
 
 

 

  
Abstract—A new kind of integrable couplings of soliton 

hierarchies with self-consistent sources associated with  ࢙෩ () 
was presented.  Based upon this method, two new integrable 
couplings associated with Li soliton hierarchy and BKK soliton 
hierarchy with self-consistent sources were obtained by making 
use of loop algebra  ࢙෩ ()  respectively. Meanwhile, their 
Hamiltonian structures of the integrable couplings of Li and 
BKK soliton hierarchies were obtained by making use of 
variational  identity . The method in this study can be applied to 
other soliton hierarchies with self-consistent sources. 
 

Index Terms—Li soliton hierarchy, self-consistent sources, 
integrable   couplings,  BKK soliton hierarchy  
 

I. INTRODUCTION 
Soliton equations with self-consistent sources [1]-[4] has 

been receiving growing  attention in recent years.  Physically, 
the sources may result in solitary waves with a non-constant 
velocity and therefore lead to a variety of dynamics of 
physical models. For applications, these kinds of systems are  
usually used to describe interactions between different 
solitary waves and are relevant to some problems of 
hydrodynamics, solid state physics, plasma physics, etc. 

Recently, the integrable couplings with self-consistent 
sources have been receiving growing attention. Yu [5]-[7] 
has derived some integrable couplings of soliton  hierarchy 
with self-consistent sources such as the Dirac soliton 
hierarchy with self-consistent sources, the Yang soliton 
hierarchy with self-consistent sources and the C-KdV soliton 
hierarchy with self-consistent sources by making use of the 
loop algebra ݏ෩݈ (4), but there are some errors in [5]-[7] . In 
this paper, we will correct these errors and construct a new 
integrable couplings of  soliton hierarchy with self-consistent 
sources by making use of loop algebra ݏ෩݈ (4). 

This paper is organized as follows.  In section Ⅱ, we will 
lead  to a kind of integrable couplings of soliton hierarchies 
with self-consistent sources by making use  of  ݏ෪݈(4).  In 
section Ⅲ,  integrable couplings of the Li soliton hierarchy 
with self-consistent sources is derived by making use of  loop 
algebra ݏ෩݈ (4).  In section  Ⅳ,   integrable couplings of the 
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Broer-Kaup-Kupershmidt  soliton hierarchy with 
self-consistent sources is derived by making use of  loop 
algebra ݏ෩݈ (4). Finally, some conclusions are given. 
 

II. A  NEW  INTEGRABLE COUPLINGS OF  SOLITON 
HIERARCHY  WITH SELF-C ONSISTENT SOURCES ASSOCIATED 

WITH  ݏ෩݈ (4) 
In the following, we consider a set of matrix Lie algebra 

sl(4)[5 

ଵ݃ ൌ ቌ1 00 െ1 0 00 00 00 0 1 00 െ1ቍ , ݃ଶ ൌ ቌ0 11 0 0 00 00 00 0 0 11 0ቍ, 
      ݃ଷ ൌ ቌ 0 1െ1 0 0 00 00 00 0 1 1െ1 0ቍ , ݃ସ ൌ ቌ0 00 0 1 00 െ10 00 0 0 00 0 ቍ,             (1) 

݃ହ ൌ ቌ0 00 0 0 11 00 00 0 0 00 0ቍ ,  ݃ ൌ ቌ0 00 0 0 1െ1 00 00 0 0 00 0 ቍ 

It is easy to verify that 
       sl(4)  ൌ span ሼgଵ , gଶ, gଷ, gସ, gହ, gሽ,                                      sl(4)ଵ  ൌ span ሼgଵ , gଶ, gଷሽ,                                   (2)       sl(4)ଶ  ൌ span ሼ gସ, gହ, gሽ  

Construct  three Lie algebras, and satisfy (4)݈ݏ ൌ ଵ(4)݈ݏ   ْ ,ଵ(4)݈ݏଶ, ሾ(4)݈ݏ  ଶሿ(4)݈ݏ ൌ – ଶ(4)݈ݏଵ(4)݈ݏ ଵ(4)݈ݏଶ(4)݈ݏ ك  .ଶ(4)݈ݏ
The corresponding loop Lie algebra are defined as follows: ݏ෩݈ (4)  ൌ ൛ܣหܣ א ܴൣλ, λିଵ൧ ٔ ෩݈ݏ ,ൟ(4)݈ݏ (4)ଵ  ൌ ൛ܣหܣ א ܴൣλ, λିଵ൧ ٔ ෩݈ݏ ,ଵൟ(4)݈ݏ (4)ଶ  ൌ ൛ܣหܣ א ܴൣλ, λିଵ൧ ٔ  .ଶൟ(4)݈ݏ
Consider  the auxiliary linear problem  

           ൮߶ଵ߶ଶ߶ଷ߶ସ
൲

௫
ൌ ,ݑ)ܷ λ) ൮߶ଵ߶ଶ߶ଷ߶ସ

൲  ,                               (3a) 

 

         ൮߶ଵ߶ଶ߶ଷ߶ସ
൲

௧
ൌ ܸ()(ݑ, λ) ൮߶ଵ߶ଶ߶ଷ߶ସ

൲,                            (3b) 

where ܷ(ݑ, (ߣ ൌ ଵ݃(λ)    ∑ ݑ ݃(λ) , ݑ ൌ ,ଵݑ) … , )T,ୀଵݑ ݑ    ൌ ,ݔ)ݑ  ݅)(ݐ ൌ 1,2, … 6),  ߶ ൌ  ߶(ݔ, j)(ݐ ൌ 1, 2,3,4)   
are field variables defining on ݔ א ܴ, ݐ א ܴ, ୧݃(λ) א ෩݈ݏ  ෩݈ݏ ,(4) (4) denotes a  infinite Lie  algebra over R.  When பப௧ ൌ 0, 
the compatibility conditions of  (3) gives rise to the 
well-known zero curvature equation  ௧ܷ െ  ௫ܸ()   ൣܷ, ܸ()൧ ൌ 0, ݊ ൌ 1, 2, ڮ ,.                     (4) 

