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Abstract: Let K be a field and KQ be a noetherian path algebra for the quiver Q. Given a left (resp. right)
finitely generated ideal I of KQ, we propose a new idea for computing left (resp. right) Groebner bases on KQ.
As application, we propose a method for computing the so called left (resp. right) syzygies, that is, given
polynomials fi,...fs €KQ \{0} we propose a method for computing the set of all elements (hy,..,hs) € (KQ)s
such that hifi + ... + hefs= 0 (resp. fih1 + ... + fshs=0).
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1. Introduction

The advent of Groebner bases made a lot of computation possible in different areas of mathematics
especially in algebraic geometry and commutative algebra. The theory of Groebner bases is widely studied
in the commutative as well as non-commutative case over free associative algebras (see [1]-[7]) with their
applications in computing syzygies [8]-[10]. The goal of this work is to revisit the non-commutative
Groebner bases over path algebras. We propose a new approach for computing left and right Groebner
bases on path algebras. Beside the left and right S-polynomials, we introduce the notion of left and right
extended S-polynomials which is suitable for path algebras. Our approach is a generalization of the idea
used in [1] and [9] chapter 2 which enables to compute a left and right Groebner basis using only selected
S-polynomials in the Buchberger’s criterion. We generalize the Schreyer’s theorem on path algebras and as
application we propose a method for computing left and right syzygies modules on path algebras i.e given
polynomails fi, .., fi € KQ \{0} we propose a method for computing the set of all elements (hy, .., hs) €
(KQ)ssuch that hifi + ... + hefs= 0 (resp. fih1+ ... + fshs= 0) called left and right syzygies. This result will be
very useful for instance for those who wish to study the intersection of ideals since syzygies play a central
role in finding a generating set of the intersection of two ideals.

2. Preliminaries

Definition 1.1. By a directed graph or a quiver we mean a quadruple I' = (T'0,I'},1;s) where I'%is the set of
vertices, 'l the set of edges and r,s: ['1 — ['%are maps. If e € I'lis an edge, then s(e) the is called source of e
and r(e) is the range of e. A sequence of edges a = ej...ep such that r(e;) = s(ei+1) for i = 1,..,n — 1 is called path
in I In this case we denote s(a) = s(e1) and r(a) = r(e,). The number of edges in the path a denoted L(«) is
called the length of a. A vertex is regarded as a path of length zero. A closed path is a path «a such that s(a) =
r(a). A cycle is a closed path a such that if e;and e;jare edges occurring in « then s(e;) # s(e) Vi # j. We
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denote by path (T') the set of all paths in I. If @ and § are paths, then we define the multiplication as follow:
af is the path adjoining a and f by concatenation if r(a) = s(f); otherwise we get zero.

Let K be a field and I" be a quiver. The set of all linear combinations of paths in I' with coefficients in K
together with the above multiplication is called path K-algebra. In the other hand, if I' = (I'0,I'},;s) is a quiver,
then the path K-algebra KT is the free associative algebra K <I'U I'1> generated by I'0U I'1 satisfying to: v;;
=6viVv,vi€EI%and s(e)e=er(e) =eVe €Il

A quiver I if row-finite if V e € I'1, we have s-1(¢e) < oo.

Remark 1.2.If f€ KT then f = Z a;p; where a;€ K, p; € path (I') and only finitely many a;= 0. Elements

?
of KT will be called polynomials and paths will be called monomials. Since the path algebra is unital, then in
this work we will always consider 1xr =), ero v.

Definition 1.3. « A well-ordering in path (I') is a total ordering with the condition that every subset of
path (T') has a least element.

A well-ordering < is called left-admissible in path (T') if V p,q,r € path(l'), we have p <q = rp <rq
whenever rp and rq are both non-zeros.

A well-ordering < is called right-admissible in path (') if V p,q,s € path (I'), we have p <q = ps <gs
whenever ps and gs are both non-zeros.

Example 1.4. - left-lexicographic order

Let p = e1 -~-e;and q = f1 --fi be two paths in I We say that p is less than g with respect to the
left-lexicographic order and we denote p <j.xq if there exists a path m (otherwise we set m = 1) such that
p = meg e, q = mfs---fiand ex < fs.

Remark 1.5. The left lexicographic order is not a left-admissible ordering since it is not a well-ordering.
For example, for the following graph

P
a | .- —=9
b b

with a < b we have ab >jiex @%b >jjex> a3b >jiex +++ then the subset {a"b/n EN\{0}}< path (I') doesn’t have a least
element.

length left-lexicographic order

Let p = e --e;and q = fi1 ---fibe two paths in I. We say that p is less than g with respect to the length
left-lexicographic order and we denote p <1.xq if L(p) < L(q) or L(p) = L(q) and p <pexq.

Remark 1.6. The length left-lexicographic order is a left-admissible ordering.

right-lexicographic order

Let p = e1 erand q = f1 ---fi be two paths in I. We say that p is less than q with respect to the
right-lexicographic order and we denote p <y q if there exists a path m (otherwise we set m = 1) such
thatp =eq--exm, q = f1+--fym and ex< f.

Remark 1.7. The right lexicographic order is not a right-admissible ordering since it is not a
well-ordering. For example, for the following graph

—

a| .- — 9
e b

with a < b we have ba >yiex ba? >pjex> ba3 >y +++ then the subset {ba"/n eN\{0}}c path(I') doesn’t have a least
element.

length right-lexicographic order

Let p = e1+--erand q = fi ---fibe two paths in I. We say that p is less than g with respect to the length
right-lexicographic order and we denote p <rexq if L(p) < L(q) or L(p) = L(q) and p <rnexq.

