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Abstract: In 2013, Liu and Xu introduced the concept of cone metric spaces over Banach algebras, replacing
Banach spaces by Banach algebras. They proved some fixed point theorems in these spaces. Xu and
Radenovic gave another proof for the results of Liu and Xu where the cone didn’'t have the normality.

In this paper we prove a new fixed point theorem for quasi - contractive mappings in cone metric space
over Banach algebras. As an application of the main result, we give an example. Also the map in this
example satisfies the conditions of our theorem but not the conditions of theorems of Liu and Xu and Xu
amd Radenovic and it has a fixed point.
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1. Introduction

Fixed point theory is one of the most importance subject of Functional Analysis. It is applicated in
different fields as in Geometry, Differential Equations, Informatics, Physics. S. Banach [1] proved a fixed
point theorem for contractive mappings in metric space. Then, there are many authors who have
generalized this result, as Ciric [2], Rhoades [3]. Metric spaces are generalized by many authors to other
spaces cone metric spaces. The concept of cone metric space was reviewed by authors Huang and Zhang [4]
by replacing the real axes in the definition of the distance by an ordered Banach space. They proved the
Banach theorem in cone metric space. Many authors have worked over these spaces, as Karapinar [5],
Rezapour. Sh, Hamlbarani. R [6]. Later; in 2013, Liu and Xu [7] introduced the concept of cone metric spaces
over Banach algebras, replacing Banach spaces by Banach algebras. They proved some fixed point theorems
of generalized Lipschitz mappings where cone is normal. Then, in 2014, Xu and Radenovic [8] gave original
proofs for the results of Liu and Xu [7], but now without the assumption of normality of cone.

In his paper, Rhoades [3] has collected various contractive mappings in metric space. One of them is quasi
- contractive mapping

d(x,Ty)+d(y,Tx)

T:X - X,d(Tx,Ty) < max{d(x,y),d(x,Tx),d(y, Ty), >

}, Vx,y € X.

In this paper we present quasi contractive mappings in cone metric spaces over and we give a new fixed
point result for quasi - contractive mappings in these spaces.

1.1. Preliminaries
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Definition 1.1.1 [9] Let A be a real Banach space. In A, an operation of multiplication defined, that
satifiesthe following properties (forall x,y,z € A, a € R):

1) )z =x(yz);

2) (x+y)z=xz+yz and x(y + 2) = xy + xz;

3) a(xy) = (ax)y = x(ay);

4)  Alxyll < llxlliyll;

In this paper we assume that a Banach algebra has a unit element e such that ex = xe = x for all x €
A. x € Ais said to be invertible if there is an inverse element y € A such that xy = yx = e. The inverse
of x isdenoted x1.

Proposition 1.1.1 ([10]) Let A be a Banach algebra with a unit e and x € A. If the spectral radius

p(x) <1, ie, p(x)= limn_mllxll% = infnzlllxII% <1 then e—x is invertible. Actually, (e —x)"!=
XiZoxt.

LetP be a non-empty closed convex of a Banach algebra A.

P is called cone [1] if

1) {6,e} c P;

2) forevery x,y € P,and «a, € R,ax + Sy € P;

3) forevery x,y € P,xy € P;

4) if x€P and —x € P then x = 0
where 6 is the null of the Banach algebra A. For a given cone P cA, we can define a partial ordering <
with respectto P,by x <y ifand onlyif y —x € P,and x <<y ifand only if y — x € int P, where int P
denotes the interior of P. P is called a solid cone if int P # @. P is called normal if there exists a positive
constant M > 0 suchthatforall x,y €A, 6 < x <y = ||x|| < M]||y]l.

Definition 1.1.2 [1] Let X be a non-empty set and A be a real Banach algebra. Suppose that the mapping
d: X X X - Asatisfies:

1) 6 <d(x,y) forall x,y € X and d(x,y) = 6 ifand onlyif x = y;

2) d(x,y) =d(y,x) forall x,y € X;

3) d(x,y)<d(x,z)+d(zy) forall x,y,z € X.

Thend is called a cone metricon X and (X,d) is called a cone metric space over the Banach algebra A.

