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Abstract: The purpose of this paper is to investigate how the relative dimension with respect to right
approximations behaves on a recollement (A,B,C) of abelian categories A, B and C. As an

application, the relative dimensions with respect to tilting objects of abelian categories involved in a
recollement (A, B,C) are recovered.
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1. Introduction

Thirty-five years ago, Beilinson, Bernstein and Deligne [1] first introduced the recollements of
triangulated categories in the construction of perverse sheaves. Now it plays an important role in algebraic
geometry, representation theory, polynomial functor theory and ring theory, see for example [1]-[4] and
references therein. Psaroudakis and Vitéria observed that a recollement whose terms are module categories
is equivalent to one induced by an idempotent element and is extensively studied (see [3], [4]).

The relative homological dimension with respect to contravariantly finite subcategories was defined by
Dugas [5] in order to generalize some standard theory of projective modules (also see [6]). In 2014,
Psaroudakis explicitly investigated how various homological invariants and dimensions of the categories
involved in a recollement are related. In particular, he showed that the homological dimensions of I3 can be
bounded by the homological dimensions of A and C.

Motivated by the above research mentioned, our main aim of this present paper is to study how the

relative dimension with respect to right approximations behaves in a recollement (A, B,C)between

abelian categories. Throughout, we denote by N, Kand Id the set of nonnegative integers, an algebraic

closed field and the identity functor, respectively.

2. The Relative Homological Dimension with Respect to Right Approximations
2.1. Definition

Let B be an abelian category [7], the subcategory 2l of B3 is said to be contravariantly finite if each object
B in B has a right2l -approximation. In particular, for an object B in B, the morphism f :X — Bwith

X e 2is called aright A -approximation of B if Hom,, (2(, X) — Hom,, (2, B) — 0 s exact.

The notion of a left 2l -approximation and the notion of a covariantly finite subcategory can be defined

dually. When a subcategory 2 of B is both contravariantly finite and covariantly finite, it is called a
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functorially finite subcategory. For example, the module category mod A over an artin algebra A has a
contravariantly finite subcategory, which is the subcategory consisting of all projective A -modules, denoted

by projA . For any K -coalgebraC , let injA be the subcategory consisting of all injective rightC

-comodules, which is a covariantly finite subcategory of Comod-C . IfC is a right semiperfect coalgebra,
then Comod - C both has a contravariantly finite subcategory and a covariantly finite subcategory.
From now on, we assume that®l is always a contravariantly finite subcategory of . Then we give the

following definitions which play an important role in our main results.

2.2. Definition

Let 2 < Bbe a contravariantly finite subcategory with abelian category 3. An 2l resolution of M € 2l is

the following exact sequence
T, T ,—>>T, ->T, >M >0 (2.1)

with each T, € 2l such that the induced sequence

0 — Hom,(T,T,) - Hom,(T,T ) —>---— Hom,(T,T,) > Hom,(T,T,) > Hom,(T,M) - 0(2.2)

isexactforall T e .

2.3. Remark
The methods of constructing an %l -resolution of an object in B is similar to constructing a projective

resolution in [8, Proposition 6.2]. Here, we start by taking a right 2l -approximation f,:T,>M of M and
continue by taking f, :T. — Kerf, ; to be a right 2 -approximation for each 1. Since 2 contains all

projective objects of 3, it follows that each right 2l -approximation is an epimorphism and the resolution
preserves exactness.

If A< Bis a contravariantly finite subcategory, then the 2 -dimension of M € B is defined by
2A—dim(M) =min {n € N‘QQLHM = Kerf, =0} .If we can't find such neN satisfying Kerf =0, then
wesay A—dim(M)=o0.

The 2 - dimension of Bis defined by 2l—dim(B) = Sup{Ql —dim(l\/|)|V|V| GB}

2.4. Definition

[4, Definition 2.1] A recollement situation between abelian categories A , B and C is a diagram

denoted by (A, B, (), satisfying the following conditions:

(r1) (@1,P) ang (L&) 4 adjoint triples;
(r2) the functors i,I and r are fully faithful;
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r3) Imi=Kere,

2.5. Remark

1) Thefunctors e: B—C and i: A — Bare exact. Moreover, qi =Id,, Id, = pi,

er =Id,and Id, = el.

2) [Ifthe pair (I, €)is an adjoint functor pair and the functor € is exact, then the left adjoint functor |
preserves projective objects.

3) If the pair (&, ) is an adjoint functor pair and the functor I is exact, then the left adjoint functor €
preserves projective objects.

4) Ifthe pair (I, €)is an adjoint functor pair and the functor |is exact, then the right adjoint functor e
preserves injective objects.

