
  

On the Generalized LEBESGUE-Ramanujan-Nagell 
Equation 

 

Ran Yinxia* 

Longnan Teachers College, Department of Mathematics, Gansu Longnan, China. 
 
* Corresponding author. Tel.: 18993930265; email: ranyinxia@163.com 
Manuscript submitted July 12, 2016; accepted January 5, 2017. 
doi: 10.17706/ijapm.2017.7.2.112-117 
 

Abstract: Let p is a prime, we studied the the generalized Lebesgue-Ramanujan-Nagell equation. By using 

the elementary method and algebraic number theory, we obtain one necessary condition which the 

equation has integer solutions and some sufficient conditions which the equation has no integer solution. 1). 

Let x be an odd number, one necessary condition which the equation has integer solutions is that 2n(p-1)
-1/p 

contains some square factors. 2). Let x be an even number, when n=pk(k≥1), all integer solutions for the 

equation are (x,y)=(0,4k); when n=pk+(p-1)/2(k≥0), all integer solutions are (±2pk+(p-1)/2
,2

2k+1); when 

n≡1,2,3,…,(p-3)/2, (p+1)/2,…,p-1(modp), the equation has no integer solution. 
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1. Introduction 

Let N, Z be the set of all positive integers and all integers respectively. In this paper, we deal with the 

solutions  ,x y of diophantine equation  

 

               
2 mAx B y  ,  1 mod 2m  , 1m  , , , Nx y m                      (1) 

 
where A ,B are positive integers and A is nonsquare. Some special cases of (1) have been settled. When A=1, 

B=1 lebsgue [1] has proved that (1) has no integer solution, when 2, 1, 5A B n   , Nagell [2] has 

proved that (1) has only integer solutions    , 11,3x y   ; When 1, 4 , 7nA B m   , and n=1, 2, 3, 4 (see 

[3]-[6]), it has been proved that (1) has no integer solution.  

However, when
kB c ，it is more difficult to solve it. In particular, when 

kB p , It is a hot research field 

recently. And, at present these research results were achieved as follow: 

1) When p=2, Cohn[1,2]，Arif and Abu Muriefah[3], Le[4] have gotten all solutions of the equation 

 2 2 ,gcd , 1, 2m nx y x y n    : 

 When m is odd, the equation has only two solutions    , , , 5,3,1,3x y m n 
 

and  7,3,5,4 . 

 When m is even, the equation has only one solution    , , , 11,5,2,3x y m n  . 

2) When p=3, Cohn[1,2]，Arif and Abu Muriefah[5,6],luca[7],Tao[8] have gotten all solutions of the 
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equation 
2 3 ( , ) 1, 2m nx y x y n   ， . 

3) When p=5, Arif and Abu Muriefah [9], [10] and Tao [11] have gotten all solutions of the equation 

2 5 ( , ) 1, 2, 2 |m nx y x y n and m   ， . Unfortunately, it failed to give the solutions of 2 | m . 

4) When p=7, Silksek and Cremona [12], Bugeaud, Mignotte and Silksek [13], Luca [14], Huilin-Zhu and 

Maohua-Le [15] have gotten all solutions of the equation 
2 75 nx y  ， ( , ) 1, 2,x y n   and 2 | m . 

And, when 2 | m , they only got the solutions of 11,19,43,67,163p  . 

Here, we study the solution of 
2 4 ,n px y   where p is a prime, and give the following conclusions: 

Theorem When 1, 4 ,nA B m p   , the following conclusions will be established:  

1) Let x  be an odd number, one necessary condition which the equation (1) has integer solutions is 

that 
( 1)2 1n p

p

   contains some square factors. 

2) Let x  be an even number, if  0 modn p , that is  1n pk k  , all integer solutions for the 

equation are    , 0,4kx y  ; if  
1

mod
2

p
n p


 , that is  

1
0

2

p
n pk k


   , all integer 

solutions are
1

2 122 ,2
p

pk
k




 
 
 

; if  
3 1

1,2,3, , , , 1 mod
2 2

p p
n p p

 
  , the equation has no 

integer solution. 

