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Abstract: In this article, partial affine system-based frames is studied. We obtain some inequalities in form
of matrix for a partial affine system to be a partial affine frame in the setting of subspaces of L(R). The
results improve known ones by W. Sun, Chui, Shi, and Chen, Ron and Shen.
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1. Introduction

The frame was first introduced in 1952 by Duffin and Schaeffer [1] to study nonharmonic Fourier series
and reintroduced in 1986 by Daubechies et al. [2]. Due to their potential applications in signal processing,
filter theory and many other areas [3], [4], in recent years, frames have interested some mathematicians
and engineering specialists. Among all forms of the frame, the wavelet frame is very important both in
theory and in applications. The readers can refer to [5]-[13] for details.

Let ¥ € L?(R), and a > 1 be constant. Define Yik = aélp(aj . —k), jk eZIf {1/;]-,,{: j. k€ Z} forms a
frame for L?(R), thatis, there exist 0 < A < B < o such that

AUFIZ < ) [(Fs0l° <BIFIZ, v f € 2R

jkEZ

then we call {gl)j,k: j k€ Z} is a wavelet frame. A and B are called the lower and upper frame bounds,
respectively.

In applications, image denoising and data compression are two important tasks in signal analysis, and we
often need to process signals with some limitations in time and frequency domain. Let us take wavelet
frames expansion for example. For V f € L?(R), we have the expansion

fG) = Zj,kezcj,klpj,k(') (1.1)

they mean to set ¢, withlarge j equal to zero (since large j correspond to high-frequency) and then, for
the left terms, to retain only large c ;(in absolute value).

The above discussion inspired us to study the system of the form X;(y) = {l/)j_k: jeJ ke Z}, where | is
asubset of Z .We write X;(y) = X(y) for simplicity, and write
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00.9) ={¢ e R Y [(aE)[* > 0

JjeJ

and FL?(E) = {f € L*(R): f=0ae onR\ E} for a Lebesgue measurable set E in R, where the Fourier
transform of a function f € L*(R) is defined by f()=/, f(x)e ™2™ dx.

Since / doesnotneedtobe Z, wecall X;(3) apartial affine system.

In the study of wavelet frames, one of the basic questions is to find conditions on y and a such that
{1/)]-,,(: j. k€ Z} forms a frame. Recently, many results including necessary and sufficient conditions have
been established in L?(R) or in the subspaces of L?(R), for example, see [3], [6], [7], [10], [12], [13]-[16].
By a standard argument, for the wavelet frame in FLZ(!Z(], 1/))), we have the following necessary
condition:

Proposition 1.1 Suppose that X;(1) is a frame for FL? (2(J,¥)) with frame bounds A and B, then

Axagp ) < Zjeglp(a™’ ‘)|2 < Bxagyp () (1.2)

a.e.on R

In this paper, we will generalize proposition 1.1, a necessary condition in form of matrix for a partial
affine system to be a partial affine frame in FL? (.Q g, 1,[))) is obtained.

Throughout this paper, we denote by C and Z the set of complex number and the set of integers,
respectively. Given a Lebesgue measurable set E, Edenotes the Lebesgue measure of E and Xz denotes
the characteristic function on E. For each f € L?(R), define supp f = {x € R: f(x) # 0}, which is
well-defined up to a set of measure zero.

Next we will give some notations. For a > 1, denote A; = {a € Ria = a’k for some j € J, k € Z}. For any
a€hplet [(a) ={(,k)€JXZ: a=a’k} and

A, (W, w) = Z lﬁ(a'jw)lﬁ(a‘fw + k).

U.R)El(a)

For every n>1 and a € A;\ {0}, let Gurn(Y,w) = [A-m)e(W, w + Ma)] < m<nbe a (2n+1) X
(2n + 1) matrix.