5) If the pair (e, ) is an adjoint functor pair and the functor e is exact, then the right adjoint functorr

preserves injective objects.
6) For any adjoint functor pair, the left adjoint functor preserves the right exactness and commutes with
any direct sums; the right adjoint functor preserves the left exactness and commutes with any direct

products, such as for the adjoint pair (I,€), we have that Add(I(M)) =lAdd(M) and Prod(e(N))
=e(Prod(N)).

2.6. Lemma
Let (A, B, C) be a recollement of abelian categories.
1) If2lis a contravariantly finite subcategory of 3, then€(2() is a contravariantly finite subcategory of
C.
2) Iff2dis a covariantly finite subcategory of I3, then (%) is a covariantly finite subcategory of C .
3) IfRlis a functorially finite subcategory of 3, then €(2l) is a functorially finite subcategory of C .

Proof. (1) For any objectC € C, since 2 is a contravariantly finite subcategory of 3, it follows that for
r(C) € B, there exists a right 2 -approximation of F(C), that is, f:X —r(C) with X e 2lsuch that

the sequence
Hom, (2, X) — Hom, (2, r(C)) -0 (2.3)

is exact in 3. Applying the exact functor e, we havee(f):e(X)—C, since er =Id,. To show thate(%)

is a contravariantly finite subcategory of C, we need prove that
Hom, (e(*X),e(X)) — Hom,(e(*X),C) -0

is exact inC, ie. we have to show that the morphism Hom,(e(2(),e(X)) - Hom,(e(),C) is an

epimo-rphism. Let C:€(B) — Cbe a morphismin C.Then the following composition of morphisms

B—=—re(B)—2—r(C)

belongs to Hom,, (B, r(C)), where v, is the unit of the adjoint pair (€,r). Hence from (2.3) there exists a
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morphism x € Hom, (B, X)such that xef =vger(c). Then e(x)-e(f)=e(vz)-er(c)=c,and so the
sequence Hom, (e(2l),e(X)) — Hom, (e(2A),C) — 0 is exact inC. Therefore,e(*A)is a contravariantly
finite subcategory of C . The assertion (2) is a duality of (1). And (3) follows directly from (1) and (2).

2.7. Lemma
Let (A,B,C) bearecollement of abelian categories.

1) IfR%lis a contravariantly finite subcategory of B, then ((%l) is a contravariantly finite subcategory of

A.
2) Iff2dis a covariantly finite subcategory of 3, then (2l) is a covariantly finite subcategory of A .

3) If2Ais a functorially finite subcategory of 3, then ((2!) is a functorially finite subcategory of A .

Proof. (1) For any object A€ A, since 2l is a contravariantly finite subcategory of I3, it follows that for
I(A) € B, there exists a right2( -approximation of 1(A), thatis, g:Y —i(A) withY €% such that the

sequence

Hom,(2(,Y) — Hom, (2, i(A)) >0 (2.4)

is exact in B. Applying the exact functor (|, we have (g):q(Y)— A, sinceqi=Id,. To show that

q(%l) is a contravariantly finite subcategory of A , it is sufficient to prove that

Hom,, (q(21),q(Y)) — Hom , (q(21), A) >0

A
is exact in It is equivalent to show that the morphism Hom ,(q(%(),q(g))is an epimorphism. Let

c:g(B) — A be amorphism in.A . Then the following composition of morphisms

B—&=iq(B)—9—i(A)

belongs to Hom,, (B,i(A)), where i is the unit of the adjoint pair (i,q). Hence from (2.4) there exists a
morphism v € Hom,(B,Y) such that v[g =x;[i(c). Then q(v)[Q(9) =q(xg)Qi(c)=c, and so the
sequence Hom ,(g(21),q(Y)) - Hom ,(q(A),A) >0 is exact in A  Therefore, () is a
contravariantly finite subcategory of A The assertion (2) is a duality of (1). And (3) follows directly from

(1) and (2).
Given two algebras B, C and a finite-dimensional C - B -bimodule M , we can define a triangular matrix

B 0
algebra A :( CJ. The multiplication of A is given by the matrix product. For more details about its

related properties, we refer the readers to [9, Section I112] and [10, Section 1]. It is well known that there is
a categorical description for the triangular matrix algebra. Since A is glued from B and C by the bimodule

M, the category mod Ais closely related to categoriesmod BandmodC. If &, €B and &. €C are
the identities of B and C, respectively, then &, =&; +&. and BOM =Ag,A,COM = Ag A.