Remark 1.8. The length right-lexicographic order is a right-admissible ordering.
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Definition 1.9. Let < be a left or right admissible ordering and f € KT" \{0}. Then we call:
e the leading monomial of fdenoted Lm(f) to be the biggest monomial occurring to fwith respect to <;
e the leading coecient of f denoted Lc(f) to be the coecient of Lm(f) in f;
the leading term of fdenoted Lt(f) = Lc(f)Lm(f).
In what follow we denote by R = KT.
Definition 1.10. (1) A subset of I, of KT is called left ideal if the following conditions hold:
e 0 I}
e f+gel,V fgely:
e fhelpV fe Raud help.
(2) A subset of Irof KT is called right ideal if the following conditions hold:
e 0 g
o f[+ygelpV f.g€lp:
e fhelpVW fe Rand h e Ig.

Remark 1.11. If E is a subset of R, then we denote by (F); = {Z higi/h; € R g; € EVi} theleft
i

ideal generated by E and <E>r={3; gifi /gi€ E and fi€ RV i} the right ideal generated by E. We denote by
Lm(E)=<Lm(f)/f€e E\{0}>Land Lm(E)r=<Lm(f)/f€ E\{0}>r

Definition 1.12. A left (respectively right) ideal of a path K-algebra KT is called left (respectively right)
monomial if it is generated by monomials.

Remark 1.13. A left (respectively right) monomial ideal is also called left (respectively right) path ideal.

3. Left Groebner Bases on KQ

In this section we denote by Q a quiver and R = KQ a path K-algebra. The goal of this section is to propose
a method for computing a left Groebner basis of a left ideal of R = KQ. By division in this section we will
always mean on the lefti.e a | b if there exists c such thatb=c - a.

Definition 2.1. Let [, be a left ideal of R and G be a subset of I;. We say that G is a left Groebner basis for I,
with respect to a given left-admissible ordering if for every f € I, there exists g € G such that Lm(g) divides
Lm(f) i.e there exists h € R such that Lm(f) = Lm(h)Lm(g). In the other hand, G is a left Groebner basis for I, if
Lm(I;).=Lm(G);.

Remark 2.2. A left Groebner basis is a generating set of a left ideal, since the path K-algebra R of a given
graph is not necessarily left noetherian, for example for the graph

-

The corresponding path K-algebra is not left noetherian since the left ideal hba?/n € N\{0}i.is not finitely
generated. a left Groebner basis may be innite and in this case the computation won’t be interesting. In this
work we will deal only with noetherian path K-algebras.

Definition 2.3. Let Q be a quiver. A cycle c in Q has an entry if there exists an edge in Q not occurring in ¢
with its range in c. For example the cycle of the graph of the Remark 2.2 has an entry.

Proposition 2.4. The path K-algebra KQ is left noetherian if and only if no cycle in Q has an entry.

Proof. Assume that in Q there exists a cycle with an entry, we denote that cycle by c. Let p be a path in Q
not occurring in ¢ with r(p) a vertex of c. Then the ideal <pc, pc?, pc3,--->. is not finitely generated. Thus KQ is
not left noetherian. Conversely, if no cycle has an entry then, we have two possibilities: either Q contains no
cycle or it contains nitely many cycles (since the graph is row-nite) with no entry.

e If Q contains no cycle then we have a nite number of paths, thus any left ideal is nitely generated.

e Assume that Q contains nitely many cycles with no entry. Since Q contains only nitely many paths and
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cycles, if there exists a left ideal which is not finitely generated, it must contains non-zero paths of
the form gcwhere g is a path and c is a cycle with n €N. Such paths are defined if r(q) occurs in c,
that is ¢ must have an entry. Contradicting the hypothesis.

In the rest of this section, R = KQ will be considered to be a left noetherian path K-algebra.

Proposition 2.5. Let R be a left noetherian path K-algebra and < be left a admissible ordering,.

1) Apathp € T=<qi/q:€ path (Q) V 1<i<r>.ithere exists iosuch that g;  divides p.

2) Ifl,c Ris aleft monomial (path) ideal then I, has a unique finite minimal path generating set.

Proof. (1) Straightforward.

Let A be the set of all paths in I and let M c A be the set of minimal (by division) paths i.e M = {p € A/if q
€ A divides p then g = p}. We want to prove that M is the unique nite minimal path generating set of I;.

Since M c A then <M>,C I;.

Let p € I, be a path, then p € A. Let B be the set of all paths that generates I, i.e I, = <B>/. If p is not minimal
(i.ep € M)then p=ab where a € path(Q) and b € B.

e [f b is minimal (i.e b € M) then p E<M>,.

e If b is not minimal (i.e b € M) then by induction b is multiple of an element of M, since < is a
well-ordering. Thus p €E<M>; and I, = <M>;. Since R is left noetherian then I, = <M>, is finitely generated.
Thus M is finite.

Let M' be a minimal finite paths generating set of I.. Let us prove that M = M'. Since M' is minimal then
M'S M. Let m € M c<M>,= I, = <M'>then there exists m' € M’ such that m' divides m which means by
definition of M that m'=m.

2.1. Left division’s algorithm. Let F = {f;, .. fi} be a set of elements of R = KQ and > be a left
admissible ordering. Given element g € R \{0}, the following algorithm shows how to nd q3,..,qsh € KQ such
that g = q1f1 + -+ + q¢fs + h satisfying.

Alifh # 0, then each term occurring in h is not divisible by any of Lt(f;) V 1 <i<s.

A2 Lm(g) = Lm(qf;) for each i €{1,..,s} since g;are obtained from g.

Input: ffi,...fs € F and a left admissible ordering >= (>1,>2).

Output: q1,..,qsh € F such that f= qifi + -+ + qsfs + h.