For an n X n Hermite matrix ¢ and constants A and B, the inequalities A < G < B stant for
Allcl|?> € cTGe < B||c||?, VceC™

The rest of this paper is organized as follows. Section 2 is devoted to giving some lemmas. Section 3
focuses on the proof of our main result.

2. Some Lemmas

In this section, we give some Lemmas. Denote
D={fel?’R):feL”(R)andsupp f{w € R: €' < [§| < C} for some C > 1}.

We call a function | € L?(R) admissible if
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7 2
Cy = fn& W) dw < o

lw]

It is easy to check that (1.2) implies the admissibility of . The next Lemma is in [17, Lemma 2.1], which
will be used in changing the order of the summation.
Lemma 2.1 Forany f € D and 9 € L*(R) with Cy < oo, we have

S [V @ @+ (e a)i(a o + 1)ldo < oo,

jkez”—*

Lemma 2.2 Let f, i € L?(R) and j € Z. Then for k € Z, the k-th Fourier coefficient of

Y @b f (@ +RPC )

k€EZ

is (f, ;). In particular,

ez @t f (@ C+10)) P +K) = Seenlf, jude > (21)

if {({f, YN kez € (D).
Lemma 2.3 Let® # K c Z,and ¥ € L*(R) with C, < co. Then

22|(f'¢j,k>|2 = z Z f+wmlﬁ(a_fw)lﬁ(a‘1w +k)f (w+ a)dw

ek ez a€lg (jk)Elg(@) " ~®

for f € D and «a € Ag.
Proof. By Lemma 2.2

Y Nl = o fol

JEK k€L JEK

2
dw.

Y F (d+0) i +5)

KkEZL

By a change of variables, we have

ZZ|(f'¢j,k)|2 = Z J;)aj Zf (0 + a/k)Pa”w + k) 2 dw
JEK keL TR o=
= Z foa]Zf (w+alk)P(a’w + k) Flw)dw,
JEK kEZ

where

F) =) f (w+ak)pla o+ ).

k€EZ
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Since f € D, so for each j € K, the number of k for which f (a) + ajk) # 0 is finite, then

S Yl =Y [ F@i(aro)Y @+ akiaros 0 do

jeK kez jeK kEZ

By Lemma 2.1, we can change the summation order, so

S Wl =Yy [ T@)f (0 + ak)a o) e+ o
JEK ke JEK kezZ” ~®

= Z Z f wmﬁ(a‘jw)zﬁ(aﬂw +k)f (0 + a)dw.

a€lg (jk)Elk(a) "~
This finishes the proof.

3. Proof of the Main Result

In this section, we give the main result and prove it.
Our main result is the theorem below, which is a generalization of [17, Theorem 1.2]:

Theorem 1.1 Let ¥ € L2(R) and a > 1 be constants. If X; () is a frame for FL? (.Q(], 1/))) with frame
bounds A and B.Then

AXogy) < Gan(Y, ) < Byggy), ae, Vn=1,a€ A\ {0}

Proof. Fix some a € Aj\ {0}. Z]-e]|17)(a_jw)|2 and ZU_S)E,](a)@(a‘iw)@(a‘l(w+a)) are locally
integrable on R. Let

(

r= ﬂ w: w is a Lebesgue point for z [P(a™(w +ma))|?, Z [P(a™(w
MEZ,~nsmsn je[-M+1,0)n] je[-M+1,0)n]

+ma))|? and Z P(a T (wy + ka))((a™ (w + ka) + 5), |k| < n, respectively .