The general scheme of searching for the consistent ܸ（）and  generating a hierarchy of soliton equations was 
proposed as follows[8]. First, we solve the stationary zero 
curvature equation ௫ܸ  ൌ  ܷܸ െ  ܸܷ, 
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ܸ ൌ   ܸ(u)λି ൌ∞

ୀ  

∑ ൮ ܽ ܾ  ܾܿ െ ܿ െܽ ݀ ݁  ݂݁ െ ݂ െ݀0       00          0   ܽ    ܾ  ܾܿ െ ܿ െܽ
൲∞ୀ λି୫.              (5) 

Then we search for Δ א ෩݈ݏ  (4) such that ܸ() can be 
constructed by ܸ() ൌ ∑ ܸ(u)λିୀ +Δ(ݑ, λ),  Δ(ݑ, λ) ൌ Δଵ ଵ݃  Δଶ݃ଶ  Δଷ݃ଷ  Δସ݃ସ  Δହ݃ହ   Δ݃ (6)    

                                                           
where  Δ are linear functions of  ܽ,  ܾ, ܿ, ݀, ݁୬and ୬݂. 

 Under certain conditions,  there is a constant γ such that 
the so-called variational identity holds[9]. 

δ   δ௨ Tr ቀܸ பபλቁ  ൌ ቀλିγ ቀ பபλቁ λγቁ Tr ቀܸ பப௨ቁ,                         (7) 

 
where Tr denotes the trace of a matrix. Define a scalar ܪ ൌ ,ݑ)ܪ λ) by the equation ቀλିγ ቀ பபλቁ λγቁ ܪ ൌ  Tr ቀܸ பபλቁ,  ܪ ൌ  ∑ λି∞ୀ(ݑ)ܪ .                                     (8) 
From the variational identity (7), we obtain that ∑ δு

δ௨∞ୀ λି ൌ Tr ቀܸ பப௨ቁ ൌ  ∑ Tr( ܸ ݃)λି∞ୀ .             (9) 

The sets ሼܪ୫ሽ  proves the conserved densities of (4).  In 
[8], Ma proposed the generalized Tu scheme to find a 
Hamiltonian function,  a recursion operator L and symplectic 
operator J of  the hierarchy based on stationary zero 
stationary equation (5). The Hamiltonian form with ܪ୬ 
can be written as  ݑ௧ ൌ ܬ δு

δ௨  , n = 1, 2, ….                                (10)  δு
δ௨  ൌ ܮ δுషభ

δ௨  ൌ …ൌ ܮ δுబ
δ௨  , n = 1, 2, …,              (11) 

where δ
δ௨ = ( δ

δ௨భ ,…, δ
δ௨ల)். 

    We consider the auxiliary problem of (3).  For N distinct 
λ୨ , j = 1, …, N,  the following systems  result from (3)  as  
follows 

ۈۉ          
ۋیଵ߶ଶ߶ଷ߶ସ߶ۇ

ۊ
௫

ൌ ൫ ଵ݃൫λ୨൯   ∑ ݑ ݃(λ୨)୧ୀଵ ൯ ۈۉ
ۋیଵ߶ଶ߶ଷ߶ସ߶ۇ

 (12a)              ,ۊ

ۈۉ   
ۋیଵ߶ଶ߶ଷ߶ସ߶ۇ

ۊ
௧

ൌ  ൫∑ ܸ(u)λ୨ି୬ୀ  Δ(ݑ, λ୨)൯ ۈۉ
ۋیଵ߶ଶ߶ଷ߶ସ߶ۇ

 (12b)              ۊ

The following equation is presented in Refs.[10, 11]. 
δுೖ
δ௨  ∑ α୨ δλౠ

δ௨ே୨ୀଵ ൌ 0,                                 (13) 

where α୨ are constants, ఋுೖఋ௨  determines a finite dimensional 
invariant sets for the flow (10).    
     For (12a), it is known (up to a constant factor) that 

δλౠ
δ௨ ൌ ଵଶ Tr ቀߖ ப(௨,λౠ)ப௨ ቁ ൌ ଵଶ ߖ ) ݃(λ୨)),                   (14) 

where i = 1, 2, 3. j  = 1, …, N and  

ߖ ൌ ۈۉ
ଵ୨߶ଶ୨߶ۇ െ߶ଵ୨ଶ߶ଶ୨ଶ െ߶ଵ୨߶ଶ୨ ߶ଷ୨߶ସ୨� െ߶ଷ୨ଶ߶ସ୨ଶ െ߶ଷ୨߶ସ୨0         00         0 ߶ଵ୨߶ଶ୨ െ߶ଵ୨ଶ߶ଶ୨ଶ െ߶ଵ୨߶ଶ୨ ۋی

 .ۊ
For uସ, uହ, u,  if we set ݃(λ୨) ൌ ൬0 0ܣ 0 ൰, i = 4, 5, 6.  ߖଵଶ ൌቆ߶ଷ߶ସ െ߶ଷଶ߶ସଶ െ߶ଷ߶ସቇ, we demand that 

δλౠ
δ୳  ൌ ଵଶ Tr(ߖଵଶܣ), i = 4, 5, 6.                      (15) 

By using of (14) and (15), we present a kind of the 
integrable couplings of integrable soliton equation hierarchy 
with  self-consistent sources 

௧ݑ              ൌ ܬ ఋுఋ௨  ܬ ∑ ఋఒೕఋ௨ேୀଵ ൌ ܮܬ ఋுబఋ௨  ܬ ∑ ఋఒೕఋ௨ .ேୀଵ             (16) 

where n = 1, 2,…. 
    Remark   The representation of 

δλౠ
δ௨ in [5]-[7] is wrong. 

In (14) and (15), we correct these errors. 
 

