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Abstract: A kind of non-standard quantum group Xq(An) is studied in the paper. Root vectors of Xq(An) and
their commutation relation are described. Then we establish the PBW basis of Xq(An).
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1. Introduction

Throughout the paper, we always assume that the base field is the complex number field Band

_. Let the non-zero parameter q .and not be a root of unity.

Quantum groups always are the hot research topic in mathematics and physics after they were
introduced by Drinfeld and Jimbo in 1980s. Ge et al. [1] constructed a new quantum group by solving exotic
solution of quantum Yang-Baxter equation, which is also called the non-standard quantum group. Jing et al.

[2] derived a new quantum group Xq (2) and described all finite dimensional irreducible representations
of X,(2). Aghamohammadi et al. [3] obtained a non-standard quantum group X, (A, ;) corresponding
totype A, ,.Itisnotedthat X (A) isjustquantumalgebra X (2).In 1994, Aghamohammadi etal. [4]
constructed the non-standard quantum group Xq(Bn) corresponding to the series B, . Cheng and Yang
[5] construct a weak Hopf algebra wX_(A) corresponding to non-standard quantum group X,(A),
and describe the PBW basis of WX (A).

In this paper, we describe the PBW basis of a particular class of Xq(ﬂ). The paper is arranged as
follows. In Section 2, we rewrite definition of the Hopf algebra Xq(A1) referred to the quantum algebra
X,(A,) [3] InSection 3, we establish the root vectors and investigate commutation relations of X (A))

inthecaseof g q(0 i n) and g,, Qg InSection 4, we construct the PBW basis of X, (A)

as described in Section 3.

2. Preliminaries

In first, we have quantum group Xq (A,) by replacing some generators in [3].

Definition 2. 1. Xq(Ah) is an associative algebra over the field .with 1 generated by
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KK K

n

K.Y E.,...E,,F,...,F, with the following relations:

ey n?

(R) KK K'K LKK, KK, (R2KE, EK.,KF FK.,i jj 1

(R3) KE 6 ’'EK,KF qFK, (R4) KB 6 .EK KR 6iFRK
K K' KK}
(RS) BFy FE Ilql q T+, (R6) (4, a4 )E" (4 g )R 0O

(R7) qE’E, @ qq ,)EE .E q.E.E* O

(R8) qF’F . (L qa JFRF.F o .F.F 0O
whereq. g or qg*.Ifall g q(0 i n 1),then X, (A,) issimilartoU (sl ;). If g ¢q;, for
some 1 i n, then E? F? 0. Therelationsis different from U_(sl, ,).

Proposition 2. 2. Keeping notations as above. Then X0| (Ah) is a Hopf algebra with comultiplication

counit and antipode S, which are defined as following
X(A)  X(A) X(A), (K) K K, (KY) K' K
(E) KiKill E E Li n (F) 1 F F (KilKi )N,
SIXG(A) X (A), S(K) K*S(K) K, S(E) K .,K'E,i n,
S(F) FKK3i nS(F) FK,

XA | K KH L(E) () o

Proof. The proof is more or less the same as that in [6, Proposition VII.1.1].

3. Commutation relations between root vectors

In first, we recall the definition of operator ad. Assume that H is a Hopf algebra andx H , we can

define the adjoint operator ad, :H  H, associated to X as ad (y) X YS(Xp)foral y H,

where  (X) Xo  Xo-
)
Let V .be an N L.dimensional Euclidean space with 1’ 2’ ' n' nl asan orthogonal basis of
. . o o 10, ) n 1. .
V. Each positive root  can be written as bl : t1 1 J We define
E . : ad_.(E,.)1 i,j n, . C . E..: E.
root vectors by ! Ei( i 1,1) ] correspondingtotheroot ' 1’ specially, 1! !
Define the order of all positive roots by
1 1 2 1 2 n 2 2 3 2 n nl nl n n*

The algebra X (A ) is graded viadeg E; |, degF, ., degK; degK,* O.

Set (resp. )be root vector corresponding to positive root (resp. ). We also can say that (resp.

K. * oo .
PR Then we have the following formula.

ad. () ad () t adg(),

Xq(A) is of degree (resp. ) e denote Ki

Proposition 3. 1 We have where
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l’ If [ LA A | ,Or il i il ;

g 1 if and g, ;
t 43, o if , ,, and
" G ‘G 1, if i
Qi it ;. and i,
G 1 if and
Proof. Note thatt‘( ) Wt we haveadEi( ) E te H( )E, adE,( ) E t, B,

ad. () E t,ade() ade( ) adg() t ad ().

