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Abstract: The Least Square Error (LSE) is widely used method in many engineering and computational
problems solution. The LSE method is simple from the “formulation” point of view, offers a simple solution.
However, it might lead to wrong or incorrect conclusions, especially if high dimensional or large span data
are to be processed or if some variables have significantly smaller influence than the other does, e.g.
inconvenient selection of measuring units. In this paper, we analyze influence of row and column
“normalization” inspired by the Gershgorin’s theorem. The approach has been experimentally verified on a
LSE application for high dimensional and large span data. The proposed approach was tested also on
Hilbert’s matrix inversion for conditional number change analysis.
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1. Introduction

The Least Square Error (LSE) is used, Fig. 1, as an approximation method in many areas [1]-[5]. However,
it is rotationally and translationally invariant, dependent on variables unit etc. In addition, the LSE method
is mostly used for a low dimensionality data, i.e. for a small number of parameters. The LSE is not a
convenient method for implicitly defined problems F(x) = 0, used especially in computer graphics and
geometry fields. In this case the Total Least Square Error (TLSE), Fig. 2, is to be used [6], [7] which is
computationally more expensive. A simple close solution in E? is based on a solution of quadratic equation
[8]-[10].

The LSE leads to a solution of a linear system of equations AT Ax = ATb, which leads to problems with
numerical stability, which is influenced by eigenvalues of the ATA matrix.
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Fig. 1. Least square error (LSE). Fig. 2. Total least square error (TLSE).
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2. Conditionality and Gershgorin’s Theorem

In numerical mathematics conditionality measures how much the output of computation depends on
input changes, resp. on errors in measuring, and it is expressed by condition number «(4).
2.1. Condition Number

The condition number is usually expressed as k(4) = 10¥ and it means that approx. k digits in precision
of computation can be lost. Let A is a matrix n X n with a;; elements. Eigenvalues A; of the matrix A

are determined as
det(A—AI) =0 (D

Solving the determinant a polynomial P,(1) is obtained and roots are eigenvalues. Eigenvalues A; €
Clare generally complex numbers. The condition number k(A4) is determined as

| Amax
k(A) =
Mminl

where A4y, T€SP. Apin are maximal, resp. minimal eigenvalues of the matrix A. It is said that the A
matrix with a high condition number is ill-conditioned.
However, it should be noted that:
e the condition number k(A4) does not give precise estimation of inaccuracy
e in the case of linear systems of equations, the condition number depends on the order of rows (they
can be swapped) and on the order of columns (unknown variables x; can be re-indexed, as it is only a
matter of decision, which physical phenomena will be x; and which will be x;,)

3. Gershgorin’s Theorem

The Gershgorin’s Theorem (GT) was published in 1931 and gives an estimation of eigenvalues position in
the complex plane. It can be described as follows [11]:

Let A is a matrix n X n with a;; elements. Letr; = Z’]?¢i|aij| for i =1,..,n. Let the Gershgorin’s

disc D(a;;,1;) is a disc with a radius r; centered at a;;. Then every eigenvalue of the matrix A lies within
one of the Gersgorin’s disk D (a;;, ;). The GT is valid also for the transposed matrix 4, i.e. A”.

As the conditional number k(A) is not fixed in the case of linear system of equations, as row and columns
can be swapped depending on re-indexing of variables or on an order of equations. Therefore the
Gershgorin’s disc D(a;;,1;) differs for different permutation of rows and columns [11], [12].

4. Least Square Error Method

The Least Square Error (LSE) method is widely used in many problems solution, mostly for an optimal
approximation of problems formulated in explicit forms, i.e. asy = f(x), where x is a vector of known
values [13], [14]. Let us consider overdetermined system of equations

Ax=0Db (D

where A is a matrixn X m and n > m. An error ||r|| of approximation can be expressed as

7|l = |Ax — b|| (2)
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The LSE method minimizes the square of the error, i.e. minimizes ||r||2. The condition for an extrema are
given as:

allrll* _ a[(Ax — b)" (Ax — b)]

=2(ATAx—A"b) =0 ATAx = A"b (4)
dox ox

Let us consider a non-singular squared matrix B n X n. It can be seen, that the condition number x (B B)
is getting significantly higher as

’ (5)

y)
k(BTB) = =5

min

where 24,4, resp. Ay, are maximal, resp. minimal eigenvalues of the matrix B. It means, that if the
condition number k(B) = 103, then the condition number of k(BT B) = 10°. It means that the LSE method
produces ill-conditioned system of equations in general.

