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Abstract: This article after introducing fuzzy dual numbers, functions and functionals establishes necessary
conditions for the optimization of fuzzy dual functionals before considering fuzzy dual optimal control
problems. In a first step an extension of Euler’s necessary condition for the extremum of a fuzzy dual
functional is established and then necessary conditions for fuzzy dual optimal control are developed.
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1. Introduction

Classical optimal control theory based on calculus of variations [1], has played an important role in the
design of many modern systems and the understanding of the conditions for their optimal operation. In
many situations, real systems are submitted to perturbations which are not completely known, generating
uncertainty in their future behavior when controls computed from nominal values are applied. Stochastic
optimal control [2] has been developed with acceptable success only in the case of linear systems with a
quadratic performance criterion. This approach to be effective needs precise order two statistics for initial
state variables and for perturbations along the whole optimization horizon, and it is often not possible to
get accurate values for these parameters. Fuzzy optimal control has been also investigated and diverse
approaches have been developed mainly based on Takagi-Sugeno (T-S) fuzzy models leading in general to
fuzzy control design based on the parallel distributed compensation (PDC) scheme incurring the need for
large fuzzy control rule sets [3] . More recently, an attempt to extend the calculus of variations to fuzzy
optimal control has been developed in the context of fuzzy mappings parametrized by the left and right
functions of their a-level sets [4] . In that case a straightforward extension of calculus of variations leads to
the establishment of necessary optimality conditions. However, an important limitation of this approach is
that fuzzy optimization is based on a partial ordering of fuzzy numbers.

In this paper another approach is developed to cope with fuzzy optimal control. Here a connection is
established between dual numbers encountered in the design and analysis of kinematics for mechanical
systems [5] and triangular fuzzy numbers, i.e, real intervals for which total orders can be adopted. Here the
dual part of dual numbers is associated with the basis of a triangular fuzzy number and different total
orders can be considered between these fuzzy numbers [6]. Then fuzzy dual functions, fuzzy dual
functionals and fuzzy dual differential equations are introduced. This open the way to establish necessary
conditions for the extremum of fuzzy dual functionals and through the introduction of a fuzzy dual
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Hamiltonian, for the extremum of fuzzy dual optimal control problems.

2. Fuzzy Dual Numbers

Here we introduce the basic definitions concerning dual numbers and fuzzy dual numbers while some
elements of dual number calculus are considered. More details about fuzzy dual calculus can be obtained in
[7]- Then total, partial, weak and strong orders between fuzzy dual numbers are introduced.
2.1. Dual Numbers and Fuzzy Dual Numbers

The set of dual numbers Q is the set of R? with specific addition (+) and multiplication (- ) laws given by:

V(X0 Y1)i (%00 Y2) € Q0 (X Y1) + (X0, ¥o) = (% + %5, Y, +Y,) and (X, ;) - (X5, Y5) = (X X5, % Y, + X, ;) (1)

The set Q has a structure of an unity commutative ring with respect to these two laws. Its unitary

element is (1,0). The dual number & =(0,1) is nilpotent of order two with respect to multiplication, then Q
has divisors of (0,0) and it is not an integral ring. The subset of Q, {(X,O)‘X € R} , is a sub-ring of Q2 and is

isomorph to R. The adopted notation for a dual number (x,y)of Q is in this paper is x+¢&y where

£ =0and the zero element (0,0) is written 0.

To each dual number a+ ¢b can be associated a triangular fuzzy number whose membership function is

given by:

pu)=0if usa-|p

: p(u)=(u-a+p)/p if a-p<u<a (2)

pu(u)=(a+p|-u)/o if a<u<a+lp

, u(u)=0 if u>a+p| (3)
Then the set of fuzzy dual numbers can be seen as the set 0 of dual numbers of the form a+gb such
as aeR,beR* wherea isthe primal part and ‘b‘ is the dual part of the fuzzy dual number. Here a is its

mean value, the most probable of the fuzzy number according to its triangular membership function, while
2lb|is the size of its basis or uncertainty interval. A crisp fuzzy dual number is such as b is equal to zero.

2.2. Fuzzy Dual Orders

When considering optimization problems we will be naturally led to compare numbers, here fuzzy dual
numbers, and the above definition provides different ways to compare them according to what is pursued
through the optimization. Different weak total orders can be defined over Q, one is relative to the mean
value of the fuzzy dual number, the mean order is such as:

x1+,9ylme£anx2+gy2<:>xlsx2 (4)

others are relative to their extreme values. The minimal order is such as:

X1+gy1n%nxz+5y2Qxl_‘yl‘gxz_‘yz‘ (5)

while the maximal order is such as:

X, +EYy < X +8Y, S X +|Y | <X +y| (6)
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These total orders are weak in the sense that they do not allow to compare completely two fuzzy dual
numbers and another total order may be added with respect to the degree of uncertainty:

X1+5y1ixz+5y2<:>‘y1‘s‘YZ‘ (7)
A strong partial order can be defined over G for non-overlapping fuzzy dual numbers:
X1+‘9Y1§X2+SY2<:>X1+‘y1‘gxz_b/2‘ (8)