Moreover we also have B=A/Ag.Aand C=A/AgzA. It follows from [3, Theorem 5.3] that there
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are two recollements as follows

Cap - Aeg By - Be, - Nec Bc -
— —

Homp, (Aeg, -) Homy (Aec.—)

modCh;' modA — modB modB—————— modA ————— modC

-— -—
Hompa (€, -) Homglegh, —) Homp (8, —) Homg(ec A=

Now we use the Theorem 2.1 of [10] to show a situation of the above lemma.

2.8. Corollary

B 0
Let A:(M Cj be a triangular matrix algebra, U a full subcategory of modB , V a full

subcategory of modC and let W={(X, Y, f)‘X eU,Y EV}. Then we have

1) W is contravariantly finite in mod Aif and only if U is contravariantly finitein mod B and V is
contravariantly finitein modC;

2) Wis covariantly finite in mod A if and only if U is covariantly finite in modB and V is
covariantly finitein modC;

3) W is functorially finite in mod A if and only if U is functorially finite in modB and V is
functorially finitein modC.

3. Main Results

Now, we have prepared all the ingredients to state our main results in this paper.

3.1. Lemma

[5, Lemma 3.1] For an abelian categoryB, ifBe Bandis a contravariantly finite subcategory of B
Then the following statements are equivalent:

1) A-dim(M)<k.

2) the minimal 2l -resolution of M has length at most K.

3) M hasan® -resolution 0 >T, T, , > >T, >T, >M -0,

4) EXtiB,(l\/l, Y)=0 forall i>Kkand all objects Y €%2A.

3.2. Theorem

Let (A,B,C) be arecollement of abelian categories with a contravariantly finite subcategory 2 < B.
If A-dim(B)<kand re(A) =2,igq(A) < 2, then we have

1) e(®R)-dim(C) Lk,

2) if the functor q:B — Ais exact, then q(2l) —dim(A) <K,

3)  A-dim(B) = max{e(A)-dim(C), q(A)-dim(A)}.

Proof. (1) Since 2 is a contravariantly finite subcategory of 3, it follows from Lemma 2.6(1) thate(2() is a

contravariantly finite subcategory ofC. Since the object r(C) e Band2—dim(B) <K, there exists an

exact sequence
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0T, ——>T, , > —>T,—>T,—>r(C)—>0 (2.5)
with T.(1=0,1---,K) €A such that the induced sequence

0 — Hom(T,T,)——Hom(T,T, ;) »---— Hom(T,T,) ——Hom(T,T,) ——Hom(T,r(C)) -0

is exact for T € 2l. Applying the exact functor €:8 — Cto (2.5), we obtain an exact sequence
0> e(T,)—tse(, ) > —e(,)—ise(l,)—2>C—>0

with e(T.)(i=0,1,---,k) ee(2l).To prove that e(A)—dim(C) <Kk, itis enough to show that the induced

sequence
0— Hom(e(T),e(T,)) = ---— Hom(e(T),e(T,)) » Hom(e(T),erC) -0 (2.6)

is exact. Since the morphisms T, — r(C), T, —> Ker(t,),---, T, — Ker(t, _,) are right 2 -approximations, it
follows that the morphisms e(T,) —>er(C),eT, —»e(Ker(t,)), --,e(T,) —e(Ker(t, ,)) are right e(A)
-approximations. Indeed, the functor r is fully faithful and re(2() < %l. This implies that the sequence
(2.6) is exact. Hence, from Lemma 3.1, we get the inequality e(2() —dim(C) <k.

(2) Since%l is a contravariantly finite subcategory of B, it follows from Lemma 2.7 (1) thatq(2l)is a

contravariantly finite subcategory of A Let Abe an object of A . Since A —dim(B) <k, there exists an

exact sequence

0T, —>T, , > >T,—2>5T,—2>i(A) >0 (2.7)
with T.(1=0,1---,K) €A such that the induced sequence

0 —» Hom(T,T,)——Hom(T,T, ,) —---— Hom(T,T,) ——>Hom(T,T,) ——Hom(T,i(A)) >0

isexactfor T €%l. Applying the exact functor q:8B — Ato (2.7), we obtain an exact sequence

0 q(T)—*=q(T,,) =+ = a(T) —=>q(T,) —=—>di(A) >0
with q(T,)(i=0,1---,k) € q(2l). To show that () —dim(A) <Kk, it is enough to prove that the sequence
0 — Hom(qT, qT,)——>Hom(qT,qT, ,) —---— Hom(qT,qT,) - Hom(qT, gi(A)) -0 (2.8)

is exact. Since the morphisms T, —1(A), T, = Ker(s,),--, T, — Ker(s, ,) are right 2( -approximations,

it follows that the morphisms q(T,) — Qi(A),qT, — q(Ker(s,)), -+, q(T,) = q(Ker(s, ,)) are right
q(2l) -approximations. Indeed, the functor iis fully faithful and iq(2() = %2. This implies that the
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sequence (2.8) is exact. Hence, from Lemma 2.1, we get the inequality q(2() —dim(A) <k.
The assertion (3) can be easily obtained from the proofs of (1) and (2).

