
  
Abstract—Quantum interference effects in quantum rings 

provide suitable means for controlling spin at mesoscopic 
scales. So an open one-dimensional quantum nano ring 
containing a potential impurity which is subjected to the 
Rashba spin-orbit interaction is considered. The strength of 
Rashba parameter can be controlled by a normal electric field. 
The quantum ring coupled with three leads (one input and two 
output leads) and patterned in two-dimensional electron gases 
(2EDG). One dimensional quantum wave guide theory, 
transfer matrix and Griffith’s boundary conditions is used to 
calculated the transmission coefficients. Spin rotation and 
conductance of this arm-depended quantum ring is studied. 
We investigated that the position of impurity and the output 
leads can be effect on the conductance and spin rotation. We 
introduce the mesoscopic structure as a spin rotator of 
electrons. 
 

Index Terms—Spintronic, Three-terminal quantum ring, 
Rashba spin-orbit interaction.  
 

I. INTRODUCTION 
Recently quantum electronics from both experimental and 

theoretical physics communities has attracted a lot of 
interest [1]. These studies are focused on the role of Spin 
Orbit Interaction (SOI) in nanometric devices patterned in a 
two dimensional electron gas (2DEG) and on the interplay 
of SOI and quantum interference [2], [3]. Unlike electronic 
which is based on the charge of the electrons, the main 
concept of spintronic is combining of microelectronic and 
spin depended effects, that due to interaction between the 
spin of the electron, orbital degree of freedom and magnetic 
properties. Using spintronic in fabrication of device leads to 
higher production speed and lower power consumption.  
Due to the coupling of electron orbital motion and the spin 
degree of freedom at mesoscopic scale or nano scale, it is 
possible to manipulate and control the electron spin. 

Thus great efforts have been devoted in the past few years 
to overcome the fundamental obstacles in the realization of 
spintronic devices, such as generation and the filtering of 
pure spin-polarized currents and their appropriate 
manipulation in a controllable environment. Due to 
spin-orbit interaction, Datta and Dass proposed a spin 
transistor more than ten years ago, that control the electron 
spin by means of a magnetic field and magnetic materials 
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[4]-[12]. 
Most of these works for spin filters appeared based on 

intrinsic spin splitting properties of semiconductors 
associated with the Rashba SOI [13], [14]. The Rashba SOI 
is essentially the influence of an external field on a moving 
spin and can be seen as the interaction of the electron spin 
with the magnetic field, appearing in the rest frame of the 
electron. 

Moreover for applications it is essential that the strength 
of Rashba effect and thus the spin splitting can be controlled 
by means of a gate electrode. 

In this article we focus on the spin interference in 
coherent quantum nano ring conductors (QR) at low 
temperature (T<<1K) under the influence of electromagnetic 
potential [15]-[19], known as Aharonov-Bohm(AB)[20] and 
Aharonov-Casher(AC)[21] effects. In a coherent QR the 
dimensional of ring smaller than phase coherent length of 
electrons. In addition an extended literature is devoted to the 
study of persistent currents, from both of experimental and 
theoretical point of view, in close and open quantum rings 
by focusing on the spin polarization of these currents due to 
presence of Rashba interaction [22]. 

In 2003 Nitta et al. proposed a spin interference device 
allowing considerable modulation of the electric current. 
This device was a one-dimensional ring connected with two 
conductor leads [23]-[27]. 

In 2008 kalman et al. introduce the another 
one-dimensional spintronic device which is a semiconductor 
structure as a tree-terminal quantum ring[28]. 

In their device, electros entering in a totally unpolarized 
spin state become polarized at the outputs with different spin 
directions. This device can be deemed in a certain sense a 
spintronic analogue of the Stern-Gerlach apparatus [29]. 

In this paper we calculated the spin rotation and 
conductance of three-terminal quantum nano ring with an 
impurity in presence of Rashba spin-orbit interaction, which 
can be fabricated from e.g InAlAs/InGaAs based on 
heterostructure. We show for first time that the position of 
impurity and output leads can effect on the conductance and 
direction of outgoing spin. The rashba interaction coupling 
with impurity can be increases the spin rotation in special 
cases. 

The paper is organized as follows; the Hamiltonian and 
model are introduced in next section. In sec 3, we present 
our results and discussed them. Finally, we end the paper by 
a brief summary. 