4.1. Matrix Normalization

Let us consider linear system of equations Ax = b, i.e. the result of the LSE method application. The
Gershgorin’s Theorem (GT) gives an estimation of eigenvalues position in a complex space. It actually says
that if a column a, ; is multiplied by q; # 0, j = 1,...,n the position and radius for the eigenvalue 4; # 0
is changed accordingly to the GT. This operation reflects actually the scaling of the variable x;, i.e. physical
unit change in physical applications. On the other hand, a similar process can be made for rows a column
a; . ismultiplied by p; # 0, j = 1, ...,n and right hand side must be multiplied by p; as well.

As the GT depends on the order of rows and columns of the matrix A4, therefore a small modification is
needed, i.e. the diagonal items is not excluded. This resulted to a sequence:

for j:=1 to n do

{ g:=sum(lal*,311); /* sum of absolute values in the column including the diagonal one
*/
A[*,3]1:=A[*,3]1/9 /* column normalization and scaling of x[J] */ }
for i:=1 to n do
{ p:=sum(lali,*]1); /* sum of absolute values in the row including the diagonal one */

A[i,*]:=A[i,*]/p; /* row normalization */
b[i]:=b[i]/p /* right hand side modification */ }

The first cycle actually “balances” influence of unknown variables x;, i.e. scaling their physical units, while
the second cycle normalizes the numerical ranges in which each row is to be computed.

It should be noted, that in the real implementation, the division operation should not be used directly, as
it changes variable’s mantissa. The exponent subtraction operation should be used instead, i.e.

exponent (A[*,J]) := exponent (A[*,J]) - exponent (q)

as we do not lose the mantissa precision. Also for more precise computation of the A”A and A"b a
special summation algorithms for summation should be used [15], especially in the case of large data spans.
It is based on exponent hashing and intended for summation of large data sets with a large span of data

4.2. Practical Consequences

Let us consider a data setQ = {(x;,y;, f;)}i=,, i.e. data set containing for x; and y; and measured
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functional value f;, and we want to find parameters a = [a, b, c,d]” for optimal fitting function:

6
fl,y,@) =a+bx +cy +dxy (6)
Minimizing the vertical squared distance D, i.e.:
n n
D = min Z(f — f(x, v a))2 min Z(f —(a+bx; +cy; + dx-y-))2 7)
abcd i i Jir abed i i i iJi
— ;
Conditions for an extreme are given as:
of (x,y,a
TCSD 1y, y) =0 ®
Applying this on the expression of D we obtain
aD of (x Y, a) (9)
——ZZ(fl—(a+bxl+cyl+dxlyl)) =0

It leads to conditions for a = (a, b, c,d) parameteters in the form of a linear system of equations Ax = b:

n n n . - n
n 2 Xi i 2 XiYi . fi
i=1 i=1 i=1 i=1
n n 2 n n 2 n
Z Xi Z X Z XiVi Z Xi'Yi ) fixi
i=1 i=1 11 ;lzl ) — ;lzl (10)
Z Vi Z XY vt Z XY Z fivi
i=1 i=1 =1 =1

2 " 2 " 2,.,2 "
Z, XiYi Z XiYi Z Xi¥i Z X Vi Z fixiyi
= i=1 i=1 i=1 i=1 - - i=1 -

QL o T Q

The bilinear form was used to show the LSE method application to a non-linear case; in the case of a
linear function, i.e. f(x,y,a) = a + bx + cy, the 4t row and column are to be removed. The matrix 4 is
symmetric and the function f(x) might be more complex, in general.

Several methods for LSE have been derived [1]-[4], however those methods are sensitive to the vector a
orientation and not robust in general as a value of ¥, x?y? might be too high in comparison with the
value n, which has an influence to robustness of a numerical solution. The LSE methods are sensitive to a
rotation as they measure vertical distances. Rotational and translation invariance are fundamental
requirements especially in geometrically oriented applications [8], [9].

The LSE method is usually used for a small size of data, low dimensionality and also a span of a domain is
relatively small. However, in some applications the domain span can easily be over several decades, e.g. in
the case of Radial Basis Functions (RBF) approximation for GIS applications etc. In this case, the
overdetermined system can be difficult to solve [16]

Let us consider a recent simple example again, when points are generated from (x;,y;) € (10,10%) x
(10, 10°). It can be found using MATLAB that conditional number cond(ATA4) = 6.10%°, see Fig. 3.

Using the approach presented above, the conditional number was decreased significantly
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to cond(ﬂ) = 2.106°.
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10 10 10° 10t

Fig. 3. Conditionality of the original matrix depending on data set size, i.e. number of points.
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Fig. 4. Conditionality of the modified matrix depending on data set size, i.e. number of points.