Definition 1.1.3 [1] Let (X,d) be a cone metric space over the Banach algebra A, x € X and let {x,}
be a sequence in X. Then:

1) {x,} convergesto x ifforeach ¢ € Awith 8 < c, there exist a natural number n, such that for all

n > ngy, d(x,, x) < c. This is denoted by lim,_, x, = x or x, — x.
2) {x,} is a Cauchy sequence if for each ¢ € A with 6 < c, there exist a natural number n; such that
forall n,m > ny, d(x,, x,) < c.

3) (X,d) isacomplete cone metric space if every Cauchy sequence is convergent.

Definition 1.1.4 [5] Let P a solid cone in a Banach space A. A sequence {x,} in P is a ¢ - sequence if for
each ¢ € Awith 8 K< c, there exist a natural number n, such thatfor all n > ng,x, < c.

Proposition 1.1.2 [8] Let (X,d) be a complete cone metric space over the Banach algebra A and P a
solid cone in a Banach space A. If {x,} convergesto x,then we have:

1) {d(x,, x)} isac-sequence.

2) { d(xn, xn+p)} is a ¢ - sequence, for any p € N.

Lemma 1.1.1 [8] Let A be a real Banach algebra and let x,y € A. If x and y commute, then the
following hold:

1) p(xy) <p()p®);

2) pix+y) <pl)+p1);
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3) lp(x) —p)I < p(x — ).
Lemma 1.1.2 [8] Let A be a real Banach algebra and let k € A. If 0 < p(k) <1, then p((e —k)™1) <

(1= p)N™™
Remark 1.1.1 [8] In general the condition p(k) < 1 is weaker than ||k|| < 1,and if p(k) <1 then
k™l — o.

2. Main Results

Definition 2.1 Let(X,d) be cone metric space over a Banach algebra A. The mapping T:X — X is called
quasi contractive in X if it satisfies:

d(Tx,Ty) < kmax{d(x,y),d(Tx,x),d(Ty,y), h[d(Tx,y) + d(x, Ty)]

forevery x,y € X and k,h €A, p(k) <1 and p(h) < 1.
Theorem 2.1 Let (X,d) be a complete cone metric space over a Banach algebra A, P be a solid cone in A.

Suppose that the mapping T:X — X,is quasi - contractive, so it satisfies:

d(Tx,Ty) < kmax{d(x,y),d(Tx,x),d(Ty,y), h[d(Tx,y) + d(x,Ty)]}

Where hk = kh, p(k) <1 and p(h) < 1.Then T has a fixed pointin X.
Proof. Let x, € X, we construct the sequence {x,},enby x, = Txp_1 = T"x, n > 1.
We have d(x,.1,%,) = d(Tx,, Tx,_1)

< kmax{d (x,, Xp_1), A(Txp, xn), A(Txp_1, Xp_1), AlA(Txp, xpn_1) + d(xp, Txp_1)1}
= kmax{d (x,, Xp—1), d Xy 41, Xn), d (X, Xp_1), A[d Xy 1, Xp—1) + d(x, x,) 1}
= kmax{d(xn, xn—l): d(xn+1' Xn), hd(xn+1f xn—l)}

Case 1.1If max{d(xn’ Xn— 1) d(xn+1'xn) hd(xn+1) Xn— 1)} = d(xn' xn—l)'
we have d(Xpi1,%n) < Kd (X, Xn_1) < k2d (X1, Xn—3) < -+ < k™d (x4, X0)
Using the same technique as [8], we prove that the sequence {x,},cn is Cauchy. Taking n < m, we have

d(xnfxm) < d(xn' xn+1) + d(xn+1'xn+2) +ot d(xm—l'xm)
SR+ EME 4+ E™ ) (3, %) < k™M(e + k A+ -+ K™D (g, x0)

< k" (Z ki> d(xy,x9) = k™(e — k)~d(xy, o)
=0
Sincep(k) < 1 then |[k"|| — 0, so we have that ||k™(e — k)™ 1d (xy, xo) | - 0. From Proposition 1.1.2

[8], for every c €A, with ¢ > 0, there exist n, € N, such that for every m > n > n,, we have:

d(x,, %) < k™(e — k)™1d(xq,x9) < c. So the sequence {x,,},ey is Cauchy. Since (X,d) is complete,
the sequence {x,}neny = {T™xo}neny 1S convergent.