III. THE INTEGRABLE COUPLINGS OF LI SOLITON 
HIERARCHY WITH SELF-CONSISTENT SOURCES 

In [12], Fan presented the zero curvature representation of 
Li soliton hierarchy. In this section,we consider the following 
enlarged Li matrix spectral problem ߶௫ ൌ ,ݑ)ܷ λ)߶, ܷ(ݑ, λ) ൌ  െ ଵ݃(1)  ଵ(݃ଵ(0)ݑ  ݃ଷ(0))  ݑଶ݃ଶ(0)  ଷ(݃ସ(0)ݑ ݃(0))   ସ݃ହ(0),                                   (17)ݑ
i.e. 

,ݑ)ܷ λ) ൌ ൮ െλ  ଵݑ ଵݑ  ଵݑଶെݑ  ଶݑ λ െ ଵݑ ଷݑ ଷݑ  ଷݑସെݑ  ସݑ െݑଷ0        00         0 െλ  ଵݑ ଵݑ  ଵݑଶെݑ  ଶݑ λ െ ଵݑ
൲, 

where  λ is the spectral parameter. 
To establish the integrable coupling system of the 

Lisoliton hierarchy, the stationary zero curvature equation Vx 
= [U, V ] of the spectral problem (17) through the generalized 
Tu scheme [8] is firstly solved. We assume that a solution of 
V is given by ܸ ൌ   ܸ∞

ୀ (u)λି ൌ  λି ·∞

୫ୀ  

൮ ܽ ܾ  ܾܿ െ ܿ െܽ ݀ ݁  ݂݁ െ ݂ െ݀0       00          0   ܽ    ܾ  ܾܿ െ ܿ െܽ
൲.              (18) 

Therefore, the condition (5) gives rise to the following 
recursion relations: 

ەۖۖۖ
۔ۖۖ
ۓۖ ܽ௫ ൌ ଵܾݑ2 െ ଶܿ,ܾାଵݑ2 ൌ െݑଶܽ  ଵܾݑ െ ଵଶ ܿ௫,ܿାଵ ൌ െݑଵܽ െ ଵଶ ܾ௫  ଵܿ,݀௫ݑ ൌ ଷܾݑ2 െ ସܿݑ2  ଵ݁ݑ2 െ ଶݑ2 ݂,݁ାଵ ൌ ଷܾݑ െ ସܽݑ െ ଶ݀ݑ  ଵ݁ݑ െ ଵଶ ݂௫,

݂ାଵ ൌ ଷܿݑ െ ଷܽݑ െ ଵ݀ݑ െ ଵଶ ݁௫  ଵݑ ݂.
                (19) 

If  we  set ܽ ൌ 2, ܾ ൌ ܿ ൌ ݀ ൌ ݁ ൌ ݂ ൌ 0,  we see that 
all sets of functions ܽ, ܾ, ܿ, ݀, ݁, ݂ are uniquely 
determined. In particular, the first few sets are: 

ۈۉ
ۇۈۈ

ܽଵ ൌ 0, ܾଵ ൌ െ2ݑଶ, ܿଵ ൌ െ2ݑଵ, ݀ଵ ൌ 0,݁ଵ ൌ െ2ݑସ, ଵ݂ ൌ െ2ݑଷ, ܽଶ ൌ ଵଶݑ െ ଶଶ,ܾଶݑ ൌ ଵ௫ݑ െ ,ଶݑଵݑ2 ܿଶ ൌ ଶ௫ݑ െ ଵଶ,݀ଶݑ2 ൌ ଷݑଵݑ2 െ ସ,݁ଶݑଷݑ2 ൌ െ2ݑଵݑସ െ ଷݑଶݑ2  ଷ௫,ଶ݂ݑ ൌ െ4ݑଵݑଷ  .ସ௫ݑ
                             (20) 

From (19), we can obtain the following recursion relations 
for ܽାଵ െ ܿାଵ  ݀ାଵ െ ݂ାଵ, ܾାଵ  ݁ାଵ,  ܽାଵ െܿାଵ and ܾାଵ, 

൮ܽାଵ െ ܿାଵ  ݀ାଵ െ ݂ାଵܾାଵ  ݁ାଵܽାଵ െ ܿାଵܾାଵ ൲ ൌ ܮ ൮ܽ െ ܿ  ݀ െ ݂ܾ  ݁ܽ െ ܾܿ ൲    (21) 

                                 
where 

ܮ ൌ
ۈۉ
ۇۈۈ

12 ߲ െ ߲ିଵݑଵ߲ ଵଶ12ܮ 0 ߲ିଵݑଷ߲ ଵସ0ܮ െݑଷ
        0               0        0                     0    ߲ିଵݑଵ߲  ଵݑ ଷସ12ܮ ߲ െ ଶݑ 0 ۋی

 ,ۊۋۋ
where  ܮଵଶ ൌ െ߲ିଵݑଶ߲ െ ,ଶݑ ଵଷܮ ൌ ,ଷݑ ଵସܮ ൌ ∂ିଵݑସ ∂, ଷସܮ ൌെ߲ିଵݑଶ߲ െ  .ଶݑ
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Considering ܸ() ൌ  ܸ(ݑ)ߣି
ୀ   ,߂

߂ ൌ ൮െܽ  ܿ 00 ܽ െ ܿ െ݀  ݂ 00 ݀ െ ݂0         00         0 െܽ  ܿ 00 ܽ െ ܿ
൲.         (22) 

from the zero curvature equationU୲ െ V୶(୬)  ൣU,  V(୬)൧ ൌ0, 
we  obtain a new coupling system ௧ܷ െ (∑ ܸ(ݑ)ߣିୀ )௫  ሾܷ, ∑ ܸ(ݑ)ߣିୀ  ሿ െ ௫߂        ሾܷ,   ߂ሿ  ൌ 0.                                                                           (23) 
   Substituting (22) into (23), we have ௫ܸ() െ ൣܷ, ܸ()൧ ൌ (െܽ௫  ܿ௫) ଵ݃  ܾ௫݃ଶ      (െܽ௫  ܿ௫)݃ଷ (െ݀௫  ݂௫)݃ସ   ݁௫݃ହ      (െ݀௫  ݂௫)݃. 
Thus the zero curvature equation (23) determines  the 

following  system 

௧ݑ ൌ ቌݑଵݑଶݑଷݑସቍ௧    ൌ ቌ 0 00 0 െ ∂ 00 ∂െ ∂ 00 ∂    ∂ 00 െ ∂ቍ ൮ܽ െ ܿ  ݀ െ ݂ܾ  ݁ܽ െ ܾܿ ൲ 

 

= J൮ܽ െ ܿ  ݀ െ ݂ܾ  ݁ܽ െ ܾܿ ൲ ൌ ܮܬ ቌ2020ቍ.                          (24) 

In order to construct non-degenerate bilinear forms, we 
transform the algebra sl(4) defined by (1) into a vector form. 

