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Abstract: In this article, partial affine system-based frames is studied. We obtain some inequalities in form 

of matrix for a partial affine system to be a partial affine frame in the setting of subspaces of L2(ℝ). The 

results improve known ones by W. Sun, Chui, Shi, and Chen, Ron and Shen. 
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1. Introduction 

The frame was first introduced in 1952 by Duffin and Schaeffer [1] to study nonharmonic Fourier series 

and reintroduced in 1986 by Daubechies et al. [2]. Due to their potential applications in signal processing, 

filter theory and many other areas [3], [4], in recent years, frames have interested some mathematicians 

and engineering specialists. Among all forms of the frame, the wavelet frame is very important both in 

theory and in applications. The readers can refer to [5]-[13] for details. 

Let 𝜓 ∈ 𝐿2(ℝ), and a > 1 be constant. Define 𝜓𝑗,𝑘 = 𝑎
𝑗
2𝜓(𝑎𝑗 ⋅ −𝑘),    𝑗, 𝑘 ∈ ℤ. If {𝜓𝑗,𝑘:  𝑗, 𝑘 ∈ ℤ} forms a 

frame for 𝐿2(ℝ), that is, there exist 0 ≤ 𝐴 ≤ 𝐵 < ∞ such that  

 

𝐴‖𝑓‖2 ≤ ∑ |〈𝑓, 𝜓𝑗,𝑘〉|
2
≤

𝑗,𝑘∈ℤ

𝐵‖𝑓‖2 ,    ∀ 𝑓 ∈ 𝐿2(ℝ) 

 

then we call {𝜓𝑗,𝑘:  𝑗, 𝑘 ∈ ℤ} is a wavelet frame. 𝐴 and 𝐵 are called the lower and upper frame bounds, 

respectively. 

In applications, image denoising and data compression are two important tasks in signal analysis, and we 

often need to process signals with some limitations in time and frequency domain. Let us take wavelet 

frames expansion for example. For  ∀ 𝑓 ∈ 𝐿2(ℝ), we have the expansion 

 

   𝑓(⋅) = ∑ 𝑐 𝑗,𝑘𝜓𝑗,𝑘(⋅) 𝑗,𝑘∈ℤ                                    (1.1) 

 

they mean to set 𝑐 𝑗,𝑘 with large 𝑗 equal to zero (since large 𝑗 correspond to high-frequency) and then, for 

the left terms, to retain only large 𝑐 𝑗,𝑘(in absolute value). 

The above discussion inspired us to study the system of the form 𝑋𝐽(𝜓) = {𝜓𝑗,𝑘:  𝑗 ∈ 𝐽, 𝑘 ∈ ℤ}, where 𝐽 is 

a subset of ℤ . We write 𝑋ℤ(𝜓) = 𝑋(𝜓) for simplicity, and write  
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𝛺(𝐽, 𝜓) = {𝜉 ∈ ℝ: ∑|𝜓̂(𝑎−𝑗𝜉)|
2

𝑗∈𝐽

> 0} 

 

and 𝐹𝐿2(𝐸) = {𝑓 ∈ 𝐿2(ℝ): 𝑓 = 0  a. e.  on ℝ ∖ 𝐸} for a Lebesgue measurable set 𝐸 in ℝ, where the Fourier 

transform of a function 𝑓 ∈ 𝐿2(ℝ) is defined by 𝑓(⋅)=∫ 𝑓(𝑥)𝑒−2𝜋𝑖𝑥⋅
ℝ

𝑑𝑥 . 

Since 𝐽 does not need to be ℤ,  we call 𝑋𝐽(𝜓) a partial affine system. 

In the study of wavelet frames, one of the basic questions is to find conditions on 𝜓 and 𝑎 such that 

{𝜓𝑗,𝑘:  𝑗, 𝑘 ∈ ℤ} forms a frame. Recently, many results including necessary and sufficient conditions have 

been established in 𝐿2(ℝ) or in the subspaces of 𝐿2(ℝ), for example, see [3], [6], [7], [10], [12], [13]-[16]. 