Initialization: q1:=q2:=--:=qs:=h:=0andv:=g;
e While v £ 0 do
—i:=1
— while 2 < s do
* if Lt(fi) | Lt(v) then
Cam g s 1)
T TRy
vi=1— Lmlff,-:
Lf(f:’:'
* Else
-ti=1+ 1L
— h:=h+ Lt(v);
— v:=uv— Lt(v).

Proposition 2.6. Let {fi,..,fr}C R be a left Groebner basis for the ideal I, := <fi, ... ,f/>. C R, > be a left
admissible ordering and g € R \{0}. g € I,.if and only if the remainder h of the division of g by fi,...,f-is zero.

Proof. If h = 0 then it is clear by the division’s algorithm that g € I;. Conversely, if g € I, then by the
division’s algorithm we can write g = gif1 + ... + g;fr+ h for some gi,..,g,h € R. Observe that h € I, == Lm(h) €
Lm(I.) = <Lm(f1),...Lm(f;)> which is impossible by A1).
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Definition 2.7. (Left useful paths)

Let p,q € path(Q) be paths in Q. Two paths u, v are called left useful for p and g with respect to the left
admissible ordering <, if up =vq # 0 and for any other paths wyand w; satisfying wip = woq # 0, we have
u divides wy and v divides w; ( both on the left).

Definition 2.8. (Left S-polynomial)

Let f,g be non-zero polynomials and < be a left admissible ordering. Let u,v be left useful paths for Lm(f)
and Lm(g) (i.e uLm(f) = vLm(g)), then the left S-polynomial S;(f,g) of fand g is dened as

St(f,9) = ——f — —

L) T Leg)?

Remark 2.9. If there exist no left useful paths for Lm(f) and Lm(g), we claim that S;(f, g) = 0.

Definition 2.10. (Left extended S-Polynomial)

Let f € R be a non-zero polynomial and > be a left admissible ordering. We define the left extended
S-polynomial Si(f) of fas S.(f) =p - f where pisapathin KQ suchthatp-Lm(f)=0andp-f # O.

Remark 2.11. Let p and g be two paths satisfying the conditions of the Definition 3.9, if q divides p then
we choose S.(f) = q*f.

Definition 2.12. Let [; be a left path ideal and w € path(Q). We define the left quotient ideal of I, and w by
I.:w={p€path(Q)/p -weEI}

Lemma 2.13. Let I, = <wj,..,w,>; be a left path ideal of R, t be a monomial and > be a left admissible
ordering. Then the quotient ideal I;: t = {p monomial in R/ pt € I;} can be written as

I it=<vy,...,VP>L

where for each 1 <i <1< rthere exists a monomial p;such that vit = pjw;and v, p; are left useful for t and w;.

Proof. Let x € <vy,..,v/> then there exist i < r and a path y € R such that x = yvi.. Our goal is to show that xt
€ I1. By hypothesis there is a path p;such that vit = piw;and v, p; are left useful for ¢,w;. Multiplying by y we get
yvit =ypiwii.e xt =ypiw; € I thusx € I.: t.

Conversely let x € I;.: t then x - t € [}, that is, there exist i < r and a path y € R such that xt = yw;, this means
there exist left useful paths x,y’ for t,w;such that x| x and y'| y. Set v;= x then x € <v3,..,v,>.

Definition 2.14. Let R = KQ and T = Rsbe a let a left free R-module with basis {ey,..,es}. By a monomial in T
involving the component ejwe mean a monomial in R times e;that is pe;where p is a monomial in R.

Definition 2.15. (Syzygy)

Let T = Rsbe a left free R-module with basis {e,...es} and let I, = <fi,..,fs>1 be a left ideal of R. By a left
syzygy we mean an element of the kernel of the R-module homomorphism

w:T=R°—> R
e — fi

We call ker(y) the (first) left syzygy module on fi,....fs written syz(fs,....fs) . = ker ().

Definition 2.16. (Induced ordering)

Let G = {fi,...fs} be a set of polynomials and > be a left admissible ordering. Let T = Rsbe a left free
R-module with basis {ey,....es}. We define the module ordering >1 induced by G and > as follow: if p,q are two
pathsin R then

pei>10e; < pLm(fi) > qLm(f}) (whenever pLm(f;) #0
#qLm(f;)) or

0 # pLm(f)) = gLm(f)) and i >
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Theorem 2.17. (Left Buchberger’s criterion)

Let fi,...fs € R be non-zero polynomials and > be a left admissible ordering on R. Then {fi,...fs} form a
left-Groebner basis for I; = <fi,...fs> if and only if the following conditions are satisfied:

1) For eachi > j, the remainder of Si(f;f;) on division’s algorithm by {fi,....fs} is zero.

2) For each i, the remainder of S;(f;) on division’s algorithm by {f3,....fs} is zero.

4. Proof of the Left Buchberger’s Criterion

Proof. If {fi,..,fs} form a left Groebner basis for I, = <fi,..,fs> then by the Proposition 2.6 and using the left
division’s algorithm we have for k <i, Sy(f;fi) = Yi_, g'f; + 0 and for each i, Si.(f) = Y5_, hif; + 0 since Si(f),
S1(fifx) € 1. and by proposition 2.6.

Conversely, suppose that for 1 < k <i < s all the remainders of S.(ffx) under the left division’s algorithm by
{f1,-..fs} are zero and for each i, all the remainders of the S;(f;) under the left division’s algorithm by {fi,....fs}
are zero. We have for

i =k, Sp(fi. fu-Zq}"fJ vith Lm(St(fi. fx)) = Lr:r{q}"fi (#%).