Define the mapping: 
δ: (4)݈ݏ հ ܴ, 

Aհ (ܽଵ, ܽଶ, ܽଷ, ܽସ, ܽହ, ܽ)், 
where A =ܽଵ ଵ݃  ܽଶ݃ଶ  ڮ  ܽ݃ א  .(4)݈ݏ

This mapping δ induces a Lie algebra on R isomorphic to 
the matrix Lie algebra sl(4).  ܽ ൌ  (ܽଵ, ܽଶ, ܽଷ, ܽସ, ܽହ, ܽ)T, ܾ ൌ (ܾଵ,  ܾଶ, ܾଷ, ܾସ,  ܾହ, ܾ)T א   ܴ, a bilinear form  can be defined by ܽۃ, ۄ ܾ ൌ  (25)                                            ,ܾܨ்ܽ 
where F is  a constant matrix.   As (ߜሾܣ, ்(ሿܤ ൌ ܾܨ்ܽ  ൌ ்ܴܽ(ܾ),                                  (26) 
where 

R(b) = 

ۈۉ
ۇۈ

0 2ܾଷ 2ܾଶെ2ܾଷ 0 െ2ܾଵ2ܾଶ െ2ܾଵ 0 0 2ܾ 2ܾହെ2ܾ 0 െ2ܾସ2ܾହ െ2ܾସ 00        0         00          0          00          0         0 0 2ܾଷ 2ܾଶെ2ܾଷ 0 െ2ܾଵ2ܾଶ െ2ܾଵ 0 ۋی
 .ۊۋ

According to the symmetry and invariance of the bilinear 
form, so F and R(b) must satisfy ்ܨ ൌ ,ܨ ܨ(ܾ)ܴ ൌ  െ(ܴ(ܾ)ܨ)்.  
So we determine the symmetric matrix F: 

 

ܨ ൌ ۈۈۉ
1ۇ 0 00 1 00 0 െ1 1 0 00 1 00 0 െ11 0  00 1  00 0 െ1 0 0 00 0 00 0 0 ۋۋی

ۊ
 . 

We construct the Hamiltonian structure of the Li hierarchy  
by using of  the variational identity [10]. ఋఋ௨ ۃ ܸ, డడఒۄ  ൌ ఊିߣ  డడఒ ఊߣ ۃ  ܸ, డడ௨(27)                             .ۄ 

Through a direct computation, we obtain ۃ ܸ, பபλۄ ൌ  െܽ െ ݀,   ۃ ܸ, பப௨భۄ ൌ  ܽ െ ܿ  ݀ – ݂, ۃ ܸ, ۄଶݑ∂ܷ∂ ൌ  ܾ  ݁, ۃ ܸ, ۄଷݑ∂ܷ∂ ൌ  ܽ െ ܿ, ۃ ܸ, பப௨రۄ ൌ  ܾ.. 
Substituting the above formulas into the above identity 

identity (27), it give s rise to 
 

δ
δ௨ , ܸۃ பபλۄ  ൌ  λିγ பபλ λγ  

ۈۉ
ۇۈۈ

,ܸۃ பப௨భܸۃۄ, பப௨మܸۃۄ, பப௨యܸۃۄ, பப௨రۋیۄ
 (28)                       ,ۊۋۋ

Comparing  the coefficient of λି୬ିଵ,   we get ൬ ଵݑߜߜ , ଶݑߜߜ , ଷݑߜߜ , ସ൰ݑߜߜ (െܽାଵ െ ݀ାଵ) ൌ (γ െ n)(a୬ െ c୬  d୬ െ f୬, b୬  e୬, a୬ െ c୬ , b୬).         (29) 
To fix the constant γ, we  simplify set n = 1 in (29) and find 

that γ ൌ 0. Therefore, we conclude that                       ܩ ൌ ఋுఋ௨ , ܪ ൌ  శభାௗశభ dݔ, ݊  1.                 (30) 

Hence, the Hamiltonian structure of the coupling Li 
hierarchy is constructed as follows   ݑ௧ ൌ ܩܬ ൌ ܬ ఋுఋ௨ .                                          (31) 

Next, we will construct the integrable couplings of Li 
equations with self-consistent sources. Considering the 
auxiliary linear problems 

ൌ ,ݑ)ܷ (ߣ ۈۉ
ۋیଵ߶ଶ߶ଷ߶ସ߶ۇ

 ,ۊ
 

ۈۉ
ۋیଵ߶ଶ߶ଷ߶ସ߶ۇ

ۊ
௧

ൌ ܸ()൫ݑ, ൯ߣ ۈۉ
ۋیଵ߶ଶ߶ଷ߶ସ߶ۇ

 (32)                             . ۊ

From (14) and (15), we can obtain 

∑ ఋఒೕఋ௨ேୀଵ ൌ
ۈۉ
,ଵߔۃۇۈ ۄଶߔ  ଵଶ ,ଵߔۃ) ۄଵߔ  ,ଶߔۃ ଵଶ(ۄଶߔ ,ଶߔۃ) ۄଶߔ െ ,ଵߔۃ ,ଷߔۃ(ۄଵߔ ۄସߔ  ଵଶ ,ଷߔۃ) ۄଷߔ  ,ସߔۃ ଵଶ(ۄସߔ ,ସߔۃ) ۄସߔ െ ,ଷߔۃ (ۄଷߔ ۋی

 (33)                ۊۋ

where ߔ ൌ (߶ଵ, ڮ , ߶ே)், i = 1, 2, 3, 4.  ۄ·,·ۃ denotes the inner 
product in RN . 