By a standard argument, for the wavelet frame in 𝐹𝐿2(𝛺(𝐽, 𝜓)),  we have the following necessary 

condition: 

Proposition 1.1 Suppose that 𝑋𝐽(𝜓) is a frame for 𝐹𝐿2(𝛺(𝐽, 𝜓)) with frame bounds 𝐴 and 𝐵, then 

 

                                             𝐴𝜒𝛺(𝐽,𝜓)(⋅) ≤ ∑ |𝜓̂(𝑎−𝑗 ⋅)|
2

𝑗∈𝐽 ≤ 𝐵𝜒𝛺(𝐽,𝜓)(⋅)                              (1.2) 

 

a.e. on ℝ.  

In this paper, we will generalize proposition 1.1, a necessary condition in form of matrix for a partial 

affine system to be a partial affine frame in 𝐹𝐿2(𝛺(𝐽, 𝜓)) is obtained.  

Throughout this paper, we denote by ℂ and ℤ the set of complex number and the set of integers, 

respectively. Given a Lebesgue measurable set 𝐸, 𝐸denotes the Lebesgue measure of 𝐸 and χ𝐸  denotes 

the characteristic function on 𝐸 . For each 𝑓 ∈ 𝐿2(ℝ) , define supp 𝑓 = {𝑥 ∈ ℝ: 𝑓(𝑥) ≠ 0} , which is 

well-defined up to a set of measure zero. 

Next we will give some notations. For a > 1, denote Λ𝐽 = {𝛼 ∈ ℝ: 𝛼 = 𝑎
𝑗𝑘 for some 𝑗 ∈ 𝐽, 𝑘 ∈ ℤ}. For any 

𝛼 ∈ Λ𝐽, let 𝐼𝐽(𝛼) = {(𝑗, 𝑘) ∈ 𝐽 × ℤ ∶  𝛼 = 𝑎𝑗𝑘} and  

 

Δ𝛼(𝜓,𝜔) = ∑ 𝜓̂(𝑎−𝑗𝜔)𝜓̂(𝑎−𝑗𝜔 + 𝑘)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅.

(𝑗,𝑘)∈𝐼𝐽(𝛼)

 

 

For every n ≥ 1  and 𝛼 ∈ Λ𝐽 ∖ {0} , let 𝐺𝛼,𝑛(𝜓,𝜔) = [Δ(𝑘−𝑚)𝛼(𝜓,𝜔 + 𝑚𝛼)]−𝑛≤𝑘,𝑚≤𝑛 be a (2𝑛 + 1) ×

(2𝑛 + 1) matrix. 

For an 𝑛 × 𝑛  Hermite matrix 𝐺  and constants 𝐴  and 𝐵 , the inequalities 𝐴 ≤ 𝐺 ≤ 𝐵  stant for 

𝐴‖𝑐‖2 ≤ 𝑐𝑇𝐺𝑐̅ ≤ 𝐵‖𝑐‖2,    ∀ 𝑐 ∈ ℂ𝑛. 

The rest of this paper is organized as follows. Section 2 is devoted to giving some lemmas. Section 3 

focuses on the proof of our main result.  

2. Some Lemmas  

In this section, we give some Lemmas. Denote 

 

𝓓 = {𝒇 ∈ 𝑳𝟐(ℝ): 𝒇̂ ∈ 𝑳∞(ℝ) 𝐚𝐧𝐝 𝐬𝐮𝐩𝐩 𝒇̂ {𝝎 ∈ ℝ ∶  𝑪−𝟏 ≤ |𝝃| ≤ 𝑪}  𝐟𝐨𝐫 𝐬𝐨𝐦𝐞 𝑪 > 𝟏}. 

 

We call a function ψ ∈ L2(ℝ) admissible if 
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𝐶𝜓 = ∫
|𝜓̂(𝜔)|2

|𝜔|ℝ

𝑑𝜔 < ∞  

 

It is easy to check that (1.2) implies the admissibility of 𝜓. The next Lemma is in [17, Lemma 2.1], which 

will be used in changing the order of the summation. 