Case 2. If max{d(xn, Xn— 1) d(xn+1r xn) hd(xn+1r Xn— 1)} = d(xn+1: xn) ’ we have
d(xps1,Xn) < kd(xXp41,%,), s0 (e — k)d(x,41,%,) < 6. By multiplying by (e — k) 'both sides, we take
d(Xp41, %) < 60,50 Xpyq = X, =+ = Xo. The sequence {x,},en isconstantso itis convergent.

Case 3. If max{d(x,, xn_1), d(xpi1, Xn), Rd(Xpi1, Xp_1)} = hd (41, %—1), we have d(x,.q1,x,) <
khd(xn+1:xn 1) kh[d(xn+1rxn) + d(xn' Xn— 1)] and (e - kh—)d(xn+1' xn) khd(xn' Xn— 1) SO
d(xn+1' xn) B (6 - kh) 1khd(xn; xn—l)-
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Write down (e —kh)™'kh =21, and we have d(x,41,%,) < Ad(p, Xpo1) < 2d(Xp_q, Xpop) < -+ <
At (xq, xg).

Now we have to prove that p(1) = p((e — kh)"kh) < 1.

Since p(k) <1 and p(h) <1 and hk = kh, we have p(kh) < p(k)p(h) < 1. Noting that (e — kh)™!
and kh commute, p((e — kh)™*kh) < p((e — kh) ™)p(kh) < (1 - p(kh))_lp(kh) <1

Now we prove that the sequence {x,},ey is Cauchy. Taking n < m, we have

d(xnvxm) < d(xn' xn+1) + d(xn+1'xn+2) +ot d(xm—ltxm)
S @A+ 2 4 A DA (3, %) S AMe + A+ 4+ AT d (xq, x0)

<am (Z Ai> d(xy,%9) = A(e — 2)"1d (xy, xo)

i=0
Since p(1) <1 then ||A*|| — 0, so we have that ||A"(e — 1)~1d(x;,x,)|| — 0. For every c €A, with
n—oo n—oo

¢ > 0, there exist ny € N, such that for every m > n > n,, we have:
d(xp, %) < AM(e — D)7 d(xy, xo) K c.

So the sequence {x,},ey is Cauchy. Since (X,d) is complete, the sequence {x,}nen = {T™"Xo}lneny IS
convergent.
In all cases, we proved that the sequence {x,,},,cy is convergent. So, suppose that it converges to x*.
Now we prove that x* is a fixed pointof T, so Tx* = x™.
d(Tx*,x*) < d(Tx*,Tx,) + d(Tx,, x*)

4 k max{d(X*l xn): d(Tx*' X*)' d(Tle' xn)' h[d(Tx*' xn) + d(Tler x*)]} + d(Tlei x*)

Case 1. If max{d(x*, x,),d(Tx*,x*), d(Tx,, x,), h[d(Tx", x,) + d(Tx,, x*)]} = d(x*, x,) so we have

d(Tx*, x*) < kd(x*,x,) + d(Tx,, x*).

Now, we see that the sequence { kd(x* x,)+ d(Tx,,x*)} is ¢ — sequence, because |lkd(x* x,) +
d(Toxg, x)H=NkINdCe™, 2 )N + 1d(Tx, x5 1H—>w0. For any ¢ » 0,d(Tx",x*) < kd(x", x,) + d(Tx,, x*) <
¢,so d(Tx*,x*) =0 and Tx* = x*.

Case 2. If max{d(x*,x,),d(Tx*,x*), d(Txy,, x,), h[d(Tx", x,) + d(Txy, x*)]} = d(Tx*, x*)
we have d(Tx*, x*) < kd(Tx*,x*) + d(Tx,, x*) and(e — k)d(Tx*, x*) < d(Txp, x*).

So d(Tx*,x*) < (e — k) 'd(Tx,,x*). The sequence {(e —k) 1d(Tx, x*)} is c— sequence, because
[l(e = k)~td(Tx,, x|l — 0. For any ¢ > 0,d(Tx*,x*) < (e — k) 1d(Tx,,x*) < ¢, so d(Tx*,x*) =0 and
Tx* =x".