 

II. HAMILTONIAN AND MODEL 
In the persence of  Rashba spin-orbit interaction and a 

potential impurity, the Hamiltonian operator for a 
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one-dimensional ring structure in the Gausin coordinate is 
given by: 

 H ൌ ሼω ቂቀെ݅ డడఝ  ఠଶΩ ሺߪ௫cos߮  ௬sin߮ሻሻଶߪ െ ఠమସΩమቁቃ Vδሺφ െ ߮ሻ ሽ                            
(1) 

 
where ߪ௫ and ߪ௬  are the pauli matrices, ߱ ൌ ݁ܧ௭ ൫√2݉ܿܽכ൯ଶ⁄ is the frequency associated to the 
spin-orbit interaction, Ω ൌ ଶ ⁄ଶܽכ2݉  is the kinetic 
energy, ݉כ  is the effective mass of the electron and Vδሺφ െ ߮ሻ is the impurity term. Rashba result from the 
asymmetric confinement along the direction (z) 
perpendicular to the plane of the ring (x-y), and represents 
the average electric field along the z direction [30], [31]. We 
can solve the eigenvalue problem in a straight forward   
manner. 
ఓܧ  ൌ  Ω ቂ݇ଶ  ሺെ1ሻఓ݇ݓ  ଵସቃ ൌ Ω ቀ݇ െ ଵଶ െ థഋଶగ ቁଶ െ ߱24Ω2                                 

  (2)                                                             
 
where ߤ ൌ 1,2  ܽ݊݀ ߶ఓ =- ሾ1ߨ  ሺെ1ሻఓݓሿ ,is the 
aharonov-casher phase. The energy of the incoming 
electrons ܧ ൌ ଶ݇ଶ/2݉כ  has to be conserved, therefore 
the condition  ܧ /Ω ൌ ݇ଶߩଶ  ൌ ఓܧ , determines the 
possible value of  k; 
 
where 
  ݇ఓ ൌ ሺെ1ሻఓାଵ ቀ௪ଶ  ሺെ1ሻఔݍቁ           (3) 
ߤ                                       ൌ 1,2 , ݓ ൌ ඥ1  ሺ߱ Ω⁄ ሻଶ,  ݍ ൌ ඥሺ߱ Ω⁄ ሻଶ  ሺ݇ܽሻଶ  and ߶ఓ=-ߨሾ1  ሺെ1ሻఓݓሿ referred to Aharanov-Casher phase. 
to the four different  ݇ఓ the following four eigenstates are 
found to be  
 ߯ఓ൫ ݇ఓ߮൯ ൌ ݁ೕഋఝ  ߯ఓሺ߮ሻ           ߤ, ݆ ൌ 1,2;   (4) 

 
can be described of the pauli matrix ߪ௭ as : 
 

߯ଵሺ߮ሻ ൌ ൮݁ିఝଶ cos 2݁ఝଶߠ  sin 2ߠ ൲   , 
 ߯ଶሺ߮ሻ ൌ ቌ షകమ ୱ୧୬ഇమିകమ  ୡ୭ୱഇమቍ ,ߤ   ,      ݆ ൌ 1,2 ;   (5) 

 
In which angle θ given by,  ݃ݐሺߠሻ ൌ ߱/Ω. The wave 

function for a given energy E in the different sections of the 
ring is the linear combination of these states. 
 

Ψሺ߮ሻ ൌ ∑ ܽఓఓ,ୀଵ,ଶ  ߰ሺ݇, ߮ሻ   , ݅ ൌ ,ܫ ,ܫܫ ,ܫܫܫ  (6)   ܫܫܫܫ
 
And ݅ denotes the section of the ring in the 

counterclockwise direction, starting from the position of the 

incoming lead. 
 

 
Fig. 1. The geometry of the device and the relevant wave function in the 

different domains. The parameter φ is measured from junction 1 in 
counterclockwise direction. 

 
  By using the Griffith’s boundary conditions at each 

junction, one-dimensional scattering problem is solvable. 
The Griffith’s boundary conditions are: (i) the wave 
function must be continuous and (ii) the current density 
must be conserved. The wave function in the each lead can 
be expanded by: 

 ߰ଵሺݔଵሻ ൌ  ቀሺଵሻ՛ሺଵሻ՝ቁ ݁௫భ  ቀሺଵሻ՛ሺଵሻ՝ቁ ݁ି௫భ   (7) 
 ߰ଶሺݔଶሻ ൌ  ቀሺ௧ଶሻ՛ሺ௧ଶሻ՝ቁ ݁௫మ          (8) 
 ߰ଷሺݔଷሻ ൌ  ቀሺ௧ଷሻ՛ሺ௧ଷሻ՝ቁ ݁௫య          (9) 

                                                    
Fig .1. Shows the geometry of the device and the relevant 

wave function in the different domains. The parameter φ is 
measured from junction 1 in counterclockwise direction. 

