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Abstract: This paper aims to apply the High Order Explicit Finite Difference Method to solve the famous
Nonlinear 1D Burgers Equation in many orders in time (first, second, third and fourth), changing the order
on space twice (second and fourth). Thereby, it was compared the results and it was found the best
refinement. Thus, it is expected that this work not only can present or even confirm that in most cases
greater refinements imply better numerical precision, but rather serve as a basis for decision-making when
analyzing the best spatial and should be considered for numerical accuracy and low computational time.
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1. Introduction

According to [1] in situations where the diffusive effects are small in relation to the convective, the values
of the first derivative distributed approach the imaginary axis of the complex plane in time. A method of
time integration is a region of stability included in the imaginary axis and then necessary. Even though an
explicit method is a stability domain that includes part of the imaginary axis, there is the problem of a
maximum allowed time step. This is indeed the case with all explicit methods. It is necessary to use implicit
methods to achieve unconditional stability. The author also showed that in dealing with problems of pure
convection, it is usually possible to express the second derivative of the unknown in terms of spatial
derivatives.

In concluding the paper on the use of Padé approximations, he says that it is an exponential function
provided with good results for both the implicit and the explicit high order method. In conclusion, it is
confirmed that meshless methods are still being investigated with regard to their stability and precision in
highly convective transport problems.

In [2] the mesh method is used to study the rapid cooling of strawberry with forced air. At the end of the
experiment, it was observed that the lower result fit for the polynomial order. However, a "curve" that best
represents the physical phenomenon of the process for an order-of-order adjustment, the adjustment being
selected. A numerical simulations methodology was promising, since it presents as information as a basis
for the development of equipment in the fast cooling area with forced air of spherical fruits, it presupposes
a value of the conventional coefficient of heat transfer and determination of the time of strawberry cooling.
It was noted that the stability condition should be observed when using the explicit method.

For [3] the explicit method can be trivially expanded for problems in the dimension of isoperimetric
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spaces, which is not as easy a problem when implicit methods are essential. The algorithm studied led to
numerical solutions that are in excellent condition as exact solutions. The author concluded that he uses a
Fourier-von Neumann technique, terms of conditions for which the fractional FTCS (stable fronted space)
method is stable. For a conclusion, consider the time steps, in which the evaluation of the state of the system
in a certain period of time requires information about all previous states and not just the previous affiliate,
as occurs in the common diffusion, that is, there is a interdependence of the discrete temporal and spatial
steps, one of the two for fixed.

According to [4] which compares the use of the spectral method with that of second-order final meshes, it
was concluded that the methods of analysis are not suitable for the calculation of thin inner layers, make up
the studied equation, Burgers with small viscosity, thin layer). If a sufficient number of modes are used and
if a good transformation of departments or domain decomposition to projected, a precision in the critical
region is quite acceptable. Numeric schemes, such as terminals, are also based on coordinate
transformation, but suffer from numerical dispersion. The methods are better from the point of view and
require higher order time schedules. However, as the reported calculations were performed on different
computers, it is extremely difficult to relate the computing times of the various methods. Consequently, it is
impossible to make a precise comparison between efficiency algorithms.

Besides that, according to [5] whose article presents a finite element schema of second order precision to
simulate a Burgers equation, as direct comparisons between analytical and numerical solutions show that
the proposed scheme has good precision. In addition, the asymptotic behaviour of indicative analysis
solutions such as simulations maintains good accuracy over very large time intervals. The scenario used
takes advantage as well convective and diffusive of this equation, use a complete equation and as initial
conditions. It was concluded that good accuracy and a database on the proposed development of the device.
The appropriate method to produce information about the analytical good of the solutions of the Burgers
equation.