Applying the definition of the left S-polynomial we have

v ;
AL T IALL Zgﬁfi

where v,w are left useful paths for Lm(f;) and Lm(fi). Observe that

o w i ik .
—g*fi— .. = (giF + L(:(fk))fk — = (giF = (ﬁ))f1 ... — g¥ fy = 0, this means that
A . w v
L R + — ., —g'%) is a syzygy for fi,...fs. Set
o T Telf) " =(f7-) )
ik T v
Gir = (—Qik,

By (*) and the definition of the left S-polynom1al we can notice that Lm(gjf;) < Lm(S.(fifi)) < vLm(f}) =
wLm(fi), with respect to the induced ordering, this means that ve; > weysince i > k, this leads us to

Lm(Gik) = ve; (2).

In the other hand, we have for some i, SL(f-) = pifiwhere p;is a vertex such that p,Lm(f;]) = 0 and p;f; # 0. By

the division’s algorithm we have S;(f)) = X5, Jf] pifi, this means that
—h'yfy— ... — (~h= p)fi— ... — hifs=
thatis H; = (—h},...,—(—h! —pi),..., —h) isaleft syzygy forfl,---,fs-

Observe that Lm(hi)Lm(f;) < Lm(S.(f)) = Lm(pif}) = piLm(t;)) where t;is a polynomial occurring in f;such
that pifi = piti. By the Schreyer’s ordering induced by > and {f3,...,fi-1,t; fi+1,-..,fs} we have Lm(H;) = pie..

Let us now prove that {fi,...fs} form a left Groebner basis for I;.

Let g € [, \{0} then g = aifi + ... + asfs for some ay,.,a; € R. Let A = (ay,..,as) € Rs, using the ordering
induced by > and {fi,...fs}, we can extend the left division’s algorithm in R%.Let G =< g4, ..., gs > € R® be
the remainder under the left division’s algorithm of A by the set of all non-zero Gjand H; (listed in some
order), then we have the expression.

A= X620 4iGij t ZmzoPiHit G (C).

Let F = (f1,...fr)t, by multiplying (C) by F we get

AF = g=alfl + .. + asfs = g1f1 + ... + gsfs (D).

We transform (D) as follow:

9 = S5y LEGLE(R) + Yooy tail(gLE(f) + T3, gitail(f)  Where tail(fy) = fi — Lt(f,)
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1) IfLm(g) # Lm(};-, g;tail(f;)) then itis clear that

Lm(g) = Lm(Xi-, Lt(gLe(fy) + Xi-, tail(gLt(fy)

that is Lm(g) € <Lm(f1),...Lm(fs)> and by the Lemma 2.13 There exists k €{1,..,s} such that Lm(f) |

Lm(g).
2) IfLm(g) =Lm(X}_, g;tail(f;)) then there exists K € {1,..,s} such that

Yiex Lt(gy) Lt(f;) =0 and  X;ex Lt(g)tail(f;) # 0.

If there exists j € K such that Lm(g;)Lm(f;]) #0 then without loss of generalities we can assume that K =
{i1,..,ir} and j = ir, then

Lm(g;)Lm(f;) = —Lm(gi,)Lm(fir) — ... — Lm(gj—)Lm(fj—)

that is Lm(g;)Lm(f}) € <Lm(fi),...Lm(fi-1)> and Lm(g;) € <Lm(f),...Lm(fi-1)> : Lm(f;), by the Lemma 2.13
we have Lm(g;) € <vi,...,vj-1> where for i1 < [ < j - 1 we have vilm(fj) = piLm(fi)) and v,p; are left useful
monomials for Lm(f;) and Lm(f;). By the Lemma 2.13 there exists k € K such that vi| Lm(g;) that is Lm(Gy) |
Lm(gj)e; which contradict the fact that no monomial occurring in the remainder G is divisible by any of the
Lm(Gy).

Assume that Lm(g;)Lm(f;) = 0 V j € K then S.(f}) = p;fiwhere for each j,p;is a vertex such that p; # s(Lm(f})).
Choose pj= r(Lm(g;)) then We have Lm(g;)e;= Lm(g;)pjej = Lm(g;)Lm(H,), this means that Lm(H,) divides
Lm(g;)ejon the left, this is a contradiction since no monomial occurring in the remainder G =(g1,....gs) is
divisible by any of Lm(Hj).

Remark 2.18. To compute a left Groebner basis for I, =< fi, ..., f >, like in the Theorem 3.16, there is

fi_

Uji

Le(fi)

Vji

Le(fy)

no need to consider all the left S-polynomials SL(fi,f]-) =

fj for some paths vj;, v;; left

useful to Lm(f;) and Lm(f}). It is straightforward to see that

SL(fiyfj) = —SL(fj,fi) Vi,j

so instead of considering all the left S-polynomials, we can just consider left the S-polynomials Si(f;f;) with j
< i. We can even do better by using the following technique.
Fori=2,3,.,s, consider the left path ideal
M= <Lm(f1),...Lm(fi-1)> : Lm(f;) = <v1,..,vi-1: > where v; V 1 <j <i-1, are like in the Proposition 2.13 i.e
for each v;; # 0, there exists a path vjsuch that vjand vjare left useful for Lm(f;),Lm(f;). In the other words,
Vji Vji

oo tiT LC(fj)fj '

As it turn out, there is no need to consider all the generators v of M; (i.e there is no need to consider

each v;; # 0 corresponds to a left S-polynomial S; (flfj) =

all the corresponding S-polynomials of each v;) in the Buchberger’s criterion. For each i, and for each
minimal path generator vj; of M;, consider only the corresponding left S-polynomial S;(f;f;), and compute the
compute the remainder hj; of the division of S.(f;f) by f...fs.

Input: an ideal I, = <fj,...,fs> € R and a left admissible order > on R.

Output: a left Groebner basis for I;.
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A) Set k=s.