By using the results in [10, 11], we have the following 
equation 

                          ఋுೖఋ௨  ∑ ߙ ఋఒೕఋ௨ேୀଵ ൌ 0,                         (34) 

where ߙ are constants, ఋுೖఋ௨  determines a finite dimensional 
invariant sets for the flow ݑ௧ ൌ ܬ ఋுఋ௨ , n = 1,2, …. 

   From (16), we obtain a kind of integrable couplings of Li 
soliton equation hierarchy with self-consistent sources as 
follows 

௧ݑ ൌ ቌݑଵݑଶݑଷݑସቍ௧ ൌ ܬ ൮ܽ െ ܿ  ݀ െ ݂ܾ  ݁ܽ െ ܾܿ ൲ 

െ ଵଶ ܬ ۇۉ
െ2ߔۃଵ, ۄଶߔ െ ,ଵߔۃ ۄଵߔ െ ,ଶߔۃ ,ଵߔۃۄଶߔ ۄଵߔ െ ,ଶߔۃ ,ଷߔۃെ2ۄଶߔ ۄସߔ െ ,ଷߔۃ ۄଷߔ െ ,ସߔۃ ,ଷߔۃۄସߔ ۄଷߔ െ ,ସߔۃ ۄସߔ  (35)             . ۊی

A novel integrable coupling system of the Li soliton 
equation hierarchy with self-consistent sources is presented 
as follows :  

When  n =1, we have ݑଵ௧ ൌ െ2ݑଵ௫ – ∑ ൫(߶ଷ߶ସ)௫  ߶ଷ߶ଷ௫  ߶ସ߶ସ௫൯,ேୀଵ ଶ௧ݑ  ൌ െ2ݑଶ௫  ൫߶ସ߶ସ௫ െ ߶ଷ߶ଷ௫൯,ே
ୀଵ  

ଷ௧ݑ ൌ െ2ݑଷ௫  (߶ଷ߶ଷ௫  ߶ସ߶ସ௫  (߶ଷ߶ସ)௫)ே
ୀଵ  

െ (߶ଵ߶ଵ௫  ߶ଶ߶ଶ௫  (߶ଵ߶ଶ)௫ே
ୀଵ ), 
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ସ௧ݑ ൌ െ2ݑସ௫  (߶ଶ߶ଶ௫  ߶ଷ߶ଷ௫ െ ߶ଵ߶ଵ௫ே
ୀଵ  െ߶ସ߶ସ௫),       ߶ଵ௫ ൌ ൫െߣ  ଵ൯߶ଵݑ  ଵݑ)  ଶ)߶ଶݑ  ଷݑ)ଷ߶ଷ ݑ  ସ)߶ସ,  ߶ଶ௫ݑ ൌ ଶݑ) െ ଵ)߶ଵݑ  ൫ߣ െ ଵ൯߶ଶݑ  ସݑ) െ ଷ߶ସ, ߶ଷ௫ݑଷ)߶ଷ െݑ ൌ ൫െߣ  ଵ൯߶ଷݑ  ଵݑ)  ଶ)߶ସ,  ߶ସ௫ݑ ൌ ଶݑ) െ ଵ)߶ଷݑ  ൫ߣ െ ڮ ,ଵ൯߶ସ, j = 1ݑ , ܰ (36) 

When n = 2,  we have  ݑଵ௧ ൌ ଶ௫௫ݑ  ଶ௫ݑଶݑ2 െ ଵ௫ݑଵݑ6 െ (൫߶ଷ߶ସ൯௫
ே

ୀଵ  ߶ଷ߶ଷ௫  ߶ସ߶ସ௫), ݑଶ௧ ൌ ଵ௫௫ݑ െ ௫ (ଶݑଵݑ)2 ∑ ൫߶ସ߶ସ௫ െ ߶ଷ߶ଷ௫൯ேୀଵ ଷ௧ݑ , ൌ ସ௫௫ݑ െ ௫(ଷݑଵݑ)6  ௫(ସݑଶݑ)2  (߶ଷ߶ଷ௫  ߶ସ߶ସ௫  (߶ଷ߶ସ)௫)ே
ୀଵ  

െ (߶ଵ߶ଵ௫  ߶ଶ߶ଶ௫  (߶ଵ߶ଶ)௫ே
ୀଵ ସ௧ݑ  ,( ൌ ଷ௫௫ݑ െ ௫(ସݑଵݑ)2 െ ௫(ଷݑଶݑ)2  ∑ (߶ଶ߶ଶ௫              ߶ଷ߶ଷ௫ െேୀଵ߶ଵ߶ଵ௫  െ߶ସ߶ସ௫),  ߶ଵ௫ ൌ ൫െߣ  ଵ൯߶ଵݑ  ଵݑ)  ଶ)߶ଶݑ  ଷݑ)ଷ߶ଷ ݑ  ସ)߶ସ, ߶ଶ௫ݑ ൌ ଶݑ) െ ଵ)߶ଵݑ  ൫ߣ െ ଵ൯߶ଶݑ  ସݑ) െ ଷ߶ସ, ߶ଷ௫ݑଷ)߶ଷ                                           െݑ ൌ ൫െλ୨  ଵ൯߶ଷݑ  ଵݑ)  ଶ)߶ସ,  ߶ସ௫ݑ ൌ ଶݑ) െ ଵ)߶ଷݑ  ൫λ െ ڮ,ଵ൯߶ସ,  j  = 1ݑ , ܰ.               (37) 