2. Preliminaries 

Lemma 1 [7] Let M  is a unique factorization domain, k is a positive integer, 2k , and , M   ，

 , 1   , and if ,k M    , then 1 2, , ,k k M          , and 1 2

k   , where

1 2, ,   are units in M. 

Lemma 2 For the diophantine equation 
2 1 2k px y  , there are following conclusions: 

1) If 0k  ，then the equation only has integer solution    , 0,1x y  ;  

2) If 1k  ，then the equation only has integer solutions    , 1,1x y   ;  

3) If 2,3, , 1k p  ，then all equations have no integer solutions. 

proof: 1), 2) By lemma 1, it is easy to prove; 

Obviously, x  is an odd number, then  2 1 mod 4x   and  2 1 2 mod 4x   ，But if 2,3, , 1k p  , 

then  2 1 2 0 mod 4k px y   , This is a contradiction. So 
2 1 2 ,k px y    2,3, , 1k p   has no 

integer solutions. 

Lemma 3 When  1 mod 4p  ,  if  0,1 mod 4k  , then ( 0, )k

pC k k   is odd numbers, and if 

 2,3 mod 4k  , then ( 0, )k

pC k k   is even numbers; when  3 mod 4p  , if  1,3 mod8k  , then 

( 0, )k

pC k k   is odd numbers, and if  5,7 mod8k  , then ( 0, )k

pC k k   is even numbers. 

Lemma 4 If p is a prime, and (a, p)=1, then
1 1(mod )pa p  . 

3. Proof of Theorem   

International Journal of Applied Physics and Mathematics

113 Volume 7, Number 2, April 2017



  

1) First, suppose  1 mod 2x  , in  Z i , 2 4n px y  can be decomposed into as follows 

 

  2 2 , ,n n px i x i y x y    . 

 

Let  2 , 2n nx i x i    , because of  1| 2 ,2 2nx i   ,   can only be 1,1 , 2.i  But

 1 mod 2 ,x   so  2 1 mod 2nx   , then 2  . If 1 i   , then 

    2 22 1 | 2 2n nN i N x i x     . However  1 mod 2x  , So the integer x does not exist. As a result, 

1  . Thus ,by lemma 1,  2 , , , ,
pnx i a bi x a b     

If  1 mod 4p  , then 

 

2 2 2 4 4 4 6 6 6 7 7 7 5 5 5 3 3 3 1 1;p p p p p p p p p p p p

p p p p p p px a C a b C a b C a b C a b C a b C a b C ab                  
 

 

 1 1 3 3 2 5 5 4 7 7 6 4 4 5 2 2 3 12 .n p p p p p p p p p

p p p p p pb C a C a b C a b C a b C a b C a b b                 
 

 

If  3 mod 4p  , then 

 

2 2 2 4 4 4 6 6 6 7 7 7 5 5 5 3 3 3 1 1;p p p p p p p p p p p p

p p p p p p px a C a b C a b C a b C a b C a b C a b C ab                  
 

 

 1 1 3 3 2 5 5 4 7 7 6 4 4 5 2 2 3 12 .n p p p p p p p p p

p p p p p pb C a C a b C a b C a b C a b C a b b                 
 

 

So  1, 2 1 1 , 2t nb t n       .  

If 1b   , When  1 mod 4p  ,  

then 
1 1 3 3 5 5 7 7 4 4 2 2 2 1p p p p p p n

p p p p p pC a C a C a C a C a C a              , so a  must be odd. 