Considering the input junction, the associated Griffith’s 
boundary conditions are: 

 ߰ଵሺ0ሻ ൌ ߰ூሺ0ሻ ൌ ߰ூூூሺ2ߨሻ        (10) 
 
and 
ଵሺ0ሻܬ  െ ூሺ0ሻܬ  ሻߨூூூሺ2ܬ ൌ 0.       (11) 
 

The appropriately normalized spin current densities in the 
leads are given by 
୪ሺx୪ሻܬ  ൌ 2ܴܽ݁ ൬Ψறሺݔሻ ቀെ݅ பப௫ቁΨሺݔሻ൰    (12) 

                        
and in the ring by ܬ୧ሺ߮ሻ ൌ 2ܴ݁ ൬Ψறሺ߮ሻ ቀ ωଶΩ σ୰ሺ߮ሻ െ ݅ பப௫ቁΨሺݔሻ൰   (13) 

 
where ߪ   ൌ ௫cos߮ߪ   ௬sin߮ߪ  ,i= ,ܫ  ,ܫܫ ,ܫܫܫ ܫܫܫܫ and 
l=1,2,3,4. For the sake of definiteness, we present the details 
for the incoming junction (1). The results for the other 
junctions can be obtained in a similar manner. We simplify 
equation (11) by using (12) 

Analogous equations can be written for the other two   
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junctions. Besides, the same boundary conditions can be 
applied to δ-function potential in the arm. By applying the 
aforementioned conditions to spin up and down, we can find 
22 equations which can be solved by numerical methods. 
 ܽ డΨభడ௫భ |୶భ െ డΨడఝ |φୀ  డΨడఝ |φୀଶπ        (14) 
 

Now we study the conductance of ring in presence of 
Rashba spin-orbit interaction and a potential impurity.  In 
the landauer formalism the conductance is given by 
 G՛ ൌ ୣమ୦ ൬หሺtII ሻ՛หଶ  ቚሺtIIIሺ ሻሻ՛ቚଶ൰,        (15) 

 G՝ ൌ ୣమ୦ ቀหሺtII ሻ՝หଶ  หሺtIIIሻ՝หଶቁ             (16) 
 
where G՛ and G՝ are the total conductance for spin up and 
spin down, ሺtII ሻ՛,  ሺtII ሻ՝  denotes the quantum probability 
of transmission for output junction II for up and down spin 
and ሺtIIIሺ ሻሻ՛  , ሺtIIIሻ՝   are the quantum probability of 
transmission for output junction III for up and down spin 
[32]. 
 

III. RESULT AND DISCUSSION 
By using the method in the previous section, we have 

investigated the quantum conductance as a function of 
incident electrons energy. In a real ring the coupling 
between the leads and ring can be complicated. This 
asymmetry can be a consequence of fabrication defects and 
be induced by Lorentz force [33]. Calculations are 
performed for Rashba coefficient (ω / Ω) α = 5, v = 0.05 
mev and effective mass ݉0.023 =כm�, which v is the 
strength of potential impurity, and m� is the rest mass of 
electrons. 

We approach the scattering problem by using the 
quantum waveguide theory [34], [35]. For the strictly 
one-dimensional ring the wave function in different regions 
for each value of the spin are different. Actually, by 
applying the electric field perpendicular to the plane of ring, 
which leads to Rashba spin-orbit effect, the symmetry is 
broken; as described before, the electrons which move along 
the upper arm have a different phase compared to the 
electrons moving along the lower arm, this asymmetry leads 
to spin rotation[36], [37]. 

Wave function in different regions correlated together and 
transmitted into the output leads. For these values of the 
parameters the dependence of the transmission probability 
on incident electron energy is calculated. When we calculate 
the transmission probability in two output junctions by using 
the Landauer-Buttiker conductance formula which describes 
the transport properties of a system subject to a constant, 
low bias voltage[38], [39], the conductance in nano or 
mesoscopic structure cab be derived. 

In this section we show the conductance for different 
cases of asymmetry.   