In the article by [6] it is suggested a modification of the explicit method of finite differences for the
evaluation of derivative securities. The modification ensured that, as smaller time intervals are taken, the
convergence of the calculated values to the correct solution. It has been proven that the explicit method is
easier to implement and conceptually simpler. The disadvantage of the explicit method is that it does not
necessarily converge. It has been found that the explicit method uses between 40 and 70 percent of the time
the implicit time uses to provide the same level of accuracy. One of the reasons for the extra efficiency of the
explicit method is that most of the problems studied in the article are initial value problems, not threshold
value problems. Errors are introduced by redundant boundary conditions in implicit methods.

The article by [7] presents an analytical solution by the finite diffraction method based on the explicit
standard method for the one-dimensional Burgers equation that frequently arises in the mathematical
modelling used to solve problems in fluid dynamics. The results obtained by these modes for some modest
viscosity values were compared with the exact (Fourier). In conclusion, since all the numerical results
obtained by the methods show a reasonably good agreement with the exact modest viscosity values, and
also exhibit the expected convergence as the mesh size is decreased, both methods can therefore be
considered competitive and recommended. The current solution is an alternative solution for the exact
(Fourier). But if the initial condition of a problem is known only in the finite number of mesh points, for this
problem the current solution method is much more practical than Fourier.

According to [8] the fourth order finite difference method for the solution of the one-dimensional
non-linear Burgers equation in space and second-order precision in time was effective for any Reynolds
value. The method was presented simple and precise to solve the Burgers equation, although
unconditionally stable. The convergence analysis of the method was studied and an upper bound for the
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error was derived. The solution found was an alternative solution for the exact (Fourier). But if the initial
condition of a problem known only in the finite number of the mesh point, for this problem, the present
method is much more practical than the Fourier method. It is believed to be useful for solving more general
problems in fluid dynamics.

In [9] an explicit time domain integration algorithm was used for the equations associated with
elastodynamic problems, using the Finite Element Method. Fourth order finite differences were used, since
high precision has been developed in order to use them for transient problems, as a way to improve the
quality of the results and especially a significant reduction in the numerical oscillations, which was
observed when comparing with the difference central. Other advantages offered by the explicit difference
were found, namely: low memory usage and no need to assemble and solve the global system of equations.
In addition, the time integration techniques presented as a good alternative to the methods of nodal
superposition in the analysis of transient problems, the ease of implementation, the reduced computational
cost in relation to the implicit method and the non-assembly of the system of equations.

Several other works [10]-[16] have sought to solve nonlinear problems in an implicit or explicit way, but
one of the main questions that still arises is the best composition between spatial and transient
discretization for solving nonlinear problems.

In this paper objective to present a study of the variation the two spatial and four time discretization and
to demonstrate which of these formulations to present the better precision in the solution of the 1D Burgers
Equation.

2. Model Equation

Burgers' equation is a fundamental partial differential equation occurring in various areas of applied
mathematics, such as fluid mechanics, nonlinear acoustics, gas dynamics, traffic flow,

ou ou 2%u
—_ —_— = y— 1
at tu ax Vaxz ( )

where v> 0 is the coefficient of kinematic viscosity.

3. Numerical Formulation

Before starting the numerical formulation of Equation (1), we rearrange these equations as follows,

ou 0%u ou
2= Vo Yo (2)

where v is the viscosity (m?2/s).

3.1. Spatial Discretization

For Spatial Discretization will be to used two discretization forms: Second and Fourth Order Finite
Difference Methods. To Second order will be to used the expressions,

a_u _ Ui+17Uj—1

ax 2Ax (3)
0%U Ui —2ui+Uy
axz Ax? (4)

that substitute in Equation (2) results in
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where "n + 1" is current time step and "n" is the previous. Now to the case where is used Fourth Order
precision, follow the expressions,

Ou _ —Ujyp+8Ujy 1 —8U_1+U_ (6)
ox 12Ax
02U _ —Ujp+16U5 1 —30u;+16U; 1 —U;j_, 7
ax2 12Ax2
that substitute in Equation (2) results in
oultt _ V(—u{ﬂrz+16uf‘+1—30u{‘+16u?_1—u?_2) —ut (—u?+2+8u?+1—8u?_1+u?_2) @)
at Ax? t 2Ax