B) Fori=2,...,k and for each minimal path generator vy; of
M; = {(Lm(f1),....Lm(fi_1)) : Lm(f;) C R,

compute a remainder hy; as deseribed in the Remark 2,18 above.
() If some hgg is non-zero, set k=k+ 1, fi = hij, and go back to B).

D} Return {fy,..., fr}.

Example 2.19. For the graph I’

-

N

U3 =Ty

Let us compute the left Groebner bases for F = {f1 = ztp + yp, fo=x2zt + yp, f3=yp + zt} in R= QI with x >jjex
Y >liex Z >llex t >llex p >llex V1 >llex V2 >llex v3 >llex v4 where by >llex we mean the left length lexicographic
ordering.
It is easy to see that Lm(f1) = ztp, Lm(f2) = x2zt, Lm(f3) = yp.
* Fori=2,itis easy to see that <ztp>;: x2zt = 0 i.e there are no useful monomials between Lm(f1) and
Lm(f2), we claim that S(f,f1) = 0.
* Fori= 3, itis easy to see that <ztp, x2zt>,: yp = 0 i.e there are no useful monomials between Lm(f1)
and Lm(f3), and between Lm(fz) and Lm(f3). We claim that S;(f3,f1) = S(f3,/2). = 0. Observe that S.(f1) =
Su(f2) = S(f3) = 0.
Thus the set F = {fi=ztp + yp, f>=x2zt + yp, f3=yp + zt} is a left Groebner basis for [, = <F>,.
With notations as in the left Buchberger’s criterions above, we have the following theorem.
Theorem 2.20. (Schreyer’s theorem)
If {f1,...fs} is a left Groebner basis for I, = <fi,...fs>1 w.r.t the an admissible ordering >, then the set T = {Gj;
H; € syzi(fy...fs)/ Gij # 0 # H;} considered in the proof of the left Buchberger’s criterion form a left

Groebner basis for syzi(fi,...fs) w.r.t the ordering >1 induced by > and {f3,...,fs}.
Proof. Let A € Syz.(fi,...fs), we wish to prove that 3 h € T such that Lt(h) | Lt(A4).
By the left division’s algorithm in Rs for A by T we have

A= 3 QiiG + XipiH; + G (*)

where Qj, Hi€ Rand G = (g1,...gs) € Rs. Let F = (fy,...fs)t € R, by multiplying (*) by Fwe get

glf1+ .ot gsfS: 0 (2*)

Assume that G = (g1,-.,gs) is a non-trivial syzygy, then there exists K = {i4,...,i-} € {1,....s} such that

irfis + ... + 0ifir = 0 (3%).

We can transform (3%) as follow
@):0= XL, Lt(gILe(fi) + X, tail(gLt(f)+ XL, Lt(g)tail(f;)

i=i,
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It is clear that Z?:il Lt(g)Lt(f;) =0

1) Assume that 3 k € K such that Lm(gx)Lm(fi) # 0. Without loss of generalities we can assume that k =
i, in this case

Lt(g;,)Lt(fi,) = — Lt(g; Lt(fy,)  — - — Li(gy, LA, ),

thatis
Lt(glr) € <Lt(fi1)1"'1|—t(fir_1)> . Lt(flr) = <vi-rl'11"" vi'rir—1>

where for each vy, there exists pysuch that vy ; and pyare left useful for Lm(fi) and Lm(fj). We have seen
in the proof of the left Buchberger’s criterion that for each j, Lm(Gyj) = vy;ey, according to the Lemma 2.13,
there exists j € K \{i;} such that Lt(G; ;) | Lt(g;,)e;, which contradict the fact that no term occurring in G is
divisible by any of the Lt(Gx;).

2) Assume that Lm(g;)Lm(fi) = 0 V i € K, then from (4) we have

(6): S, giLe(f) + i, Le(g)fi =0

where g7= tail(g;) and Zﬁ;ilLt(gi)tail(fi) = Zl i, Lt(g) fi= Zl i, Le(gpiSL(f;) where piis a path exactly
like in the proof of the left Buchberger’s criterion. Since {fy,...,fs} form a Groebner basis, by the left Buchberger’s

criterion we have  Sy(fi) Zh fi and Lm(S,(f)) = Lm(hi)Lm(f,) for some k.
7=1
We transform (5) as follow g} Lt(f,) = XiT 2 giLe(f) — i i, X5=1Lc(g)) pihjf; therefore

Lt(gi )Lt(fr) € <Lt(f1) ..., Lt(fs)>.

Using the Lemma 2.13 and the Proposition 2.5 we get a contradiction since no monomial occurring in the
remainder is divisible by any of Lm(Gj).

We give in the following example, an algorithm for computing a left Groebner basis for syz(f,...,fs)-

Input: left Groebner basis G = {fi,..,, fs} for [ = <G> and an admissible ordering >.

Output: left Groebner basis T for syz(fs,...,fs) w.r.t >1 induced by > and G.

(1) Set T:=P:= Hy = Hy

(2) Foreach 1 <k < s do
o = SL(fi) = arfi = > gt fi

o 7= —gfey — - — (gf — ap)ep — -+ — e,

o Hy:=Hyu{r}).

(3) Foreach i =2,...,: g and cach minimal generator vy with 4 > j, do
s
plt
S(fif1) = geigy i~ L(mf Z; fi
Vs ..
s —pller — o — (P 4 SR TR

.3 i€l ¥ L(Up Jej — (7 L(‘(f!-)“' P €:

o Ho:=HoU {s}:
[4) T:= H{UHs
(3) Return T

5. Right Groebner Bases on KQ
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In this section we denote Iras a right ideal of R = KQ and > a right admissible ordering. We will omit some
proofs and details in this section since they follow from the previous section.