   We obtain the integrable coupling of Li equation 
hierarchy with self-consistent sources. When ݑଷ ൌ ସݑ ൌ 0, 
(7) can be reduced to the Li equation hierarchy. When n = 2, ݑଵ ൌ ଶݑ ൌ ,ݑ ଷݑ ൌ ସݑ ൌ 0, (37) can be reduced to Burgers 
equation[12] with self-consistent sources ݑ௧ ൌ ௫௫ݑ െ ௫௫ݑݑ4  ൫߶ଶ߶ଶ௫ െ ߶ଵ߶ଵ௫൯,ே

ୀଵ ൌ ൫െλ୨  ൯߶ଵݑ  ଶ, ߶ଶ௫߶ݑ2 ൌ (λ െ ڮ,ଶ୨,  j = 1߶(ݑ , ܰ.                         (38) 
 

IV. THE INTEGRABLE COUPLINGS OF  BKK SOLITON 
HIERARCHY WITH SELF-CONSISTENT SOURCES 

The BKK hierarchy was brought to prominence by 
Kupershmidt in [13], where it was attributed to Broer and 
Kaup. It seems, however, that it should also be attributed to 
Whitham.. It is frequently just referred to as a 
“Boussinesq-type” hierarchy. The [14] considers the inverse 
spectral problem related to the BKK system by some 
transformation, and the [13] considers the algebraic structure 
of the BKK system in detail. In this section, we consider the 
following enlarged BKK matrix spectral problem ߶௫ ൌ ,ݑ)ܷ λ)߶, ܷ(ݑ, λ) ൌ  ଵ݃(1)  ଵݑ ଵ݃(0)  ଵଶ ଶ(݃ଶ(0)ݑ  ݃ଷ(0))  ଵଶ (݃ଶ(0) െ ݃ଷ(0))  ଷ݃ସ(0)ݑ  ଵଶ ସ(݃ହ(0)ݑ   ݃(0)),    (39) 

 
i.e. 

,ݑ)ܷ λ) ൌ ൮ λ  ଵݑ ଶ1ݑ െλ െ ଵݑ ଷݑ ସ0ݑ      െݑଷ0        00         0 λ  ଵݑ ଶ0ݑ െλ െ ଵݑ
൲, 

where  λ is the spectral parameter. 
To establish the integrable couplings system of the BKK 

soliton hierarchy, the stationary zero curvature equation 
 Vx = [U, V ] of the spectral problem (39) through the 
generalized Tu scheme [8] is firstly solved. We assume that a 
solution of V is given by 

ܸ ൌ   ܸ∞

ୀ (u)λି ൌ 

∑ λି ·∞୫ୀ  ൮ܽ ܾܿ െܽ ݀ ݂݁ െ݀0       00      0   ܽ  ܾܿ െܽ
൲.                               (40) 

Therefore, the condition (5) gives rise to the following 
recursion relations: 

ەۖۖۖ
۔ۖۖ
ۓۖ ܽ௫ ൌ െܾ  ଶܿ,ܾାଵݑ ൌ ଶܽݑ െ ଵܾݑ  ଵଶ ܾ௫,ܿାଵ ൌ ܽ െ ଵଶ ܿ௫ െ ଵܿ,݀௫ݑ ൌ ସܿݑ െ ݁  ଶݑ ݂,݁ାଵ ൌ െݑଷܾ  ସܽݑ  ଶ݀ݑ െ ଵ݁ݑ  ଵଶ ݁௫,

݂ାଵ ൌ െݑଷܿ  ݀ െ ଵଶ ݂௫ െ ଵݑ ݂.
            (41) 

If we set ܽ ൌ 1, ݀ ൌ 1, ܾ ൌ ܿ ൌ ݁ ൌ ݂ ൌ 0,  we see that all 
sets of functions ܽ, ܾ, ܿ, ݀, ݁, ݂  are uniquely 
determined. In particular, the first few sets are: 

ۈۉ
ۇۈۈ

ܽଵ ൌ 0, ܾଵ ൌ ,ଶݑ ܿଵ ൌ 1, ݀ଵ ൌ 0, ݁ଵ ൌ ଶݑ  ସ,ଵ݂ݑ ൌ 1, ܽଶ ൌ െ ଵଶ ,ଶݑ ܾଶ ൌ ଵଶ ଶ௫ݑ െ ଶ,ܿଶݑଵݑ ൌ െݑଵ, ݀ଶ ൌ െ ଵଶ ଶݑ)  ସ),݁ଶݑ ൌ ଵଶ ଶݑ)  ସ)௫ݑ െ ଶݑ)ଵݑ  (ସݑ െ ଷ,ଶ݂ݑଶݑ ൌ െ(ݑଵ  .(ଷݑ
               (42) 

From (41), we can obtain the following recursion relations 
for 2ܽାଵ  2݀ାଵ, ܿାଵ  ݂ାଵ,  2ܽାଵ and ܿାଵ, 

൮2ܽାଵ  2݀ାଵܿାଵ  ݂ାଵ2ܽାଵܿାଵ
൲ ൌ ܮ ൮2ܽ  2݀ܿ  ݂2ܽܿ

൲                          (43) 

wth 

ܮ ൌ
ۈۉ
ۈۈۈ
12ۇ ߲ െ ߲ିଵݑଵ߲ ଵଶ12ܮ ଶଶܮ

െ߲ିଵݑଷ߲ ଵସ0ܮ                            െݑଷ
      0              0 0             0     12 ߲ െ ߲ିଵݑଵ߲ ଷସ12ܮ ସସܮ ۋی

ۋۋۋ
 ,ۊ

where  ܮଵଶ ൌ െ߲ିଵݑଶ߲ െ ,ଶݑ ଶଶܮ ൌ െ ଵଶ ߲ െ ,ଵݑ ଵସܮ ൌ െ ∂ିଵݑସ ∂ െ ଷସܮ,ସݑ ൌ െ߲ିଵݑଶ߲ െ ,ଶݑ ସସܮ ൌ െ ଵଶ ߲ െ  . ଵݑ
Considering ܸ() ൌ  ܸ(ݑ)ߣି