3.2. Temporal Discretization

In this paper, the Finite Difference Method is used as an approximation of the temporal partial derivatives
in the Burgers equation with finite differences that relate the values of the unknown function at a set of
neighbouring grid points at various time levels. This approximation replaces the partial differential
equations with a finite difference equation with

u . u(t+At)
Pyl limaeo AL 9

That if in Equation (9) u(t + At) is expanded in Taylor series around ¢, results in

_ ou(t) , (A)? o%u(t) , (Ar)3 a3u(p)
u(t + At) = u(t) + At o T o o 5 o T (10)
Substituting the Equation (10) in the Equation (9), obtains
ut+At)—u(t) _ du(t) , Atd*u(t) | (A)? d3u(y) __ou(®)
At = T e Ta o T T o T 0(41) (a1

where O(At) is the first order truncation error.

For discretization of the left term in Equation (5) or (8) will be used four schemes: First, Second, Third
and Fourth Backward Finite Difference. To the three first approximations, follow the expressions conform
[17]:

e v (12)
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(14)
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First, second and third Backward Finite Difference, respectively.
Now, for fourth order approximations will be utilized the follow expressions, that are written from Taylor
series of the follow forms,

(A2 d%u(t) (A0 a3u(y)
21 9t? 3! at3

u =yt — At 61;(:) + . (15)

du(t) | 4862 d%u(t)  8(AD)® d3u(t)

n-1 _ ,n+1 _
wo=u 24t o T e 31 a3 (16)
n-2 _ . n+l _ du(t) | 9(At)? o%u(t)  27(At) du(t) |,
wo=u 34t at 20 8t? s o T a7
n-3 _ . n+l _ ou(t) | 16(A0? d%u(t) _ 64(At)* %u(t) |
wo=u 44t o T2 o TR TE (18)
that when used together can construct the following expression
au™ T+ but +cu T+ du? +eu 3 =(a+b+c+d+e)uttt — At(b + 2c + 3d + 4e) al;(tt) +
(At)? 2%2u(t) (At)3 a3u(t) . (AD)* o%u(t)
T(b +4c+9d + 166) 962 _T(b +8c+27d + 646) 903 +T(b + 16¢ + 81d + 2566) 9ct
(19)

To find the first temporal derivative of u with Fourth Order accuracy, we find the following system
(assuming null the coefficients of terms of derivatives of higher order):

a+b+c+d+e=0

b+ 2c+3d+4e=-1

b+4c+9d+16e=0

b+8c+27d +64e =0

b+ 16c +81d + 256e = 0

where the solution of linear system is a =25/12, b=—4, ¢ =3, d =—4/3 and e = 1/4. From this
solution we have the expression for the finite difference backward of O(At*) will be:

du _ 25u™—48um+36u"" 1 -16u""2+3u" 3
at 124t

(20)

4. Numerical Applications

FORTRAN codes were made using the Equations (5), (8), (12), (13), (14) and (20). First, it was made four
different codes on spatial second order with the four different orders in time in each code. Then, it was
made the same for fourth order in space.
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Application 1: For this application, supposing v = 1, it was used the following exact solution:

2x

ulet) = 1+ 2t

To analyze the results, will be used the L., norm from the comparison with the exact solution. In this
application will be used 0 <x <1 and 0 <t < 1. In this application (Table 1) is demonstrate that the
numerical results present a relation with the term At/Ax?, in special, the greater this term, more fast the
variation of Ax leads to divergent results. Note that the convergent occurs only for At/Ax? smaller than 0.5

and the higher the order of accuracy in time smaller will be the value of At/Ax2 for convergence.