Lemma 2.1 For any 𝑓 ∈ 𝒟 and 𝜓 ∈ 𝐿2(ℝ) with 𝐶𝜓 < ∞, we have  

 

∑ ∫ |𝑓 (𝜔)𝑓 (𝜔 + 𝑎𝑗𝑘)𝜓̂(𝑎−𝑗𝜔)𝜓̂(𝑎−𝑗𝜔 + 𝑘)|𝑑𝜔 < ∞ .
+∞

−∞𝑗,𝑘∈ℤ

 

 

Lemma 2.2 Let 𝑓, 𝜓 ∈ 𝐿2(ℝ) and 𝑗 ∈ ℤ . Then for 𝑘 ∈ ℤ, the 𝑘-th Fourier coefficient of  

 

∑𝑎
𝑗
2

𝑘∈ℤ

𝑓 (𝑎𝑗(⋅ +𝑘))𝜓̂(⋅ +𝑘)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

 

is 〈𝑓, 𝜓𝑗,𝑘〉. In particular, 

 

                                 ∑ 𝑎
𝑗
2𝑘∈ℤ 𝑓 (𝑎𝑗(⋅ +𝑘)) 𝜓̂(⋅ +𝑘)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = ∑ 〈𝑓, 𝜓𝑗,𝑘〉𝑒

−2𝜋𝑖⋅  𝑘∈ℤ                    (2.1) 

 

if {〈𝑓, 𝜓𝑗,𝑘〉}𝑘∈ℤ ∈ 𝑙
2(ℤ). 

Lemma 2.3  Let ∅ ≠ 𝛫 ⊂ ℤ, and 𝜓 ∈ 𝐿2(ℝ) with 𝐶𝜓 < ∞. Then  

 

∑∑|〈𝑓, 𝜓𝑗,𝑘〉|
2
= ∑ ∑ ∫ 𝑓 (𝜔)̅̅ ̅̅ ̅̅ ̅𝜓̂(𝑎−𝑗𝜔)𝜓̂(𝑎−𝑗𝜔 + 𝑘)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑓 (𝜔 + 𝛼)𝑑𝜔

+∞

−∞(𝑗,𝑘)∈𝐼𝛫(𝛼)𝛼∈𝛬𝛫𝑘∈ℤ𝑗∈𝛫

 

 

for 𝑓 ∈ 𝒟 and 𝛼 ∈ 𝛬𝛫 . 

Proof. By Lemma 2.2 

 

∑∑|〈𝑓, 𝜓𝑗,𝑘〉|
2
=∑𝑎𝑗∫ |∑𝑓 (𝑎𝑗(𝜔 + 𝑘)) 𝜓̂(𝜔 + 𝑘)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝑘∈ℤ

|

2

𝑑𝜔
1

0𝑗∈𝛫𝑘∈ℤ𝑗∈𝛫

. 

 

By a change of variables, we have  

 

∑∑|〈𝑓, 𝜓𝑗,𝑘〉|
2
=∑∫ |∑𝑓 (𝜔 + 𝑎𝑗𝑘)𝜓̂(𝑎−𝑗𝜔 + 𝑘)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝑘∈ℤ

|

2

𝑑𝜔
𝑎𝑗

0𝑗∈𝛫𝑘∈ℤ𝑗∈𝛫

 

                                         =∑∫ ∑𝑓 (𝜔 + 𝑎𝑗𝑘)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝜓̂(𝑎−𝑗𝜔 + 𝑘) ⋅ 𝐹(𝜔)𝑑𝜔,

𝑘∈ℤ

𝑎𝑗

0𝑗∈Κ

 

 

where 

 

𝐹(𝜔) =∑𝑓 (𝜔 + 𝑎𝑗𝑘)𝜓̂(𝑎−𝑗𝜔 + 𝑘)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅.

