus

reSand yme ¢! (w) for all me M , ¢(rm)=meW )
1

LeWs
rt

a

t rt

ra ra

for all me M . Let £ ¢ 7, s0 1

t

thus Mg CW which is contradiction.

Now to show ¢ (W) is primary submodule, let re R ,

me M that  rme g7 (W) p(rm)e W
rm

1
hence either ? eWw O g(m)= ? c w this implies

such )

>

%-%e w but W is primary submodule of M, ,

mep W) or ¢ w1 so there exists ne Z* such
1 N s]

that %.ﬂe w forall ™ o pp .
N N

"m r'ms r"
1 s s

r'me ¢ (W) for all me M , thus re [p"(W):M] ,

therefore ¢! (w) is primary.

m

Therefore (1) =~ Sew , hence

Now, we look at the relation between strongly p-
compactly packed module M, and the module of fractions

M,

Proposition

Let M be an R-module and S a multiplicatively closed set
in R. If M is strongly p-compactly packed R-module then

M is strongly p-compactly packed Rg-module.
Proof. Suppose H C U W, where H is a proper submodule
aeN

of My and W, is a primary submodule of M for each
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oae A\ Hence

o H) o (Upr W) So
¢ (H)c U ¢ (W,)By Lemma (1.14) ¢ (,)is a primary
of M, B A such that
¢ (H) g™ O7,) hence (¢ (H); (47 07,)); - We wil

show that(¢™' (K)); =K for every submodule K of M . Let

submodule there exists

Te (¢’1([Q)Swhere xe¢ ' (K) and s€S. So ¢(x)eK, that
S

x1 x
1ls s

is X e K, hence K, so (¢ (K)); K. Now let

EeK, thus f-fe[(, hence EEK that is @g(x)eK so
s s 1 1

xeg(K) , thus e (¢7(K)), therefore K C (¢ (K))g »
S

consequently K=(¢"'(K)), for all KCM, . It follows
HCW, . Hence M is a strongly p-compactly packed

module.
Turning now to the relation between p-compactly packed

module M and the module of fractions M.

Proposition
Let M be an R-module and S a multiplicatively closed set
in R. If M is p-compactly packed R-module then M is p-

compactly packed R¢-module.
Proof. Let H C U W, H is a proper submodule of M,

e\

and W is a primary submodule of M for eachax € A .

¢_1 (H) c ¢_1 (UaeA Wa) SO

¢'(H)c U ¢ (W,)By Lemma (1.14) ¢ () is a primary
e

submodule of M,
there

¢ (H)cULo™ W)
(¢71 (H))s QU’;:I ((¢7I (VVﬂ)))S =U7:1 (¢7l (% s
Now, as in the proof of proposition (1.15), HC U W,,.
e

Hence

exists a,,0,,.,0, €\ such that

hence

Therefore M is p-compactly packed module.

The converses of the last two propositions are not true in
general as is seen in the following example:
Example

Let X be an infinite set. Let R be
ring (P(X),A,N) which is a Bolean ring so it is regular.

Let T = {H|H is a finite subset of X}, so T is non-
maximal ideal of P(X), and for any HE T we have (H) is a
radical ideal, since every proper ideal in a regular ring is
radical ideal. This implies that (H) = [1{P|P is a prime ideal
contains H}. It is easy to show that every primary ideal L of
P(X) is prime. This implies that prad, ,,(H)=(H), since

TZ(H) for all HET, that is T ¢ prad,,((H)) for all
HEeT so there exists primary ideal P, such that P, D(H)

the
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but TZP, . Since T=U,,,(HycU,., P, So T is not

p-compactly packed submodule. So P(X) is not p-compactly
packed module.

On the other hand, for any maximal ideal P of R, R, is a
field because R is a regular ring, so R, is p-compactly

packed R,-module.
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