Comparing the condition numbers of the original matrix A and modified matrix A’, we can see significant
improvement of matrix conditionality as

v = cond(ATA) 61010

~ _ 4
cond(ATA) ~ 210° 3.10 (12)

1 ! )
10' 10° 10° 10t

Fig. 5. Conditionality of the original matrix depending on data set size, i.e. number of points.

In the case of a little bit more complex function defined by Eq.(6), i.e.y = a + bx + ¢y + dxy higher
condition number and higher improvements are obtained, Fig. 5 and Fig. 6.
In this case of the LSE defined by Eq.(6) the conditionality improvement is even higher, as

v = cond(ATA) _ 6.10%°

~ —10°
cond(ATA) ~ 6101t 10 (13)
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[t means that better numerical stability is significantly improved by a simple operation. All graphs clearly
shows also dependency on a number of points used in the experiments (horizontal axis). As a testing
example, the Hilbert’s matrix can be used, as it is extremely ill-conditioned matrix.

—AA

15 7
10 10 i) 10

Fig. 6. Conditionality of the modified matrix depending on data set size, i.e. number of points.

5. Hilbert’s Matrix Conditionality

We should answer a question, how the conditional number of the Hilbert’s matrix can be improved if
orthogonal basis is used instead of orthonormal one as an experimental test.

10 Hilbertova matice 5x5 - podmingnast
T T T

. L 1 . 1 I
0 100 200 300 400 500 600 700 800
b (integral od O do b)

Fig. 7. Conditionality of the original Hg(0,b) (numerical problems occur for b > 650).
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Fig. 8. Conditionality of the modified Hs(0,b).

A simple experiment can prove that the proposed method does not practically change the conditionality
of the Hilbert's matrix H,(0,1). However, as the LSE approximation is to be used for large span of data, it
is reasonable to consider a general case and explore conditionality of the H,, (a, b) matrix, e.g. H<(0, b).

It can be seen, that cond(Hs(0,800)) = 6.10%3. If the proposed approach is applied cond(m) =
2,5.10'* for the modified matrix, Fig. 7, Fig. 8.
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Fig. 9. Conditionality of the original H:(0,b) (log scale on vertical axis is used).
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Fig. 10. Conditionality of the modified H:(0,b) (log scale on the vertical axis is used).
It means that the conditionality improvement

__ cond(Hs(0,800)) _ 6.10%3

= = ~ 10° 14
cond(Hs(0,800)) ~ 2,5.1014 (14)
This is a similar ratio as for the simple recent examples.
5.1. Experimental Evaluation
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Fig. 11. Histogram of bivector sizes ||Bi ABj || of the for original matrix and modified one. a) Original matrix

(horizontal axis multiplied by 101°); b) Modified matrix (horizontal axis is not multiplied).

Let B; is a row the the matrix AT A. It is actually a vector in d-dimensional space. Then the value of the
bivector ||[3i A Bj” is the size of an oriented area on the plane e;e; in that space. It means that if B; vectors
are “normalized” a better conditional number is obtained. The proposed approach has been used for
St. Helen’s volcano RBF approximation by 10 000 points instead of 6 743 176 original points, Fig. 12, i.e.
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10 000 parameters (weights of the RBFs needed to be determined). This leads to a compression 1: (67)2. In
this example of the (RBF) approximation, the polynomial reproduction leads to significant numerical
problems analyzed in [16]. A change of the size of the bivectors ||ﬁi ABj|| is a practical result of the
application to the RBF approximation, which changes from the interval {(eps, 101°) to (eps, 8.102) only,
which significantly increases robustness of the RBF approximation, Fig. 11.
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Fig. 12. Approximation error of the RBF approximation of the St. Helen’s volcano.

6. Conclusion

In this paper, we pointed out to the weak points of the Least Square Error (LSE) method application and
some relationships with the geometric algebra approach. If the LSE method is used for big data with a large
span or units of unknown x; variables are selected insensitively, the LSE method can produce incorrect
results due to very bad conditionality as the LSE matrix is ill-conditioned.

The problem can be partially solved by the row and column “normalization” described in the paper. The
proposed method decreases the condition number of a matrix used in the LSE method and increases
robustness of a numerical solution especially when domain data range is high. However a special algorithm
for precise summation is recommended for high range data sets It can be used also for solving systems of
linear equations in general, e.g. if radial basis function interpolation or approximation is used.
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