Fig. 2. Shows the quantum conductance of a 
three-terminal quantum nanoring. For these values of the 
parameters the dependence of the quantum conductance on 

incident electron energy is illustrated. The electrons which 
move thought the ring feel the δ-function potential. The 
strength of δ-function potential impurity, position of 
impurity and output leads can be influence on the 
conductance. In Fig. 1(b) the incoming spin state chosen to 
be up, Fig. 1(c) related to the electrons with down spin- the 
spin eigenstate of ߪ௭- and in Fig. 1(d) the spin current is 
non-polarized. When ଵߛ  ൌ 3/ߨ2 ଶߛ  , ൌ 3/ߨ4  and  ߛଷ ൌ ,ଵߛ which ,3/ߨ5  ଶ is the position of output leads andߛ
the impurity is located at an angle ߛଷ. Since as mentioned in 
the pervious section, in zero temperature the conductance is 
given by Landauer-Buttiker formalism. The conductance is 
expressed in unit of conductance (ܩ ൌ ݁ଶ/݄ሻ; which e is 
the electrons charge and h denotes the plank constant. The 
periodic behavior can be seen in the curves, these 
oscillations referred to constructive and destructive 
interference. In Fig. 1(b),(c),(d), it can be seen the 
conductance for some value of ka such as 17.9, 20.9 and 
23.9, is zero. In this value of incident electron energy the 
interference between wave functions in different regions of 
ring are totally destructive so quantum ring acts as a 
nonconductor device and incident electrons totally reflected 
in input terminal. Comparing the curves, it can be seen when 
the incoming spin state chosen to be up the conductance for 
spin down electrons is higher. In Fig. 1(c) the opposite result 
is shown and Fig. 1(d) express that when the incoming spin 
current is non-polarized and the percent of spin up in higher 
the conductance for spin down electrons is more. Therefore, 
under these situations the coupling between Rashba 
spin-orbit interaction and a potential impurity can be rotated 
the electrons spin. Blue (solid line) and red (dashed line) 
curves related to conductance for spin up and down. Our 
results depend on the geometry of device. The position of 
output leads and impurity changes the periodic behaviors. 
We studied the spin-dependent interference in the ring in 
different cases. 

 

 
(a) 

 
(b) 
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(c) 

 

 
(d) 

Fig. 2. (a) plot of our system, the conductance  ܩ/ܩሺܩ ൌ ݁ଶ/݄ሻ of ring , 
(b) input electrons with spin up=100%, (c) down=100% and (d) up=60% 

and down=40%. 
 

 
(a) 

 

 
(b) 

 
(c) 

 

 
(d) 

Fig. 3. (a) plot of our system, the conductance  ܩ/ܩሺܩ ൌ ݁ଶ/݄ሻ of 
ring , (b) input electrons with spin up=100%, (c) down=100% and (d) 

up=60% and down=40%. 
 

Fig. 3 shows the effect of asymmetry on the conductance. 
In this case there is not a perfect symmetry between the 
arms. The outgoing leads are located at ߛଵ ൌ 3/ߨ ଶߛ , ൌ 3/ߨ5  and impurity located at ߛଷ ൌ 3/ߨ11 . It is 
obvious that the value of incoming electrons energy that our 
device is nonconductor is decreased. It is very good result 
for us and the correlation between elecrons and impurity in 
persence of SOI decrease the spin rotation. In this case the 
quantum conductance for incoming spin states is more. 
Namely the input electrons are rotated the same direction at 
the output leads of the ring.     
 

 
(a) 
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(b) 

 
(c) 

 
(d) 

Fig. 4. (a) plot of our system, the conductance  ܩ/ܩሺܩ ൌ ݁ଶ/݄ሻ of ring , 
(b) input electrons with spin up=100%, (c) down=100% and (d) up=60% 

and down=40%. 
 

Fig. 4 Shows another case of asymmetry. Graphs are 
plotted for ߛଵ ൌ ଶߛ ,4/ߨ ൌ ଷߛ and impurity located at 4/ߨ7 ൌ  In this case the conductance of ring also is a .8/ߨ15
periodic function of ka. Our results show the spin direction 
of incoming electrons is rotated about 95% in the output 
leads and the conductance in some value of incident 
electrons energy, such as ka=18.5 and 26.5 is maximum 
(near 1). In fact the input spinor that changes its direction is 
due to the SOI and impurity, lead to spin rotation devices. 
By comparing the curves in Figs 2, 3 and 4 we see that in 
figure 4 the value of incoming electrons energy is 
nonconductor is decreased more than pervious figure (Fig 
3). 

IV. CONCLUSION 
We have studied quantum conductance in a quantum 

nanoring by considering Rashba interaction and an impurity. 

By applying the Griffith’s boundary conditions, the 
conductance dependence of position of impurity and output 
leads for different values of wave number is investigated. 
The spin rotation appears as a result of Rashba spin-orbit 
coupling that interaction between incident electrons and 
impurity plays an important role. 
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