Let 4 1p k  , by lemma3, 1 5 9 8 4, , , ,p p

p p p p pC C C C C  , these k integer numbers are odd, and 

3 7 11 6 2, , , ,p p

p p p p pC C C C C  , these k integer numbers are even. Thus, if k is even, the equation 

1 1 3 3 5 5 7 7 4 4 2 2 2 1p p p p p p n

p p p p p pC a C a C a C a C a C a               doesn’t set up; and if k is odd, 

2 2 2 4 4 4 6 6 6 7 7 7 5 5 5 3 3 3 1 1p p p p p p p p p p p p

p p p p p p px a C a b C a b C a b C a b C a b C a b C ab                    is even, 

this contradict with  1 mod 2x  , in fact, 
0 4 8 5 1, , , ,p p

p p p p pC C C C C 
, these k+1 integer numbers are odd, 

2 6 10 7 3, , , ,p p

p p p p pC C C C C 
, these k integer numbers are even, so x is even. 

When  3 mod 4p  , then 
1 1 3 3 5 5 7 7 4 4 2 2 2 1p p p p p p n

p p p p p pC a C a C a C a C a C a              , so 

a  must be odd. 

Let 8 3p k  , by lemma3, 1 3 9 11 17 19 12 10 4 2, , , , , , , , , ,p p p p

p p p p p p p p p pC C C C C C C C C C     are odd integer 

numbers, and 5 7 13 15 8 6, , , ,p p

p p p p p pC C C C C C   are even integer numbers. Thus,  

1 1 3 3 5 5 7 7 4 4 2 2p p p p p p

p p p p p pC a C a C a C a C a C a            is even, however, 2 1n   is odd. 
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Let 8 7p k  , by lemma3, 1 3 9 11 17 19 12 10 4 2, , , , , , , , , ,p p p p

p p p p p p p p p pC C C C C C C C C C     are odd integer 

numbers, and 5 7 13 15 9 8 2, , , , , ,p p p

p p p p p p pC C C C C C C    are even integer numbers. Thus,  

1 1 3 3 5 5 7 7 4 4 2 2p p p p p p

p p p p p pC a C a C a C a C a C a            is even, however, 2 1n   is odd. 

If  2 1 1tb t n     , then

1 1 3 3 2 5 5 4 7 7 6 4 4 5 2 2 3 1 2p p p p p p p p p n t

p p p p p pC a C a b C a b C a b C a b C a b b                 , so a  is even. 

Thus
2 2 2 4 4 4 6 6 6 7 7 7 5 5 5 3 3 3 1 1p p p p p p p p p p p p

p p p p p p px a C a b C a b C a b C a b C a b C a b C ab                 

is even, this contradict with  1 mod 2x  ;  

If 2nb   , When  1 mod 4p  ,  

1 1 3 3 2 5 5 4 7 7 6 4 4 5 2 2 3 1 1p p p p p p p p p

p p p p p pC a C a b C a b C a b C a b C a b b                  that is

 11 1 3 3 2 5 5 4 7 7 6 4 4 5 2 2 3 1 2
p np p p p p p p p

p p p p p pC a C a b C a b C a b C a b C a b
                , so 

   1
2 1 mod

p n
p


  , but ,indeed, by lemma 4, 

   1
2 1 mod

p n
p


 ; 

When  3 mod 4p  ,  

 
1 1 3 3 2 5 5 4 7 7 6 4 4 5 2 2 3 1 1p p p p p p p p p

p p p p p pC a C a b C a b C a b C a b C a b b                 , 

 

that is 
 11 1 3 3 2 5 5 4 7 7 6 4 4 5 2 2 3 2 1

p np p p p p p p p

p p p p p pC a C a b C a b C a b C a b C a b
               , 

 

so 

3 5 7 4 2
( 1) 12 3 5 2 7 4 9 6 2 5 3 2

p p
p np p p p pp p p p p p

C C C C C
a a a b a b a b a b ab

pp p p p p

 
      

 
       

 

, 

thus only when 
( 1) 12 p n

p

 

 contains some square factors, the equation may have integer solutions. 