Definition 3.1. Let Irbe a right ideal of R and G be a subset of Ir. We say that G is a right Groebner basis
for Ir with respect to a given right-admissible ordering if for every f € Ig, there exists g € G such that Lm(g)
divides Lm(f) i.e there exists h € R such that Lm(f) = Lm(g)Lm(h). In the other hand, G is a right Groebner
basis for Irif Lm(Ir),= Lm(G)r.

Definition 3.2. Let Q be a quiver. A cycle c in Q has an exit if there exists an edge in Q not occurring in ¢
with its source in c. For example in the graph

the cycle has an exit.

Proposition 3.3. The path K-algebra KQ is right noetherian if and only if no cycle in Q has an exit.

Proof. Similar with the left side.

In this section R = KQ will be considered as right noetherian path K-algebra.

Proposition 3.4. Let R be a right noetherian path K-algebra and < be a right admissible order.

1) Apathp€T=<gq;i /qi€ path(Q) V 1<i<r>gif and only if there exists iosuch that g;, divides p on

the right.

2) Iflrc Ris aright path ideal then Irhas a unique finite minimal path generating set.

Proof. The proof is similar to the one of Proposition 2.5.

3.1. Right division’s algorithm. Let F = {fi,...fs} be a set of elements of R = KQ and > be a right admissible
ordering.

Given element g € R \{0}, the following algorithm shows how to nd qi,.., g5 h € KQ such thatg = fiq1 + --- +
fsqs+ h satisfying.

Alifh # 0, then each term occurring in h is not divisible by any of Lt(f;) V 1 <i<s.

A2 Lm(g) = Lm(fiq:) for each i €{1,..,,s} since g;are obtained from g.

Input: f£fi,...fs € F and a right admissible ordering >= (>1,>2).

Output: q1,..,qs h € Fsuch that f= fig1 + - + fsqs+ h.

Initialization: q1:=q2:=-:=qs:=h:=0andv:=f;
e While v £ 0 do
—i:=1
— while 7 < 5 do
* if Le( fi) | Lt(v) then
Li(v)
C =+ m
N Lit(v)
C = t'—fjm.
* Else
i=141;
— h:=h+ Lt(v):
— v:=v— Li(v).

Proposition 3.5. Let {fi,...f-}C R be a right Groebner basis for the ideal Ir:= <fj, ... ,f>.C R > be a right
admissible ordering and g € R \{0}. g € I,.if and only if the remainder h of the division of g by fi,....f-is zero.

Definition 3.6. (Right useful paths)

Let p,q € path(Q) be paths in Q. Two paths u,v are called right useful for p and g with respect to the right
admissible ordering <, if up =vq # 0 and for any other paths w;and w; satisfying pw1= qw2 # 0, we have u
divides wy and v divides w; ( both on the right).
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Definition 3.7. (Right S-polynomial)
Let f,g be non-zero polynomials and < be a right admissible ordering. Let u,v be right useful paths for Lm(f)
and Lm(g) (i.e Lm(f) - u = Lm(g) - v), then the right S-polynomial Sz(fg) of fand g is dened as

Sr(f,9)=f- Lc{‘f') — Le(g)

Remark 3.8. If there exist no right useful paths for Lm(f) and Lm(g), we claim that Sg(f, g) = 0.

Definition 3.9. (Right extended S-Polynomial)

Let f € R be a non-zero polynomial and > be a right admissible ordering. We define the right extended
S-polynomial Sr(f) of fas Sr(f) = f+ p where p is a path in KQ such that Lm(f)-p=0and f-p # 0.

Remark 3.10. Let p and g be two paths satisfying the conditions of the Definition 3.9, if q divides p then
we choose Sg(f) = f-.

Definition 3.11. Let Igbe a right path ideal and w € path (Q). We define the left quotient ideal of Irand w
by Ir: w={p € path(Q)/w - p € Ig}.

Lemma 3.12. Let Ig= <w3,..,w,>, be a right path ideal of R, t be a monomial and > be a right admissible
ordering. Then the quotient ideal Ir: t can be written as

lg:t=<vy, ... VoL

where for each 1 <i <1< rthere exists a monomial p;such that tv;= wip;and v, p; are right useful for t and w;.
Definition 3.13. Let R = KQ and T = Rs be a right free R—-module with basis {e,...es}. By a monomial in T
involving the component e;we mean a component e;times a path in R.
Definition 3.14. (Right Syzygy)
Let T = Rsbe a right free R-module with basis {ey,..,es} and let Ir= <f, ... ,f>rbe a right ideal of R. By a right
syzygy we mean an element of the kernel of the R-module homomorphism
w:T=R°—> R

e — fi.

We call ker(3) the (first) right syzygy module on fi,...fs written syz(fy, ... ,fs)r = ker ().

Definition 3.15. (Induced ordering)

Let G = {f1,...fs} be a set of polynomials and > be a right admissible ordering. Let T = RS be a right free
R-module with basis {ey,..,es}. We define the module ordering >1 induced by G and > as follow: if p,q are two
paths in R then

eip >160 < Lm(fi)p > pLm(f;)p (whenever Lm(f)p = 0 # Lm(f;))q or

0 #Lm(f)p =Lm(f)gandi>j.

Theorem 3.16. (Right Buchberger’s criterion)

Let fi,...fs € R be non-zero polynomials and > be a right admissible ordering on R. Then {fi,...fs} form a
right-Groebner basis for Iz = <fi,...fs > if and only if the following conditions are satisfied:

1) For eachi > j, the remainder of Sk(f; f;) on right division’s algorithm by {fy, ... ,fs} is zero.

2) For each i, the remainder of Sr(f;) on right division’s algorithm by {fi, ... ,fs} is zero.