2.3. Fuzzy Dual Functions
Here after introducing classical properties for a function f of a dual variable X+ ¢ y, the differentiability

issue is considered, leading to the definition of a fuzzy dual function.
A function f'of a dual variable x+¢y issuchas:

f(x+ey)=d(X,y)+ew(Xy) 9)

where ¢ and y are two functions of the real variables x and y. This function has a limitequal to F, +¢F,eQ

when X+¢g ygoesto X, +¢& Y, if and only if:

lim ¢(x,y)=F, and lim w(x,y)=F, (10)

XX, Y2 Y1 XY,y

This function will be continuous at y, +¢y, ifand only if:

lim f(x+ey)=f(y,+eV,) (11)

X=X, Y=Y

Such a function will be differentiable at x, + ¢y, if there exists a dual number p+ ¢£qgand a function 6 of a

dual variable h+ g1l such as:
FOu+hy +1) =T y) +(P+ea)+ S(h+eD)-(h+el)  with  lim s(h+21)=0 (12)

Then p+eq is the value of the derivative of fat x, +&y, and the function of the dual variable defined

by f':QQ — p+&q isthe derivative function of fover Q. We can write also:

fx 0y, +1) = £, yy) +(Bh+y 1)+ 6-(r,h+y,1)+ 0% (h+ &) (13)

and comparing with (12), it appears that:

p=¢ =, q=y, and ¢ =0 (14)

and f will be differentiable over a subset of Q if and only if at any of its points ¢, = v, and ¢, = 0. Then

function f'should be of the form [8]:

f(x+ey)=¢(x) +&(p(x) y +0(x)) (15)
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where @(x) is a real valued function. When this last function is zero, we will say that fis a fuzzy dual

function and we will write:

f(x+ey)=f(X)+ey f (X for ' xeOcR,yeR (16)

whose fuzzy dual derivative is given by:

Fxreyy=f,(0+ey £, () (17)
Relation (16) can be generalized to a fuzzy dual function fof n dual variables x; +¢y,,i=1---,n :
FOq+E Yy X +ey,) = F (g, 5x)+e Dy, f (%o x,) for  x €0,y eRi=1-n (18)
i=1

3. Fuzzy Dual Euler’s Equations

In this section we introduce a fuzzy dual version of the Euler’s optimization problem considering first the
unconstrained case and then the constrained one where necessary optimality conditions, the fuzzy dual
Euler equations are established.

3.1. Fuzzy Dual Euler Equation: The Unconstrained Case

Consider a fuzzy dual functional given by:

J(x,y):jf(x+gy,>‘<+gy,t)dt (19)

f
where x and y are real vector functions of R" and Xand Y are their derivatives and fis a fuzzy dual

function. The problem considered here is to find extremums of J (X, YY) which can be rewritten as:

J(x,y):fff(x,>‘<,t)dt+gj‘(fx'y+fx.‘y)dt (20)

t ty
The fuzzy dual variation of ] is now given by:
t; t;
& = j(fX'Ax+ fX'AX)dt+gI( y' f Ax+y' f, AX)dt (21)
t t

Considering that Ax(t) can be written:

AX(t) = AX(t,) + jA)’((z—) dr (22)

the fuzzy dual variation can be rewritten as:

& =[f, ax® + j (f, —% £)-AX(t) dt+e[[y' fe XD - I (%(y ) AX(t) dtJ (23)
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Considering that the deviations at times ty and trare equal to zero, the non-integral terms vanish from the

above expression:
=t~ Sty mates [cf,- 3 yayo- S5t rmat 24
t X dt X d x dt X dt XX

A necessary condition to have an extremum for a real valued functional is that its variation must be zero
[9]. This can be easily transposed to the present case by considering the mean, the minimal and the

maximal extremums of a functional.

3.2. Constrained Optimization Problems

Going a step further, we consider the case in which the previous optimization problem is subject to m
constraints according to the fuzzy dual expression:

g(x(t)+ey(t),t) =o(t) + £z(t) (25)

where o(t), te [t,,t;] is the zero real vector function of Rm and z(t), te [t,.t;], isa bounded real function

of Rm, eventually the zero real function. Expression (29) can be rewritten as:
gx(D.h)=0 and G MYMD=21) Vtelt,t] (26)

where Gy is the Jacobian of g. Here we introduce a fuzzy dual Lagrange multiplier written 1+&u where

AeR™ ueR™ ,tobuild the augmented fuzzy dual functional:

t
(X, Y, A, 1) = I( f(x+ey,Xx+ey,0)+(A+ep)g(x+ey,t))dt (27)
to
or
ty te
J(X, Y, A, 1) = jr(x,u,t) dt+g[d(x,>‘<, Y.V, A, 1) dt (28)
) f
with:
r(x, x,4,t) = f(x,x,t) + A'g(x,t) (29)
and
dxx,y, ¥, 4,0 = (£, +2°G, )y + £, y+ 1'g(x1) (30)