If 2nb  , When  1 mod 4p  ,  

 
1 1 3 3 2 5 5 4 7 7 6 4 4 5 2 2 3 1 1p p p p p p p p p

p p p p p pC a C a b C a b C a b C a b C a b b                , 

 

that is 
 11 1 3 3 2 5 5 4 7 7 6 4 4 5 2 2 3 1 2

p np p p p p p p p

p p p p p pC a C a b C a b C a b C a b C a b
               ,  

so 

3 5 7 4 2
( 1) 12 3 5 2 7 4 9 6 2 5 3 2

p p
p np p p p pp p p p p p

C C C C C
a a a b a b a b a b ab

pp p p p p

 
      

 
        

 

, 

thus only when 
( 1) 12 p n

p

 

 contains some square factors, the equation may have integer solutions.  

When  3 mod 4p  ,  

 
1 1 3 3 2 5 5 4 7 7 6 4 4 5 2 2 3 1 1p p p p p p p p p

p p p p p pC a C a b C a b C a b C a b C a b b                , 
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that is 
 11 1 3 3 2 5 5 4 7 7 6 4 4 5 2 2 3 2 1

p np p p p p p p p

p p p p p pC a C a b C a b C a b C a b C a b
               ,  

so 
   1

2 1 mod
p n

p


  , but , indeed, by lemma 4, 
   1

2 1 mod
p n

p


 ; 

So, when  1 mod 2x  , one necessary condition which the equation has integer solutions is that 

( 1) 12 p n

p

 

 contains some square factors. 

2) Second, suppose  0 mod 2x  , thus  0 mod 2y  . Now make 1 12 , 2 ,x x y y  then the equation can 

be turned into 2 1 2

1 14 2n p px y   , obviously  1 0 mod 2x  , then make 1 22x x , it can be

2 2 4

2 14 2n p px y   , also make 2 32x x
 

again, it can be 2 3 6

3 14 2n p px y   , …, make 3 1

2 2

2p px x   again, 

it can be 
1

2 2
1 1

2

4 2
p

n
p

px y




   , now make 1 1 1 2

2 2

2 , 2p px x y y    it can be 
1

2 12
1 2

2

4 2
p

n
p p

px y





   , then make

1 3

2 2

2p px x 

 

again, it can be 
3

2 32
3 2

2

4 2
p

n
p p

px y





   , …, make 
1 2p px x 

 
again, it can be

2

24n p p

px y  , where
11 2 2, , , , ,px x x y y Z . 

According to such substituted method, it can be concluded: 

When  1 modn p , the original equation is equivalent to solving 
2 4 px y  , and according to the 

above-mentioned regularity, it is finally equivalent to solving 
2 21 2 p px y  ; When  2 modn p , it is 

equivalent to solving 
2 24 px y  , and according to the same regularity,  it is finally equivalent to solving

2 41 2 p px y  ; When  3 modn p , it is equivalent to solving 
2 34 px y  , and according to the same 

regularity, it is finally equivalent to solving 
2 61 2 p px y  ; …, When  

1
mod

2

p
n p


 , it is equivalent to 

solving 

1

2 24
p

px y


  , and according to the same regularity, it is finally equivalent to solving 
2 1 2 px y  ; 

When  
1

mod
2

p
n p


 , it is equivalent to solving 

1

2 24
p

px y


  , and according to the same regularity, it is 

equivalent to solving 
2 11 2 p px y  ;…, When  1 modn p p  , it is equivalent to solving 

2 14 p px y  , and 

according to the same regularity, it is finally equivalent to solving 
2 21 2 px y  ; When  0 modn p , the 

original equation is equivalent to solving 
2 4 p px y  , and according to the same regularity,  it is finally 

equivalent to solving 
2 1 px y  . Therefore, by lemma2, when  

3 1
1,2,3, , , , , 1 mod

2 2

p p
n p p

 
  , the 

equation has no integer solutions;  

When  
1

0, mod
2

p
n p


 , the equation has integer solutions, and when  0 modn p  that is 

 1n pk k  , solutions of the equation will must be    , 0,4kx y  ; if  
1

mod
2

p
n p


 , that is 
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 
1

0
2

p
n pk k


   , all integer solutions are 

1

2 122 ,2
p

pk
k




 
 
 

. 
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