Input: give an ideal Ir=<fj, .., fs>r C R and a right admissible ordering >= (>1, >2) on R.

Output: a right Groebner basis for /.

Setk=s;

SetP:={Sr(fi f})/1<sj<i<sk}and Q:={Sr(fi)/1<isk}
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A) Set k=s.

B} Fori=2,...,k and for cach minimal path generator vj; of

M; = (Lm(f1) Lm(fi1))r: Lm(f;) C R,
compute a remainder hyjoas deseribed in the Remark 2,18 above.
If some hgj is non-zero, set k =k + 1, fir = hij, and go back to B},
fr}.
As in the previous section, we describe the right Schreyer’s theorem
Theorem 3.17. (Schreyer’s theorem)
If {f1,...fs} is a right Groebner basis for Ir= <fj, ... ,f>r w.r.t a right admissible ordering >, then the set T =

)
D)

{Gi,H; € syzi(fy, .. .fs)/ Gy # 0 # H;} of right syzygies form a right Groebner basis for syzg(fi,...fs) w.r.t the

ordering >1 induced by > and {fy, ... ,fs}-

6. Computing Left and Right Syzygies

In this section we propose a method for computing left and right syzygies of given polynomials f;, ... ,fs€ R
\{0}.

4.1. Left syzygies. In this subsection, we denote by > a left admissible ordering and fi,...fs € R \{0}
polynomials. The goal of this subsection is to propose a method for computing left syzygies on fi,....fs.

Remark 4.1. Let fi,...fs € R \{0} be polynomials and G = {fi, .. ,fs .. .fs} be a left Groebner basis for

<f1, .. fs>rwrt > Let T = {Gy,Hi/ Gy H; € syz(G). \{0}} be the set of left syzygies on the left Groebner bases G.

Assume that we have t such Gj; H;arranged as follow:

By computing the left Groebner basis G = {fy, ... fs ... ,f s'}, we store each non-zero left syzygy G;and H;such
that those obtained from a left division leading to a new polynomial fi are fist and those obtained from a left

division with remainder zero are second. The Gj;fits as rows of the t x s’ matrix

gi 93 g% 1 0 0 0
9 9 gz 92, 1 0 0
_,.'_ . ..ll_ ..'._ ) - ,.'_ I_g .
Mig=| 9" o 9 " g %o 9 1
5 —=+1 5 —s5+1 g’ — 54 5 —=+1 5 —s5+1 s —s+1 5 —=+1
gf 5Tt gy st gf =t gttt i gl g5t
g g - g Ghi1 Oiio 9% 9y
Let
g]]) _@'é g-‘l" s'—s+1 g —s+1 s'—s+1
2 2 2 q7; G qs -
y 9 g | a2 } e 92 s
-‘"1|.’.s‘—.s)x.s : : : ‘B{-!—-.’.s"—.‘s.l]x-*s - : : :
) . ) L L i
] s'—s g'—g q : g
g ° o g: ! 2 s
r’l 0 0 0 {s‘—s—] s'—s+1 {.s‘j.*;+1 (s‘—s—]
. 2y 0 0 : G541 Jeyo Jst3 UM
("sf—.s = : and D{e—{.sf—s]]xis’—s.\ = :
ey . ' L gt gt q"
g.:-i-lﬂ _f,f:‘:_r_;s f):_j" 1 Os+1 Gs49 [/ Jer

Then )y’ , canberegarded as the t x s’ block matrix
txs’ &

A
A'th’x:;’ = (B'
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where A" = A/ B = BEL_(S,_&_))XS,C’ =C! ,and D'=D]

(8"—s)xs? § (t=(s'=5))x(s'—s)
Theorem 4.2. With notations as above. Assume that the matrix B’ is non-zero. The rows of the (t - s’ +
s) x smatrix B'- D'C"" A’
form non-zero left syzygies on fi,....fs.

Proof. Set
fi
fi , fst r -
F= P = and (F,) = | fs
fs .fs'
s

We know by hypothesis that each row of the matrix

A
(v )

form a left syzygy on fi,...,fso. We can write

(v ) (7))

then

AF+C'F =0 (1)
B'F+D'F =0 (2)

Observe that C’ is invertible, by multiplying each side of (1) by €'~ on the left, we get €' AF + F' =
0 = F' = —C" AF (3).Replacing (3) in (2) we get (B'~ D'C'""A’)F = 0 (4). finalement
Example 4.3. For the quiver I’

Let us compute a left Groebner basis for F = {fi=zt + yz, o= tx + z f3=x%y + t} in R = QI with respect to
the left length lexicographic ordering t >liex z >llex Z >llexy >llex X >llex V1 >llex V2 >llex V3.

Observe that S.(f2) = vifa = z = f4, S1.(f3) = v2f3 = fsand Si(f1) = vafi = yz = yfs. Observe that S;(f2, f1) =

Si(f3 f1) = Siu(f3 f2) = Si(fa f1) = Si(fs f2) = Su(fa f3) = Su(fs, f2) = Si(fs, f3) = SL(fs, fa) = 0 by the lack of useful
paths. We have S(fs, f1) = zfs — vifi = zt — zt = 0. The set {fy, ... f5} is then a left Groebner basis for the ideal I, =
<f1, f2, f3>. From Schreyer’s theorem, the set {vie; —es, v2e3—es, vze1 —yes,-vies +zes} form a left Groebner basis
for syz(f, ... fs) w.r.t the ordering induced by > and f1, ... f5.