𝑘∈ℤ
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Since 𝑓 ∈ 𝒟, so for each 𝑗 ∈ 𝛫, the number of 𝑘 for which 𝑓 (𝜔 + 𝑎𝑗𝑘) ≠ 0 is finite, then 

 

∑∑|〈𝑓, 𝜓𝑗,𝑘〉|
2
=∑∫ 𝑓 (𝜔)̅̅ ̅̅ ̅̅ ̅𝜓̂(𝑎−𝑗𝜔)∑𝑓 (𝜔 + 𝑎𝑗𝑘)𝜓̂(𝑎−𝑗𝜔 + 𝑘)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝑘∈ℤ

𝑑𝜔
+∞

−∞𝑗∈𝛫𝑘∈ℤ𝑗∈𝛫

. 

 

By Lemma 2.1, we can change the summation order, so  

 

∑∑|〈𝑓, 𝜓𝑗,𝑘〉|
2
=∑∑∫ 𝑓 (𝜔)̅̅ ̅̅ ̅̅ ̅

+∞

−∞𝑘∈ℤ𝑗∈𝛫𝑘∈ℤ𝑗∈𝛫

𝑓 (𝜔 + 𝑎𝑗𝑘)𝜓̂(𝑎−𝑗𝜔)𝜓̂(𝑎−𝑗𝜔 + 𝑘)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑑𝜔 

                                          = ∑ ∑ ∫ 𝑓 (𝜔)̅̅ ̅̅ ̅̅ ̅𝜓̂(𝑎−𝑗𝜔)𝜓̂(𝑎−𝑗𝜔 + 𝑘)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑓 (𝜔 + 𝛼)𝑑𝜔.
+∞

−∞(𝑗,𝑘)∈𝐼𝛫(𝛼)𝛼∈𝛬𝛫

 

 

This finishes the proof. 

3. Proof of the Main Result 

In this section, we give the main result and prove it.  

Our main result is the theorem below, which is a generalization of [17, Theorem 1.2]: 

Theorem 1.1 Let 𝝍 ∈ 𝑳𝟐(ℝ) and 𝒂 > 𝟏 be constants. If 𝑿𝑱(𝝍) is a frame for 𝑭𝑳𝟐(𝜴(𝑱,𝝍)) with frame 

bounds 𝑨 and 𝑩. Then  

 

𝐀𝝌𝜴(𝑱,𝝍) ≤ 𝑮𝜶,𝒏(𝝍,𝝎) ≤ 𝐁𝝌𝜴(𝑱,𝝍),     a.e., ∀ 𝒏 ≥ 𝟏, 𝜶 ∈ 𝜦𝑱 ∖ {𝟎} 

 

Proof. Fix some 𝜶 ∈ 𝚲𝑱 ∖ {𝟎} . ∑ |𝝍̂(𝒂−𝒋𝝎)|
𝟐

𝒋∈𝑱  and ∑ 𝝍̂(𝒂−𝒋𝝎)𝝍̂(𝒂−𝒋(𝝎 + 𝜶))̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
(𝒋,𝒔)∈𝑰𝑱(𝜶)  are locally 

integrable on ℝ. Let 

 

Γ = ⋂

{
 
 

 
 

𝜔: 𝜔 is a Lebesgue point for  ∑ |𝜓̂(𝑎−𝑗(𝜔 +𝑚𝛼))|2,

𝑗∈[−𝑀+1,∞)∩𝐽

 ∑ |𝜓̂(𝑎−𝑗(𝜔

𝑗∈[−𝑀+1,∞)∩𝐽𝑀∈ℤ,−𝑛≤𝑚≤𝑛

+𝑚𝛼))|2 𝑎𝑛𝑑 ∑ 𝜓̂(𝑎−𝑗(𝜔0 + 𝑘𝛼))((𝑎
−𝑗(𝜔 + 𝑘𝛼) + 𝑠)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

(𝑗,𝑠)∈𝐼𝐽(𝛼)

𝑗>−𝑀

, |𝑘| ≤ 𝑛, respectively

}
 
 

 
 

. 

 

Then ℝ ∖ 𝚪 is a zero-measured set. 