Case 3. If max{d(x*, x,),d(Tx*,x*), d(Txy, x,), h[d(Tx*, x,) + d(Txy, x*)|} = d(Tx,, x,)
we have d(Tx*, x*) < kd(Tx,, x,) + d(Tx,, x*) < kd(Tx,, x*) + kd(x*, x,) + d(Tx,, x*).

The sequence { kd(Tx,,x*)+ kd(x*,x,) + d(Tx,,x*)} is c¢— sequence, because |kd(Tx,, x*)+
kd(x*,x,) + d(Tx,, x*)|| mo. For any ¢ > 0,d(Tx*,x*) < kd(Tx,, x*) + kd(x*,x,) + d(Tx,, x*) < ¢, so
d(Tx*,x*) =0 and Tx* = x".

Case 4. If max{d(x*, x,), d(Tx*, x*),d(Tx,, x,), h[d(Tx* x,) + d(Tx,, x*)1} = h[d(Tx*, x,,) + d(Tx,, x*)],
we have
d(Tx*,x*) < kh[d(Tx*, x,) + d(Tx,, x*)] + d(Tx,, x Dk < h[d(Tx*, x*) + d(x*, %) + d(Tx,, x*)] +
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d(Tx,, x*). So (e — kh)d(Tx*,x*) < khd(x*, x,,) + (e + kh)d(Tx,, x*).
Furthermore, since p(hk) < 1, we have

d(Tx*, x*) < (e — kh)"[khd(x*, x,,)) + (e + kh)d(Tx,, x*)]

Reasoning as in the other cases we get: for any ¢ > 0,d(Tx*, x*) < ¢,so d(Tx*,x*) =0 and Tx* = x".
So x* isa fixed point of T.

Example 2.1. Let A = R?. For each x = (x;,x;) € A, let ||x|| = |x;| + |x;|. The multiplication is defined
by xy = (xl,yl)(xz'yz) = (X1¥1,%2Y>)- The unit of Banach algebra Ais e = (1,1).

Let P = {(x1,x;) € R?| x; = 0,x, = 0} and X = [0,1]. A cone metric over Banach algebra is defined by

_ {(max(x, y), max(x, y)) xX#y
46 = {0) x=y
(X, d)is a complete cone metric space over the Banach algebra A.

Now define mapping T:X - X by Tx=ix2+%x and k=(§,£),h=(§,§), p((§,§)><1 and
p(G2) <

1 1 1 1 1 1
d(Tx, Ty)—(max( x? +2x4y + - y) max( x? +2x4y += y))

Suppose x < y.
Case 1.If x < %yz +%y < y,wehave d(Tx,Ty) = (%y2 +%y,iy2 +%y)

Now we see

d(x,y) = (max(x,y) , max(x, y)) =Yy,

d(Tx,x) = (max (x,%x2 + ;x) max (x x? + %x)) = (x,x),
d(Ty,y) = (max (y.iyz + ;y) max (y. y?+ ;y)) 0¥
d(Tx,y) = (max ze + %x,y),max (sz + %x, y)) =W,y),

0= i 3. o +505) = o )
y,X) = \max|\zy" oy, x|, max(zy" +oy.x || =7y +5y,7Y" +5V)

d(Tx,y) + d(1y,%) = Gy? +3y.1y2 +39)
hld(Tx,y) + d(Ty,x)] = (g 5)(1y2+ v+ y)—(-y +y,27% ).

So

1
max{d(x, ), d(T, ), d(Ty, ), Ald(T, ) + dCe TY)T) = max| (o0, 0,90, (7 + v g7 + )]
1 1
= (g7 + v +y)

Now we have:

kmax{d(x, ), d(Tx, x),d(Ty, ), hd(Tx,y) + dGe T = (2,2) (G2 + 3,592 +¥) = (52 + 2y y? +

)
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It’s clearly that for each y € [0,1],%}/2 + gy > iyz + iy. S0

d(Tx,Ty) < kmax{d(x,y),d(Tx,x),d(Ty,y), h[d(Tx,y) + d(x,Ty)]}

Case 2. If %yz +%y < x < y,wehave d(Tx,Ty) = (%y2 +%y,iy2 +%y)

Now we see

d(x,y) = (max(x,y) , max(x,y)) = (v,¥),

d(Tx,x) = (max (x,%x2 +%x),max (x,%xz +%x)) - (x,
i1 = (a3 + ) s 3y + 1)
d(Tx,y) = (max ze +%x,y),max ze +%x,y)) = (y,
S O e G O

d(Tx,y) + d(Ty,x) = (x +y,x +y),
hld(Tx,y) + d(Ty, 0] = (3,2) c+y,x+y) = C@+y). @ +y)).