Let us compute the set of syzygies for fi,f2,f3. We store each left syzygy of fi, ... ,fs as rows of the matrix

0 v 0 -1 0
L
M= vy 0 0 —y 0
-y 00 0 =
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Set

A:

0 vy O [ 3
(0 0 U2)’B_ (’Ul

Observe that

00 -1
0 0)-‘0_(0

B—DC‘A:(“3 —Y 0),

then syz(fy, f2 f3)r.= <(v3, -y, 0), (-v1, 0, 2)>.

- 0 =z

4.2. Right syzygies. Let R be a right noetherian path algebra and fj, ... ,fs € R\{0} be non-zero polynomials.

The goal of this subsection is to propose a method for computing right syzygies on f, ... ,/s€ R.
Remark 4.4. Let fi,...fs € R \{0} be non-zero polynomials and G = {fy, ..., fs ...f s’} be a right Groebner basis
for <fy, ... ,fs>rw.rt the right admissible ordering <. Let Gj;be right syzygies on fi, .., fs,.., f for each pair (i, j)

i > j. We have seen in the right Schreyer’s theorem that syz(fy, ..., f¢/) = <Gj # 0 # H;/V i >j >p Assume

that we have t such G, H;jarranged as follow:

By computing the right Groebner basis G = {fi, .., fs....f s/}, we store each non-zero right syzygy G;and H;

such that those obtained from a right division leading to a new polynomial fiare fist and those obtained

from a right division with remainder zero are second. The Gj;fits as columns of the s’x t matrix

(o} a7
95 95
gl ¢?
Maye= | 1 4244

\ 0 0

Let
9 9i 9"
9 9 g5~
Asx(s’—s) =
9s 9 g5 ~*
s'—s+1
gs+1
s/ —sand
D . gs+2
(s'=s)x(t—(s'—s)) —
921_5+1

&' —g s —g+1 t
A g\
A

.9’.—s s —s5+ t
q5 L T q

s'—s &' —s+1 t
.f:]s’— 1 .g.v;l— 1 ] st1
Jors Ueio Jesa

s'—s s'—s+1 t
Ys+3 9543 [

-. s —s+ . t

1 9o e jJ

S =+l
g
s'—s+1
g5 °
aBsx(t—(s"—s)) =
gs et

t
gs+1

t
gs—l—Q

t

Gy
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1 Q§+1 S g_fﬁ-_ls
0 1 - gy

Co_s= 0 s gi‘__;
0 0 1

Then My.: can be regarded as the s'x t block matrix

Agx (s B /
Moo, — sx(s'—s) sx(t—(s'—s)) )
st ( Cy—s D(s’—s)x(t—(s’—s))

Notation 4.5. For simplicity, we denote A= A, (s'—s), B = Bgy(r—(s'=s))» C =Cs/—s aNAd D =D /_ gy (t—(s'-s))-
Theorem 4.6. With notations as above. The columns of the s x (t = s’ + s) matrix B - AC™1D are right

syzygies on fi, ... ,fs.
Proof. Set

F=(f oo f), F' = (fissr o for and (F F') =
(fr o fsr fs1)

We know by hypothesis that each column of the matrix

A B
C D
form a right syzygy on fi, .., f¢. We can write

A B :
{F F'r:] ((«_—.. D) = E(}lxl".s’—.s'] ﬂlx{r—s’—s:-}'
then

FA —+ F’G = 0])((,9’78) (1)
FB+F'D = le(!—s"-}—ﬁ) (2)

Note that C is invertible, by multiplying each side of (1) by €~ on the right, we get FAC™! + F' = 01x(5—)
(3) . By multiplying each side of (3) on the right by D, we get FAC™D +F'D = O1x(-s'+s) (4). Subtracting (2)
and (4) side by side we get FB - FAC™'D = F(B - AC™1D) = O1x(t-s0+5) (6). Thus, each column of the matrix B
- AC™Dis arightsyzygy on fi, ... fs.

Example 4.7. For the quiver I’

Let us compute a right Groebner basis for F = {fi=zt + yz, f,=tx + z, f3=x%y + t} in R = QI with respect to
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the right length lexicographic ordering t >rlex zZ >riex z >rlexy >rlexX >rlex V1 >rlex Uy >rlex V3.

Observe that Sk(f1) = fav2=yz = f4, Sr(f2) = fava=z = f5 and Sk(f3) = fzvz=t =fs.

By the lack of right useful paths, only the following right S-polynomials are computable:

Se(fs, f1) = fst = fiva= 0 and Sr(fs, f2) = fex — f2v3= 0, for the others, we claim them to be zero. The set
{f1,--.fe} is then a right Groebner basis for <f, f2, f3>r.

Let us compute the set of syzygies for fi, f2, f3. We store each right syzygy of fi, ..., fe as column of the matrix

vy 0 0 —wg3 O
0 w 0 0 —ug
|0 0 v 0 0
M=1_41 0 0 o 0
0 -1 0 t 0
0o 0 -1 0 T
Set
g 0O 0 —ilq ] -1 0 0 0 0
A=10 v 0].B= ] —vg | . C'= 0 -1 0 and D=1t 0
0o 0 wvg ] ] ] 0 —1 0 x
Observe that
—vg 0
B-ACT'D=| t —ug
0 T

then syz(fi, f2, f3)r=<(-v3 t, 0), (0, —v3, X)>.

7. Conlusion

This paper propose an algorithm for computing the left (resp. right) syzygies modules in a path K-algebra
KQ, this gives necessary tools for working on an algorithm for computing a generating set of the intersection
of left (resp. right) ideals in KQ. This paper also provides ideas that can be used to think of an algorithm for
computing the two-sided syzygies modules. Since for any quiver Q we can define the associated Leavitt path
K-algebra Lkx(Q) which is nothing but a path K-algebra on the extending quiver of @, and satisfy the
Cunz-Krieger relations, this paper can be the first step for studying the theory of Groebner bases and
applications in Lk(Q).
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