Fix any 𝝎𝟎 in 𝚪 such that 𝝎𝟎 +𝒎𝜶 ≠ 𝟎,−𝒏 ≤ 𝒎 ≤ 𝒏 . For 𝟎 < 𝜺 < |𝜶|, 𝜷 ∈ ℝ and  

𝐜 = {𝒄𝒎}−𝒏≤𝒎≤𝒏 ∈ ℂ
𝟐𝒏+𝟏, denote 𝑯𝜺(𝜷) = [𝝎𝟎 + 𝜷 −

𝜺

𝟐
, 𝝎𝟎 + 𝜷 +

𝜺

𝟐
] and  

 

𝑔̂𝜀(𝜔) =
1

√𝜀
∑ 𝑐𝑚𝜒𝐻𝜀(𝑚𝛼)

𝑛

𝑚=−𝑛

(𝜔)𝜒Ω(𝐽,𝜓)(𝜔). 

Fix some 𝑀 ∈ ℕ, and write 
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∑∑|〈𝑔𝜀 , 𝜓𝑗,𝑘〉|
2
=

𝑘∈ℤ𝑗∈𝐽

∑ ∑|〈𝑔𝜀 , 𝜓𝑗,𝑘〉|
2

𝑘∈ℤ

+ ∑ ∑|〈𝑔𝜀 , 𝜓𝑗,𝑘〉|
2

𝑘∈ℤ𝑗∈[−𝑀+1,∞)∩𝐽𝑗∈(−∞−𝑀]∩𝐽

= 𝑄1 + 𝑄2 

 

By Lemma 2.3 

 

𝑄2 = ∑ ∑∫ 𝑔̂𝜀 (𝜔)̅̅ ̅̅ ̅̅ ̅̅ ̅
+∞

−∞𝑠∈ℤ𝑗∈[−𝑀+1,∞)∩𝐽

𝑔̂𝜀 (𝜔 + 𝑎
𝑗𝑠)𝜓̂(𝑎−𝑗𝜔)𝜓̂(𝑎−𝑗𝜔 + 𝑠)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑑𝜔. 

 

Since 𝑋𝐽(𝜓) ⊂ 𝐹𝐿
2(𝛺(𝐽, 𝜓)), so 𝜒Ω(𝐽,𝜓)(⋅)𝜓̂(𝑎

−𝑗 ⋅) = 𝜓̂(𝑎−𝑗 ⋅), then we have  

 

𝑄2 = ∑ ∑∫ ℎ̂𝜀 (𝜔)
̅̅ ̅̅ ̅̅ ̅̅ ̅

+∞

−∞𝑠∈ℤ𝑗∈[−𝑀+1,∞)∩𝐽

ℎ̂𝜀 (𝜔 + 𝑎
𝑗𝑠)𝜓̂(𝑎−𝑗𝜔)𝜓̂(𝑎−𝑗𝜔 + 𝑠)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑑𝜔, 

 

where 

 

ℎ̂𝜀 (𝜔) =
1

√𝜀
∑ 𝑐𝑚𝜒𝐻𝜀(𝑚𝛼)

𝑛

𝑚=−𝑛

(𝜔). 

 

Then by the same procedure in [17], we can obtain  

 

∑ ∑ ∫ ℎ̂𝜀(𝜔)
̅̅ ̅̅ ̅̅ ̅̅

ℝ(𝑗,𝑠)∈𝐼𝐽(𝛼
′)

𝑗>−𝑀

𝛼′∈Λ𝐽

ℎ̂𝜀(𝜔 + 𝛼
′)𝜓̂(𝑎−𝑗𝜔)𝜓̂(𝑎−𝑗𝜔 + 𝑠)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑑𝜔 

                                      = ∑ ∫ |ℎ̂𝜀(𝜔)|
2 ⋅ |𝜓̂(𝑎−𝑗𝜔)|2𝑑𝜔

ℝ(𝑗,𝑠)∈𝐼𝐽(0)

𝑗>−𝑀

 

                                     + ∑ ∑ ∫ ℎ̂𝜀(𝜔)
̅̅ ̅̅ ̅̅ ̅̅ ℎ̂𝜀(𝜔 +𝑚𝛼)𝜓̂(𝑎

−𝑗𝜔)𝜓̂(𝑎−𝑗𝜔 + 𝑠)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑑𝜔
ℝ(𝑗,𝑠)∈𝐼𝐽(𝑚𝛼)