The fuzzy dual variation of the augmented functional which is associated to deviations Ax,Ax,Ay,Ay, Al
and Ay is now given by:
te

te
& = [(r, Ax+r Ak +g' A+ 2 [ (d, Ax+d, AX+y'G, AL +g' Au)dt (31)
t

to

or
t d tg d
& = +I(rx —a(l’x))'AX+ g‘M)dt+gj((dx —a(dX))'AH y'G,'AL+g' Au )t
to b

(32)
+[r A +eld, Axo)]!
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Considering again that the deviations at times ¢, and ¢r are taken equal to zero and that the considered
solutions are feasible, the variation of the augmented functional can be written:

ty t

d , d ,
8 = j(rx —a(rx.) )Ax(t)dt+gj((dx —§(dx.)) AX(t) )dt (33)

f fo

The necessary condition to have a mean extremum for J is given by the classical Euler equation applied to
function r:

d
r, —a(ri)—o (34)

The necessary conditions to have a minimal extremum for J are given by the augmented Euler equations:
d
(r,=d) = (r, —dy)=0 (35)

The necessary conditions to have a maximal extremum for ] are given by the augmented Euler equations:
d
(rx+dx)_a(rx+dx):0 (36)

while conditions (26) must be satisfied.

4. Fuzzy Dual Optimal Control Problems

4.1. Problem Formulation

In this section we consider a class of optimal control problems where the system to be controlled is
subject to perturbations whose uncertainty is imbedded in a fuzzy dual function representing the dynamics
of the considered process to be controlled. Let the formulation be given by:

ty
méﬂ‘](u) with J(u):If(z,u,t) dt with f eC? (41)

)
where the state dynamics of the process are such as:
z=a(z,u,v+ew,t) (42)

where aeC? with z=x+gyeA",ueR",veRPand we R’ is a fuzzy dual function.

It is supposed here that times ty and ¢ are given and the initial and final conditions are such as:
X(t) =X, » x(t;)=x,,» Y(t,) =Yy y(t,) free.Itis supposed that v and w are given over the interval [ty t].

Introducing the Jacobians A, =[a;1=[a, ] and A =[g,]1=[a, ] the state equation can be rewritten as:

Xx=a(x,u,v,t) and y=A(x,uVv,t)y+A (x,uv,t)w (43)

while the optimization criterion is such as:
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t te
J(u):jf(x,u,t) dt+gj f,'yydt (44)
t

fo

4.2. Mean Optimal Control Problem

mber In that case, the optimal control problem reduces to a classical optimization problem:

t
minjf(x,u,t) dt with x=a(x,u,v) , x(t,)=x, and x(,)=x, (45)

t
Then introducing the classical Hamiltonian function [10], given by:
H = f(x,u,t)+ A'a(x,u,v,t) (46)

we get the necessary conditions for a mean optimal control solution:

x=H,(x,u,At) Ai=-H (xuit) and H,(xUuAt)=0 (47)

with no transversality condition. Let (x"‘ea" , umea") be the solution of the above optimal control problem to
which is attached a performance written J ™"

4.3. Extremal Optimal Control Problems

sep Here for sake of brevity we treat simultaneously the minimal and maximal extremum problems by

introducing the + symbol. In these cases, the optimal control problem can be written as:

muinj( f(x,ut)£f'y )t (48)

with
X =a(x,u,v) and y=A y+Aw (49)
X(t) =%, » X(t;)=X;» y(t) =Y, (50)

Then introducing the two different Hamiltonian functions given by:
H=f(xut)xf'y+iaxuv,t)+g(Ay+Aw) (51)

where A and y are dual variables with values in R?, we get the necessary conditions for an extremal optimal
control solution:

x=H,(xudut) , y=H,(xudumt), i=-H,(xuiumt), p=-H, (XU ul) (52)

with the transversality condition u(t,)=0.
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Let (x"“",um‘”) and (xmax,umax)be the solutions of the above optimal control problems to which are

attached performance levels written J™" and J™, a fuzzy dual solution of the optimal control problem

will be given by:
G(t) = (U™ () + U™ ()/2) + u™ (1) —u™"(1) /2 telty t;] (53)
with an expected fuzzy dual performance given by:

J=(™M+3™/2)+£3™ —3™"/2 (54)

~

Finally, J can be compared with J™"

to assess the influence of uncertainty in the expected

performance.

5. Conclusion

In this paper a new approach has been developed to cope with uncertain optimal control problems. First
a connection has been established between dual numbers encountered in the design and analysis of
kinematics for mechanical systems and triangular fuzzy numbers for which different total orders have been
considered. Fuzzy dual functions, fuzzy dual functionals and fuzzy dual differential equations have been
introduced, leading to the formulation of fuzzy dual optimal control problems. Adopting a variational
approach, fuzzy dual Euler’s necessary conditions have been established, then the introduction of a fuzzy
dual Hamiltonian allows to establish necessary conditions to be satisfied by the solution of a fuzzy dual
optimal control problem. Finally, the fuzzy dual performance of the solution is characterized. The developed
approach by handling fuzzy dual numbers presenting only two parameters limits the computational burden
associated with fuzzy optimal control problems and should allow to treat large uncertain optimal control
problems.
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