The proof is finished,

Next we investigate commutation relations of Xq(A) We consider Xa(A) in the case of

H 1 v 2 2
g a@ i n).aq,, 9 in the sequel. We have (R6) E, RO

(R7)E’E, (@' 9EE.E E,E’ 0 n), (R&)FF, (@' a)FF,F F,F* 0@ n)

Now, we describe the commutation relations between E, and P

Lemma3.2.Foral 0 h1 N 1
OWIfk 11 ten B E,, qE;.E E,; .
@Ifk j 1 n thenk;,E, q;,E E;; E;,
@) ¢ k i 2ork j 2 ten EE;, E,,E.
@ k i thenE,E;, g 'E,; 1E.
GIfi 1 k j 1 tenEE;, E;,E.
®)If k jthenEE, ;, qa;.E ,,E (fE] 0),EE,;, o'E;E (fE 0).
Proof. (1) If k i 1, bydefiniionwehavead (E;,) EE;, oE;.,E E E ;.
@k j1n thenwehaveE;,E ;, adcad. , adg (E;) adcad., adg (E,E),
E,;.Ej, adcade, adg (EjE;,).and ad¢ (E;,) q;,E;,E; EE;,.
So Ei,j 1Ej 1 G 1Ej 1Ei,j 1 Ei,j 2"
3 k i 2ork j 2 itiseasytoseethat EE ,, E E.
(4) k i, if E* 0, astheproofin[7],we have
ade (E;,) adcad.ad; (E,;,) (6" ¢ adgade ad. q'qadi(E,;,) O
If > 0,0, g,
adEi (Ei,j 1) EEE i1 Ui EE 1j = (Ki Ki l1EiEi 1,j 1S(Ei) i . KiK; 11Ei 1,j lEiS(Ei))
q .EE 1j B KK llEiEi Lj Ki 1K ' (g, g l)EiEi 1] E O

Also ade (B;1) EE,;, 6°E,;E.%0 EE;, ¢'E,.E
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Gy I 11 k j 1 , it is similar to the proof in [7]. We have
adEk(Ei,j 1)EkEi,j 1 Ei,j 1EkadEi a‘dEk zadEkadEkladEk(Ek Lj Y
6)1f k j, thenE E adcad.  ade (EjE; ;).

iyt

E,.E; adcade ~ad. (E;,;.E). E;,;, ad;,(E) qEE;, E.E,

i,j 1

EE .. 9EXE,, EE E.E . .E qEE E E, E.Sowehave

]

EE. q; .E; 1; 1E O(EJ.Z 0, a,EE; ;1 E; 1. O(Ej2 0).

iTiLjt i
The proof is finished.
Remark 3. 3. It is noted that Lemma 3.2 (1)(2)(3)(4)(6) also hold when Xq(A1)is in the case of

G q .30 n).
Let ‘ p? J k' Next we consider the relations between E andE '
Lemma3.4.(1)If j p 2, then EE EE.
@1f j p L tenEE q,EE E
@)If j p, thenEE EE (g q)E E.
Proof.(1) J p 2, itiseasytosee EE E E .
@1t j p 1 wehaeE adcad; —ad. ( qEE,, E E) EE qEFE,
EE E,EE 9qEFEE EEE qEEE,

PP p—ip
EE EEE, qEEE, EEE, qEEE,
aeo BE G.EE E, . EE g ,EE E

Q) If } P we assume that i i1 D7 i i1 o p1 K

SowehaveE E ad; ad (E,  E) EE ad, ade (EE )

E E ad (EE) gEE EE gq'ad (EE) E E

j1 1

E. E. E ) .
We also know that 1’ —11"  ’~P are commutative with EJ_l ,thenEjl E EE y . And set

J , also we haveE E EE. ThenE E adEJ_(E E)

EE Ead (E) quad. (EE)EE q,'E E.

9,'E . E (9;" 9)E  E.

it it

_ EE o,EE
Thenweget it i ! i

EE EE ad
Hence,

The proof is finished.