𝑗>−𝑀

2𝑛

𝑚=1

 

                                     + ∑ ∑ ∫ ℎ̂𝜀(𝜔)
̅̅ ̅̅ ̅̅ ̅̅ ℎ̂𝜀(𝜔 −𝑚𝛼)𝜓̂(𝑎

−𝑗𝜔)𝜓̂(𝑎−𝑗𝜔 + 𝑠)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑑𝜔
ℝ(𝑗,𝑠)∈𝐼𝐽(−𝑚𝛼)

𝑗>−𝑀

2𝑛

𝑚=1

 

                                     + ∑ ∑ ∫ ℎ̂𝜀(𝜔)
̅̅ ̅̅ ̅̅ ̅̅

ℝ(𝑗,𝑠)∈𝐼𝐽(𝛼
′)

𝑗>−𝑀

𝛼′∈Λ𝐽∖{±𝑚𝛼,0≤𝑚≤2𝑛}

ℎ̂𝜀(𝜔 + 𝛼
′)𝜓̂(𝑎−𝑗𝜔)𝜓̂(𝑎−𝑗𝜔 + 𝑠)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑑𝜔 

                                    = 𝑄2,1 + 𝑄2,2 + 𝑄2,3 + 𝑄2,4, 

 

and we also have  

 

lim
𝜀→0

sup |𝑄1| ≤ 𝐶′ ∑ ∫ |𝜓̂(𝜔)|2𝑑𝜔
|𝜔|>2𝑎𝑀|𝝎𝟎+𝑚𝛼| (𝑎+1)⁄

𝑛

𝑚=−𝑛

 

                                                               +𝐶′∑ ∑ |𝜓̂(𝑎−𝑗(𝜔0 +𝑚𝛼))|
2

𝑗∈(−∞−𝑀]∩𝐽
𝑛
𝑚=−𝑛                          (3.1) 
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lim
𝜀→0

𝑄2,1 = lim
𝜀→0

∑
1

𝜀
∑ |𝑐𝑘|

2

𝑛

𝑘=−𝑛

∫ |𝜓̂(𝑎−𝑗𝜔)|2𝑑𝜔
𝝎𝟎+𝑘𝛼+

𝜀
2

𝝎𝟎+𝑘𝛼−
𝜀
2(𝑗,𝑠)∈𝐼𝐽(0)

𝑗>−𝑀

 

                                                  = ∑ |𝑐𝑘|
2𝑛

𝑘=−𝑛 (∑ |𝜓̂(𝑎−𝑗(𝜔0 + 𝑘𝛼))|
2

𝑗∈[−𝑀+1,∞)∩𝐽 )                    (3.2) 

 

      lim
𝜀→0

𝑄2,2 =∑ ∑ 𝑐𝑘̅𝑐𝑘+𝑚
𝑛−𝑚
𝑘=−𝑛

2𝑛
𝑚=1 ∑ 𝜓̂(𝑎−𝑗(𝜔0 + 𝑘𝛼))𝜓̂(𝑎

−𝑗(𝜔0 + 𝑘𝛼) + 𝑠)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

(𝑗,𝑠)∈𝐼𝐽(𝑚𝛼)

𝑗>−𝑀

            (3.3) 

 

      lim
𝜀→0

𝑄2,3 =∑ ∑ 𝑐𝑘̅𝑐𝑘−𝑚
𝑛
𝑘=𝑚−𝑛

2𝑛
𝑚=1 ∑ 𝜓̂(𝑎−𝑗(𝜔0 + 𝑘𝛼))𝜓̂(𝑎

−𝑗(𝜔0 + 𝑘𝛼) + 𝑠)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

(𝑗,𝑠)∈𝐼𝐽(−𝑚𝛼)

𝑗>−𝑀

      (3.4) 

 

                                                                                 lim
𝜀→0

𝑄2,4 = 0                                     (3.5) 

 