U.s)el(a)
j>-M

Then R\T isazero-measured set.
Fixany wqy inT suchthat wg+ma#0,— n<m<n. For 0 <e<|al,f €ER and

€ = {€m}—n<m<n € C*"*1, denote H.(B) = [a)o +p - ; wo + B+ %] and

n
1
Ge@) == D Cntnonm (@Xag (@)

m=—-n

Fix some M € N, and write
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D Kaewiol = Zl<g£,¢]k>l+ Z > e 0l = 01+ 02

JEJ k€L JjE(—o0—M]|NJ kEL —M+1,00)N] kEZ

By Lemma 2.3

+0oo -
6= Y Y[ E@a(o+ds)i(ato)iaro + o
jeE[-M+1,00)n] s€Z "~ %

Since X;(¥) c FLZ(.Q(], 1,[1)), SO )(Q(],w)(-)llj(a'j ) = 1/3(a'j -), then we have

o Y Y[ R @h o dsici@n T o

jE[-M+1,00)n] s€Z "~ %

where

1 n
he (w) = ﬁ Z CmXH.(ma) (w).

m=—-n

Then by the same procedure in [17], we can obtain

h.(w) b (0 + a’)lﬁ(a‘jw)lf)(a‘fw + s)dw
a’eh; (j,s)el(a) R
j>—M

= | P eV w)ldo
DO
j>-M
2n
+ Z Z he(w)hy(w + ma)P(aw)P(aw + s)dw
m=1(j,s)el;(ma) * R

j>—M
2n
+ Z ﬁs(w)ﬁg(w - ma)lﬁ(a‘jw)lﬁ(a‘fw + s)dw
m=1 (j,s)€lj(-ma) R
j>-M
+ Z Z he(w) he(w + a’)g[;(a‘fw)mdw
a'eAj\{xma,0sms2n} (j,s)el;(a’) R

j>—M
=0Q21+ Q22+ Q23+ Q24

and we also have

n
limsup|Qs] < €' Y f 1 () 2deo
E—
m

— ’ lol>2aM|wo+mal/(a+1)

+C' Tih=n Zje(—oominy [P (@ (wg + ma))|? (3.1
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1 n wotka+s
=iy 3 2Y el [ | W)
(,9)EL0)  k=—n wo+ka—3
j>-M

= Yhen okl (Zjer-mrony Y@ (wo + ka))|?)

181_{% Q22 = i1 2k=" G Cream 25, s)EII(ma)lp(a J(wo + ka))P(a (wy + ka) +s)
j>-M

hm Q23 = Zit1 Xk=m—n CkCk—m L(j,$)el;(~ma) (a7 (wo + ka))P(a™ (wo + ka) + s)
j>-M

hm QZ 4 = 0
-0 7

Combining (3.1)-(3.5), we obtain

lgi_{% sup |Q; +Q; — z |ci? Z |IIA) (a_j(wo + ka))|2 —

k=—n JE[-M+1,00)n]
2n n-m
=)D Glm Y. B @, + ka)B(a (g + ka) +5)
m=1k=-n (j.s)el;(ma)
j>—M
2n n
_ Z CrChom Z P (a‘f (wq + ka)) Pa7(wy + ka) +s) |
m=1k=m-n U (-ma)
j>—M

n

P@Pdo+C Dl (o +ma)l.

m=-n je(—co-M|nJ

e ) |

me—n Y lwl>2aM|we+mal/(a+1)

By letting M — oo, we have

lim(Qy +02) = Z lckl? 2P, o + ka)

k——n
+Z

= |lcll®xa( ), it follows that

k=m-n k=m-n

Since || gl

n
Axtagullel” < ) lexl? 4o, 00 + k)

k——n

+Z

n
Z C_kck—mAma:(lpﬂ Wo + kO() + z C_kck—mA—ma(lpi Wo + ka)

k=m-n k=m-n

Since c is arbitrary, the above inequalities are equivalent to Ay, y) < Gan(¥, @) < Bxogy).

n
Z acck—mAma(lp; wo + ka) + Z Cchk—mA—moc(l;br wWo + ka) .

(3.2)

(3.3)

(3.4)

(3.5)

< Bxagwllcll.

This
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completes the proof.

4. Conclusion

In this paper, we obtain some inequalities in form of matrix for a partial affine system to be a partial
affine frame in the setting of subspaces of L?(R).
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