So

max{d(x,y),d(Tx,x),d(Ty,y), h[d(Tx,y) + d(x,Ty)]} =
2 2
max {6, ), (7,9, G G+ M5 G+ 3} = ).

Now we have k max{d(x,y),d(Tx,x),d(Ty,y), h[d(Tx,y) + d(x,Ty)]} = (g»g) oy = (g%g)’)-

It's clearly that for each y € [0,1],%}1 > iyz + %y, SO

d(Tx,Ty) < kmax{d(x,y),d(Tx,x),d(Ty,y), h[d(Tx,y) + d(x, Ty)]}

Thus T is quasi contractive in X, and we are in the condition of Theorem 2.1, so T has a fixed
pointx = 0.
Remark 2.1. We see that this example doesn’t complete the conditions of Theorem 3.2 [8], because it

doesn’t exist anyk such that p(k) < % and d(Tx,Ty) < k[d(Tx,y) + d(Ty,x)] forall x,y € X.

So if we take x <iy2 +%y <y,

d(Tx,Ty) = (332 + 23,292 +2y) < k[d(Tx,y) + d(Ty, )] = (k(x + ), k(x + ),

where k = (kq, k3).
Thus 1y2 + 1y <k(x+y)=kx+ky<k; Gyz + %y) + k;y, where i € {1,2},
1 1 k;
so (1— )(y += y)<klyand (Zy2+5y)<1_—kiy<y.
We see that j <1 only for k; > %, so k> (%,%) and p(k) > % Thus, our result is more general than

the result of [7] and [8].
Remark 2.2 In Theorem 2.1 we prove the existence but not the uniqueness of fixed point for pseudo

contractive mappings. If we take p(h) < %, we prove the uniqueness of fixed point as in following theorem.
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Theorem 2.2. Let (X,d) be a complete cone metric space over a Banach algebra A, P be a solid cone in

A. Suppose that the mapping T:X — Xis quasi contractive, so it satisfies:

d(Tx,Ty) < kmax{d(x,y),d(Tx,x),d(Ty,y), h[d(Tx,y) + d(x,Ty)]}

where hk = kh, p(k) <1 and p(h) < % Then T has a unique fixed point in X.

Proof. The existence can be proved as in Theorem 2.1 because p(h) < % and p(kh) < p(k)p(h) < 1.

Now we prove the uniqueness.
Suppose that exist y*another fixed point of T, then

d(x*,y*) = d(Tx*, Ty*) < kmax{d(x*,y*),d(Tx*,x*),d(Ty*,y*), h[d(Tx*,y*) + d(Ty*,x)]}

= kmax{d(x*,y*),2hd(x*,y*)}

Case 1. If max{d(x*,y*),2hd(x*,y*)} = d(x*,y*), we have d(x*,y*) < kd(x*,y*).
Thus (e — k)d(x*,y*) < 6, by multiplying both sides with(e — k)~! we have d(x*,y*) =0 so x* = y*
Case 2. If max{d(x*,y*),2hd(x*,y*)} = 2hd(x*,y*), using the same technique as [8], we have:

d(x",y") < 2khd(x",y") < 2kh)"d(x",y*),n = 1.

Since p(hk)<%,||(2kh)"||—>0, so {(2kh)"d(x*,y*)} is ¢— sequence and d(x*,y*) < ¢, thus

d(x*,y*) — 0’ x* — y*

This result is true for quasi contractive mappings in cone metric space. So we have:

Corollary 2.1. Let (X,d) be a complete cone metric space, P be a solid cone in A. Suppose that the

mapping T:X — Xis quasi contractive, so it satisfies:

d(Tx,Ty) < kmax{d(x,y),d(Tx,x),d(Ty,y), h[d(Tx,y) + d(x,Ty)]}

where k<1 and h < % Then T has a unique fixed pointin X.
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