Combining (3.1)-(3.5), we obtain 

 

       lim
𝜀→0

sup |𝑄1 + 𝑄2 − ∑ |𝑐𝑘|
2

𝑛

𝑘=−𝑛

( ∑ |𝜓̂ (𝑎−𝑗(𝜔0 + 𝑘𝛼))|
2

𝑗∈[−𝑀+1,∞)∩𝐽

) − 

                     − ∑ ∑ 𝑐𝑘̅𝑐𝑘+𝑚

𝑛−𝑚

𝑘=−𝑛

2𝑛

𝑚=1

∑ 𝜓̂(𝑎−𝑗(𝜔0 + 𝑘𝛼))𝜓̂(𝑎
−𝑗(𝜔0 + 𝑘𝛼) + 𝑠)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

(𝑗,𝑠)∈𝐼𝐽(𝑚𝛼)

𝑗>−𝑀

 

                     − ∑ ∑ 𝑐𝑘̅𝑐𝑘−𝑚

𝑛

𝑘=𝑚−𝑛

2𝑛

𝑚=1

∑ 𝜓̂(𝑎−𝑗(𝜔0 + 𝑘𝛼)) 𝜓̂(𝑎
−𝑗(𝜔0 + 𝑘𝛼) + 𝑠)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

(𝑗,𝑠)∈𝐼𝐽(−𝑚𝛼)

𝑗>−𝑀

| 

≤ 𝐶′ ∑ ∫ |𝜓̂(𝜔)|2𝑑𝜔 + 𝐶′ ∑ ∑ |𝜓̂(𝑎−𝑗(𝜔0 +𝑚𝛼))|
2

𝑗∈(−∞−𝑀]∩𝐽

𝑛

𝑚=−𝑛|𝜔|>2𝑎𝑀|𝝎𝟎+𝑚𝛼| (𝑎+1)⁄

𝑛

𝑚=−𝑛

. 

 

By letting 𝑀 → ∞, we have  

 

lim
𝜀→0

(𝑄1 + 𝑄2) = ∑ |𝑐𝑘|
2

𝑛

𝑘=−𝑛

𝛥0(𝜓,𝜔0 + 𝑘𝛼)

+ ∑ [ ∑ 𝑐𝑘̅𝑐𝑘−𝑚𝛥𝑚𝛼(𝜓,𝜔0 + 𝑘𝛼) + ∑ 𝑐𝑘̅𝑐𝑘−𝑚

𝑛

𝑘=𝑚−𝑛

𝑛

𝑘=𝑚−𝑛

𝛥−𝑚𝛼(𝜓,𝜔0 + 𝑘𝛼)] .  

2𝑛

𝑚=1

 

 

Since ‖𝑔̂𝜀‖
2 = ‖𝑐‖2𝜒Ω(𝐽,𝜓), it follows that  

 

𝐴𝜒𝛺(𝐽,𝜓)‖𝑐‖
2 ≤ ∑ |𝑐𝑘|

2

𝑛

𝑘=−𝑛

𝛥0(𝜓,𝜔0 + 𝑘𝛼)

+ ∑ [ ∑ 𝑐𝑘̅𝑐𝑘−𝑚𝛥𝑚𝛼(𝜓,𝜔0 + 𝑘𝛼) + ∑ 𝑐𝑘̅𝑐𝑘−𝑚

𝑛

𝑘=𝑚−𝑛

𝑛

𝑘=𝑚−𝑛

𝛥−𝑚𝛼(𝜓,𝜔0 + 𝑘𝛼)] ≤  𝐵𝜒𝛺(𝐽,𝜓)‖𝑐‖
2

2𝑛

𝑚=1

. 

 

Since c is arbitrary, the above inequalities are equivalent to A𝜒𝛺(𝐽,𝜓) ≤ 𝐺𝛼,𝑛(𝜓,𝜔) ≤ B𝜒𝛺(𝐽,𝜓) .    This 
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completes the proof.     

4. Conclusion 

In this paper, we obtain some inequalities in form of matrix for a partial affine system to be a partial 

affine frame in the setting of subspaces of 𝐿2(ℝ). 
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