ୀ   ,߂
߂ ൌ ൮െܿାଵ 00 ܿାଵ െ ݂ାଵ 00 ݂ାଵ0         00         0 െܿାଵ 00 ܿାଵ

൲.                      (44) 

From the zero curvature equation ௧ܷ െ ௫ܸ()  ൣܷ,  ܸ()൧ ൌ 0, 
we  obtain a new coupling system ௧ܷ െ (∑ ܸ(ݑ)ߣିୀ )௫  ሾܷ, ∑ ܸ(ݑ)ߣିୀ  ሿ െ ௫߂        ሾܷ,   ߂ሿ  ൌ 0.                                                                    (45) 
   Substituting (44) into (45), we have ௫ܸ() െ ൣܷ, ܸ()൧ ൌ െܿାଵ,௫ ଵ݃ െ ܽାଵ,௫(݃ଶ  ݃ଷ)  െ ݂ାଵ,௫݃ସ െ ݀ାଵ,௫(݃ହ   ݃). 
Thus the zero curvature equation (45) determines  the 

following  system 

௧ݑ ൌ ቌݑଵݑଶݑଷݑସቍ௧    ൌ ቌ0 00 0 0 ∂∂ 00 ∂∂ ∂    0 െ ∂െ ∂ 0 ቍ ൮െ2(ܽାଵ  ݀ାଵ)െ(ܿାଵ  ݂ାଵ)െ2ܽെܿ
൲ 

                                                           

= ൮െ2(ܽାଵ  ݀ାଵ)െ(ܿାଵ  ݂ାଵ)െ2ܽെܿ
൲J.                                       (46) 

In order to construct non-degenerate bilinear forms, we 
transform the algebra sl(4) defined by (1) into a vector form. 

Define the mapping: 
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δ: (4)݈ݏ հ ܴ, 
Aհ (ܽଵ, ܽଶ, ܽଷ, ܽସ, ܽହ, ܽ)், 

where A =ܽଵ ଵ݃  ଵଶ (ܽଶ  ܽଷ)݃ଶ  ଵଶ (ܽଶ െ ܽଷ)݃ଷ  ܽସ݃ସ ଵଶ (ܽହ  ܽ)݃ହ  ଵଶ (ܽହ െ ܽ)݃ א  .(4)݈ݏ
This mapping δ induces a Lie algebra on R isomorphic to 

the matrix Lie algebra sl(4).  ܽ ൌ  (ܽଵ, ܽଶ, ܽଷ, ܽସ, ܽହ, ܽ)T, ܾ ൌ (ܾଵ,  ܾଶ, ܾଷ, ܾସ,  ܾହ, ܾ)T א   ܴ, a bilinear form  can be defined by 
,ܽۃ                                    ۄ ܾ ൌ  (47)                          ,ܾܨ்ܽ 

where F is  a constant matrix.   As 
,ܣሾߜ)                        ்(ሿܤ ൌ ܾܨ்ܽ  ൌ ்ܴܽ(ܾ),                   (48) 

where 

R(b) = 

ۈۉ
ۇۈ

0 2ܾଶ െ2ܾଷܾଷ െ2ܾଵ 0െܾଶ 0 2ܾଵ
0 2ܾହ െ2ܾܾ െ2ܾସ 0െܾହ 0 2ܾସ0        0         00          0          00          0         0 0 2ܾଶ െ2ܾଷܾଷ െ2ܾଵ 0െܾଶ 0 2ܾଵ ۋی

 .ۊۋ

According to the symmetry and invariance of the bilinear 
form, so F and R(b) must satisfy ்ܨ ൌ ,ܨ ܨ(ܾ)ܴ ൌ  െ(ܴ(ܾ)ܨ)்.  
So we determine the symmetric matrix F: 

 

ܨ ൌ ۈۈۉ
ۇ 2 0 00 0 10 1 0 2 0 00 0 10 1 02 0  00 0  10 1 0 0 0 00 0 00 0 ۋۋی0

ۊ
. 

We construct the Hamiltonian structure of the BKK 
hierarchy  by using of  the variational identity [10]. ఋఋ௨ ۃ ܸ, డడఒۄ  ൌ ఊିߣ  డడఒ ఊߣ ۃ  ܸ, డడ௨(49)                    .ۄ 

Through a direct computation, we obtain ۃ ܸ, பபλۄ ൌ  2ܽ  2݀,                                       ۃ ܸ, பப௨భۄ ൌ  2ܽ2݀, ۃ ܸ, பப௨మۄ ൌ  ܿ  ݂, ۃ ܸ, பப௨యۄ ൌ 2ܽ,        ۃ ܸ, பப௨రۄ ൌ  ܿ.. 
Substituting the above formulas into the above identity 

identity (49),  it give s rise to 

δ
δ௨ , ܸۃ பபλۄ  ൌ  λିγ பபλ λγ  

ۈۉ
ۇۈۈ

,ܸۃ பப௨భܸۃۄ, பப௨మܸۃۄ, பப௨యܸۃۄ, பப௨రۋیۄ
 (50)                   ,ۊۋۋ

Comparing  the coefficient of λି୬ିଵ,   we get ൬ ଵݑߜߜ , ଶݑߜߜ , ଷݑߜߜ , ସ൰ݑߜߜ (2ܽାଵ  2݀ାଵ) ൌ ߛ) െ ݊)(2ܽ  2݀, ܿ  ݂, 2ܽ, ܿ).            (51) 
To fix the constant γ, we  simplify set n = 1 in (51) and find 

that γ ൌ 0. Therefore, we conclude that   ܩ ൌ ఋுఋ௨ , ܪ ൌ 2  శమାௗశమାଵ dݔ, ݊  0.            (52) 

Hence, the Hamiltonian structure of the coupling BKK 
hierarchy is constructed as follows  ݑ௧ ൌ ܩܬ ൌ ܬ ఋுఋ௨ .                                        (53) 

Next, we will construct the integrable couplings of BKK 
equations with self-consistent sources. Considering the 
auxiliary linear problems 