1

ade , (9" a)E , E (a7 @)E E.
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j1
Lemma 3.5. (Ei,j 1) Kinl1 Ei,j 1 Ei,j , 1 @ qlf 1)Ei,k Ky 1Kj11 E, 1j 1
ki
Proof. We use inductionon E, ; ; to prove the formula. Assume that
i1
(Ei 1j 1) Ki lKjll Ei 1j1 Ei 1j1 1 (1 qlf l)Ei 1k 1Kk lKjll Ek 1,j1
kil
holds, then

(Ei,j 1) (EiEi i1 Ui 1Ei 1,j 1Ei) (K'Kill Ei Ei 1) (Ei 1, 1) Q. (Ei 1,j 1)(KiKill Ei Ei 1)

i1
KiKill EiEil,jl KiKillEil,jl E, _(1 qsl)KiKiiEil,lelejll EiEkl,jl

kil
1 I 2 1
EiKilKjl Eil,jl EiEil,jl 1 (1 qkl)EiEil,lelejl Ekl,jl
kil
qil(Kinll Eil,j 1Ei KilKjllEi Eil,jl Eil,leinll Ei Eil,j 1Ei 1
i1l j1
(1 qf 1)Ei 1.k lKk 1Kj11KiKill Ek 1,j 1Ei (1 qu 1)Ei 1k 1Kk 1KjllEi Ek 1,j1

kil kil

Kinll E"l E"l 1 E'KilKjll Eil,jl qizlE'KilKjll Eil,jl

j1l
i,j i,j i i

(1 Qk2 1)Ei,k 1Kk lKjll Ek 1j1
kil
1 I 2 1
Kin 1 E ; 1 E.; 1 1 (1 qk l)Ei,k 1Kk 1Kj 1 Ek 1,j1°

1] 1]
ki

The proof is finished.
4. PBW Basis of Nonstandard Quantum Group X (A))

To describe the PBW basis of Xq (A) , we need to prove the following equality

Lemma4.1. G EiZEi Ln1 @ ag )EE in E g in 1Ei2 00 i n 2.

Proof. qi Eiin 1n1 (1 qiqi 1)Ei Ei 1n lEi qi lEi 1n lEi2

qiEiz(Ei lEi 2n1 qi ZEi 2,n lEi 1) (1 qiqi 1)Ei(Ei lEi 2n1 qi 2Ei 2,n 1Ei 1)Ei qi 1(Ei 1Ei 2n 1 qi 2Ei 2,n lEi l)Ei2
6 ,E ... (GEE, (@ 6 .Q)EE.E q.E.E) @EE, O 6.0)EE.E o.E.E)E,,,

0.

The proof is finished.

Lemma 4.2. Keeping notations as above, we haveE’,, O (1 i n), whereE,, ,is a root vector

which contain .

Proof. We verify the equality by induction on the root.
E2 E2 (En 1En annEn 1) qs(EnEn 1)2 (En lEn)2 annEn 12 En

n1 on ninl
qr?(EnEn 1)2 (En 1En)2 ann((qnll qn)En 1EnEn 1 qnllannErf 1
0 (EE )" (5 ,E) 6@, a)EE ) (E.E) 60,4 (EE, )"

AISO (qn 1Er? lE (1 Qn 1qn)En lEnEn 1 qn EnEn2 1)En (1 qn lqn)(En 1En)2 annEn2 lEn 0

and En (qn 1Er12 lEn (1 qn 1qn)En 1EnEn 1 annEf 1) qn 1EnEn2 1En (1 qn lqn)(EnEn 1)2 O
since q, d,, thenwehave(E, ,E)* (EE, )’ SoE* 0.

n

195 Volume 7, Number 3, July 2017



Nextwe assumethatif i j 1, Ef‘ 1n1 E2jl i2  Osetup.BylLemma4.l, then

EJ.ZVnl (adEj(Ejl n))2 (EJ.Ejl oq lEjl nEj)2
(EJ-Ejl n)z qfl(E” nEj)2 d; 1EJ1 nEJ-ZEJ1 i
(EEE . ) di.(E,  E)® (4.0 o )E,  E),
Also
E.. L@EE ., @ a0 )EE ,.E a;,E ., .E)
(9,E’E; 1, @ a0, ,)EE, ., .E q;.E ., .E))E L. .0
Then we get E, B (EE i o Since g; g;; a(j n 1), weget

Ef.. @ aj) (.9, of) (EE ) O

By induction, we have EiZ’nl O(L i n). The proofis finished.

Now we prove thatxq(A‘)

1 1 1 1 _
KWKy KK, l’El""’E”’Fl"""znwhich satisfies RL-RS . The left hand side of quantum Serre

1 n

has a triangular decomposition. Let -be an algebra generated by

relation R (resp. R8 ) is denoted by s (resp. us).LetL (v w00 31§ n)

E1E2

be a

finite sequence of simple roots and E, E " Similar to the proof of [8, 4.12-4.19], the elements

bl [
FKIK;  KyiB (G .form a basis of - where ,J are finite sequences of simple roots.