Table 1. L Norm Varying the Discretization in Time and Space

0(Ax)? 0(Ax)* A
Ax 0(A) 0(At)? 0(At)3 0(AD)* 0(At) 0(A)? 0(A)3 ot M
0.1  2.288E-06 9.148E-06 1.372E-05 1.829E-05 2.285E-06 9.141E-06 1.370E-05 1.827E-05 0.01
0.05  2.286E-06 9.142E-06 1.371E-05 1.827E-05 2.285E-06 9.140E-06 1.370E-05 1.827E-05 0.04

0.0333 2.287E-06 9.148E-06 1.371E-05 1.828E-05 2.287E-06 9.147E-06 1.371E-05 DIV 0.09

0.025  2.289E-06 9.154E-06 DIV DIV 2.288E-06 9.153E-06 DIV DIV 0.16
0.02 2.289E-06 9.155E-06 DIV DIV 2.289E-06 DIV DIV DIV 0.25
0.016667 | 2.289E-06 DIV DIV DIV 2.289E-06 DIV DIV DIV 0.36
0.014286 | 2.289E-06 DIV DIV DIV DIV DIV DIV DIV 0.49
0.0125 DIV DIV DIV DIV DIV DIV DIV DIV 0.64
0.0111 DIV DIV DIV DIV DIV DIV DIV DIV 0.81
0.01 DIV DIV DIV DIV DIV DIV DIV DIV 1

DIV: divergent

Application 2: In this application it was considered v = 1 with the following boundary and initial
condition: u(0,t) = u(1,t) = 0 and u(x,0) = sin(mx). The results of u(x,t) by the simulation were compared to
exact results. The best approximation was for the spatial fourth order and temporal fourth order, followed
by spatial fourth order and temporal third order (Table 2 and 3). The results that reached very close to the
exact solution were time more refined, due to the condition of explicit method that only works in a specific
range of values.

Table 2. Values of u(x,t) for At = 10-° and Ax = 10-! in Temporal and Spatial Fourth Order

X Present work Exact [18]
0.1 0.10923 0.10953
0.2 0.20916 0.20979
0.3 0.29100 0.29189
0.4 0.34687 0.34792
0.5 0.37047 0.37157
0.6 0.35802 0.35904
0.7 0.30907 0.3099
0.8 0.22727 0.22781
0.9 0.12048 0.12068

Table 3. Values of u(x,t) for At = 2x10-5> and Ax = 10-! in Temporal Third Order and Spatial Fourth Order

X Present work  Exact [18]
0.1 0.10955 0.10953
0.2 0.20978 0.20979
0.3 0.29186 0.29189
0.4 0.34788 0.34792
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0.5 0.37155 0.37157

0.6 0.35905 0.35904
0.7 0.30996 0.30990
0.8 0.22792 0.22781
0.9 0.12082 0.12068

Despite of the high refinement in time, the spatial one was not expressive. This mash in these conditions
was efficient since the results got very close from the exact solution.

Application 3: In this application, as the previous one, it was considered v = 1 with the following
boundary and initial condition: u(0,t) = u(1,t) = 0 and u(x,0) = 4x(1 - x). The results of u(xt) by the
simulation were compared to exact results. The best approximation was for the spatial and time fourth
order. The results are presented in Table 4.

Table 4. Values of u(x,t) for At = 2x10-¢ and Ax = 2.5x10-3 in Temporal and Spatial Fourth Order

X t Present work Exact [19]
0.10 0.26146 0.26148
0.25 0.15 0.16146 0.16148
0.20 0.09946 0.09947
0.25 0.06108 0.06108
0.10 0.38340 0.38342
0.50 0.15 0.23403 0.23406
0.20 0.14287 0.14289
0.25 0.08722 0.08723
0.10 0.28156 0.28157
0.75 0.15 0.16972 0.16974
0.20 0.10264 0.10266
0.25 0.06228 0.06229

The results present in Table 4 demonstrate that this formulation have a excellent precision, achieving
order precision of 10->.

5. Conclusion

In this paper, it was observed that the best discretization in time and in space depends on the application
due to the imprecision of explicit method that make its works only in a specific range of values. In general,
the best results become from the high order discretization, as we saw in three applications in this work. It
was concluded that the method is efficient and attend the resolution of systems, since the results were
almost the same of the exact solutions.
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