ۈۉ                         
ۋیଵ߶ଶ߶ଷ߶ସ߶ۇ

ۊ
௫

ൌ ,ݑ)ܷ (ߣ ۈۉ
ۋیଵ߶ଶ߶ଷ߶ସ߶ۇ

 ,ۊ

ۈۉ
ۋیଵ߶ଶ߶ଷ߶ସ߶ۇ

ۊ
௧

ൌ ܸ()൫ݑ, ൯ߣ ۈۉ
ۋیଵ߶ଶ߶ଷ߶ସ߶ۇ

 (54)                               .ۊ

From (14) and (15), we can obtain 

∑ ఋఒೕఋ௨ேୀଵ ൌ ۈۉ
ۇ ,ଵߔۃ ଵଶۄଶߔ ,ଶߔۃ ,ଷߔۃۄଶߔ ଵଶۄସߔ ,ସߔۃ ۋیۄସߔ

 (55)                                 ,ۊ

where ߔ ൌ (߶ଵ, ڮ , ߶ே)், i = 1, 2, 3, 4.  ۄ·,·ۃ denotes the inner 
product in ܴே . 

By using the results in [10, 11], we have the following 
equation ఋுೖఋ௨  ∑ ߙ ఋఒೕఋ௨ேୀଵ ൌ 0,                                    (56) 

where ߙ are constants, ఋுೖఋ௨  determines a finite dimensional 
invariant sets for the flow ݑ௧ ൌ ܬ ఋுఋ௨ , n = 1,2, …. 

 From (16), we obtain a kind of integrable couplings of 
BKK soliton equation hierarchy with self-consistent sources 
as follows 

௧ݑ ൌ ቌݑଵݑଶݑଷݑସቍ௧ ൌ ܬ ൮2ܽ  2݀ܿ  ݂2ܽܿ
൲   ଵଶ ܬ ൮2ߔۃଵ, ,ଶߔۃۄଶߔ ,ଷߔۃ2ۄଶߔ ,ସߔۃۄସߔ ۄସߔ ൲          (57) 

A novel integrable coupling system of the BKK soliton 
equation hierarchy with self-consistent sources is presented 
as follows :  

when  n =1, we have ݑଵ௧ ൌ ∑ + ଵ௫ݑ ߶ସ߶ସ௫,ேୀଵ ଶ௧ݑ                                            ൌ ଶ௫ݑ  ൫߶ଷ௫߶ସ  ߶ଷ߶ସ௫൯,ே
ୀଵ  

ଷ௧ݑ                                 ൌ ଷ௫ݑଵ௫ݑ  (߶ଶ߶ଶ௫ െ ߶ସ߶ସ௫)ே
ୀଵ  

ସ௧ݑ             ൌ ଶ௫ݑ  ସ௫ݑ  (߶ଵ௫߶ଶ  ߶ଵ߶ଶ௫ െ ߶ଷ௫߶ସே
ୀଵ  െ߶ଷ߶ସ௫),               ߶ଵ௫ ൌ ൫ߣ  ଵ൯߶ଵݑ  ଶ߶ଶݑ  ସ߶ସ,        ߶ଶ௫ݑଷ߶ଷ ݑ ൌ ߶ଵ െ ൫ߣ  ଵ൯߶ଶݑ െ ଷ߶ସ,  ߶ଷ௫ݑ ൌ ൫ߣ  ଵ൯߶ଷݑ  ଶ߶ସ,             ߶ସ௫ݑ ൌ ߶ଷ െ ൫ߣ  ڮ ,ଵ൯߶ସ, j = 1ݑ , ܰ.                (58) 

when n = 2,  we have    ݑଵ௧ ൌ െ 12 ଵ௫௫ݑ െ ଵ௫ݑଵݑ2  12 ଶ௫ݑ െ  ߶ସ߶ସ௫,ே
ୀଵ  

ଶ௧ݑ ൌ 12 ଶ௫௫ݑ െ ௫ (ଶݑଵݑ)2 ൫߶ଷ௫߶ସ  ߶ଷ߶ସ௫൯,ே
ୀଵ  

ଷ௧ݑ ൌ െ 12 ଷ௫௫ݑ െ ௫(ଷݑଵݑ)2 െ ଵ௫ݑଵݑ2 െ 12 ଵ௫௫ݑ  12 ଶ௫ݑ                12 ସ௫ݑ ൫߶ଶ߶ଶ௫ െ ߶ସ߶ସ௫൯ே
ୀଵ ସ௧ݑ     ൌ ଵଶ ଶ௫௫ݑ  ଵଶ ସ௫௫ݑ െ ௫(ଶݑଵݑ)2  െ ௫(ସݑଵݑ)2  െ ௫(ଷݑଶݑ) 2     ∑ (߶ଵ௫߶ଶ  ߶ଵ߶ଶ௫ െ ߶ଷ௫߶ସேୀଵ  െ ߶ଷ߶ସ௫),     ߶ଵ௫ ൌ ൫ߣ  ଵ൯߶ଵݑ  ଶ߶ଶݑ  ସ߶ସ,     ߶ଶ௫ݑଷ߶ଷ ݑ ൌ ߶ଵ െ ൫ߣ  ଵ൯߶ଶݑ െ ଷ߶ସ, ߶ଷ௫ݑ ൌ ൫ߣ  ଵ൯߶ଷݑ  ଶ߶ସ,                ߶ସ௫ݑ ൌ ߶ଷ െ ൫ߣ  ڮ ,ଵ൯߶ସ, j = 1ݑ , ܰ.                  (59) 

 

V. CONCLUSIONS 
In this paper, we have obtained a new integrable couplings 

of soliton equations hierarchy with self-consistent sources 
based on loop algebras ݏ෩݈ (4). In fact, integrable couplings of 
soliton hierarchy with self-consistent sources in [5-7] were 
obtained by our method. Our method can be applied to other 
integrable couplings of soliton hierarchies with 
self-consistent sources. 
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