Lemma 4. 3. Let m be the multiplication map of )-then the image of m(I m) of

_, where | is the two-sided ideal of)_generated by u, and Erf, is just a
two-sided ideal of -

Proof. Let V. m(l m) _ then it is spanned by uu E’E, , with all sequences

L, where U -It is obvious that V is a left ideal in - We have to show thatV is a right
ideal in -Let be the root system corresponding to the same type Lie algebra and be a basis of
. Since E’F FE’

i—n?

E’F  FE?

i—n?

it implies that for all ,WehaveEnZF FEnz,[EnZ,F] 0.

1 1 1 1
Ki lKi KiKi l) E E(FE Ki lKi Ki Ki 1) F—U )
q 1 i1 i q q 1 i's

us |:I Ei2|:iEi 1 (q ' q)EIEI l(FiEi

Similarly, we haveu,F. , F ,u,,u F, Fu,. Itimpliesthatu,F Fu,,[u,F] O.

stil i 17s
2 2 2 2 2
Therefore, we have[us E..F] ulE,,F] [u,F]E; O. ulu E’E ,F] uuEE F]I
Note that[E, , F ]Jcan be written as the linear combinations of the terms F, K}KZ K":E (I, .

wehave UU E’E,F UFUE’E, uu E’[E_,F] V. The proofiscompleted.
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In a similar way, we get

Lemma 4. 4. The image of | _under the mapm(m |)is just the ideal of )-
generated by U, and F?2.

Proposition 4, 5. There exist an isomorphism of . -linear spaces
X, (A) X (A) XJ(A) X (A).

Proof. The proof is similar to [8, Theorem 4.21].

Let , v+ Where N the number of positive roots and ; runs over all positive roots.

1 2 N

abasisof X, (A).

X . . o EE™ E™
Proof. We show that any element of q(A“) is a linear combinations of 1 2 v and
EE™ E™ EE™ E™ 0.
12 v are linearly independent with all 1 2 N

(1) It is noted thatE;, ,E, generate Xq(A1). It is suffices to show thatEilE . E is a linear

ik
combination of E"E™ E™ with n,_n, n, K. Using induction onk, given an integer i, if
k 1, then the case is clear. Suppose the assertion holds for K. Ifi, 1, by the induction onk to the element

E E , then we get the result. Ifi, 1, by the induction it is easy to see that EE E isa

io ik 1 k1
linear combination of E | Enjj E™with n; n, n, k.
a)If I, ], thenitis straightforward to see.

by If i, j,E hE"jj E™ E E J_E"J_j ! E™, by lemma 34, for some non-zero coefficients , ,

E , where g ,

EthEﬁlET; E™,
EthEﬁlE?; E™ EthEflET; E™ E EjEiEflE?; E™,
EthEﬁlET; E" E,  E EjEﬁETlETf E™.

Similar to the proof in [9, Proposition 5.3] and [7], we get that E hE ~ E isalinear combination of
i2

i
E*E™ E™withn n, ny k.
(2) We now show that all E*E™ E™ 0 and E®E™ E™ are linearly independent by
comultiplication . Firstly, one can prove that
( q)j i(KilKj 1 Kin11)
g q’

E. . F

HEERENE
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by inductionon j i ,wegetthatE > O(i n) and E'j , 200 d g n) forall I.
The root lattice Q -gradation of Xq (A,) implies that E4 "are independent. Note that

"X (A) O tho( A)... X,( A)is a graded algebra homomorphism and ' (E o has a component of
bidegree (£, £ Y if and only if £ DO ( £ ;). It follows that for the positive root

E H ;# j n 1)the component of bidegree (I DI( £ ;)Ypof '(ED"is proportional to
E' K'E D ..E g, for anyl,and for the positive root £ A _ Hi n 1)the component of bidegree
(LD, E Yof '(Epis proportional to E K, p--E £ . The rest is similar to the proof in [7] and [9,

Proposition 5.3] . By Lemma 3.5, we get that E} En:, } E”h’:,are linearly independent. The proof is finished.

Similarly, we have

B {F?F?}F"N‘PIM' 2ifF4 Fe(k n)ym ifF4 Fo (& 0

Lemma 4. 7.

form a basis of Xq (A)-
E° E;E%} B F FEY R where s (n,n,}.,R)t (mm ,m). If

Let
By B ep. T Finny tmen e, gep me Ly it B BN gy
Fo Pk M) en ne ,(esp. me ) The elements in B® {K!K3} Kri|le }is

denotedby K' we have
Theorem4.8. B {F'K'E’| E°*B, F' « B, K'« B% formabasisof X,(A).
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