3.3. Theorem

Let (A, B,C)be a recollement of abelian categories with 3 and C having enough projective objects.
If T is a tilting object in I3, then there is a tilting torsion pair (7(T),F(T)) inB.

Furthermore, 7 (T)is a contravariantly finite subcategory of B and F(T) is a covariantly finite
subcategory of B . Suppose in addition that the functor ( = pis exact dense, and € is dense, then

(D) eZT(M)=T(eT); (2 qZ7(M)=7(qT); ) gF(T)=F(@AT); (4 eF(T)=F(eT).

Proof. For a tilting objectT, it follows from [11, Proposition 2.1] immediately that (7(T),F(T)) is a
tilting torsion pair in 3. Since Hom(7 (T), F(T)) =0, we infer that7 (T) is a contravariantly finite and F (T)

is a covariantly finite in 3.

To begin with, we verify the first equation €7 (T) =7 (€T). The assertion for the equation (2) is similar.
To prove €7 (T) =7 (eT).Forany X €e7 (T), there is an object B € 7 (T ) such that X =¢B_

So for any short exact sequence 0 —>B —>Y'—>T —0in EX'[Z, (T, B) , which splits such that
Y'2B®T . The exact functor e ensures that the sequence 0—>eB—>eY'—>eT -0 is exact with
eY'=ze(B®T)=eB®@eT . Thus, we deduce that Ethc (eT, eB) =0.SoX =eB &7 (eT). Conversely,

let X € 7(eT), then there exists an object B in B such that X =eB. So we have
Ext.(eT, X)=Ext,(eT, eB)=0.

Thenforanyd:0—>B —>Y'—>T —0 in EX'[% (T, B) . Applying the exact functor € we obtain

e0:0—>eB —oeY'—>eT -0

is in Extlc(eT, eB), which is split. This means that eY'=eB®eT, but eB®eT ze(BDT). So

Y'=B®T. Hence § is split, thus EXxt), (T, B) =0. Therefore, Be7(T) and eBee7 (T). We
conclude that 7 (eT) ce7 (T).

Next we shall show the equation qF(T)=F(qT), the assertion for the equation (4) is similar. Firstly,
for any Y € F(qT), we have Hom ,(qT,Y)=0. Since  is dense, it follows that there is an object
Y'e B suchthat Y = qY'. Here we can takeY '=1iY . Furthermore, the following adjoint isomorphism
Hom,(T,iY)=Hom ,(qT,Y) yields that iY € F(T). And the equivalence Id, =qi implies that
Y =q(iY) €qF(T). Hence this proves that F(qT) < qF(T). Conversely, let Q € F(T), then there
exists an object M in B such that M e F(T), that is, qM =Q. It is enough to prove that
gM € F(qT). It follows from the adjoint pair (i,q = p) that Hom ,(qT,gM)=Hom,(iqT, M)

On the other hand, from [4, proposition 2.6] we have the following exact sequence in B

0— Kery, —1eT T —4iqT —0.
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Set K =KerA,, where A; is the unit of the adjoint pair (g, i) » then there is a short exact sequence

0—>K->T—iqT —0.

Applying the functor Hom, (—, M) to the above sequence, we obtain that

0 — Hom,(igT,M) - Hom,,(T,M) - Hom,(K,M) —---.

For M € F(T), we have Hom,(T,M)=0. Hence, Hom,(iqT,M)=0. So, Hom ,(qT,qM) =0,
which shows that qM =Qe F(qT) . Therefore, qF(T)< F(qT) . Finally, we conclude that
qF (T)=F(qT).

3.4. Corollary

Let (A,B,C) be arecollement of abelian categories with the exact functor (|, and assume that T is

a tilting objectin B, then 7 (T)—dim(B)> max{e(T(r))—dim(C), q(7 (T))—dim(A)}.

4. Conclusions

This paper treats interesting questions on recollements of abelian categories. By investigating how

contravariantly finite subcategories behaves in a recollement (A, B,C) between abelian categories, we

obtain thatif (—dim(B)<kand re(A) c2,iq(A) =2, Then
A—dim(B) = max{e(A) —dim(C), q(A)—dim(A)}.

As an application, for a tilting object T in B, we also get an upper bound of relative dimensions with

respect to tilting objects 7 (T) —dim(B) > max {e(T(T ))—dim(C), q(7(T))—dim(A)}.
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