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Abstract: The neutron separation energy is the minimum energy required to remove a neutron from a 

nucleus. It is the difference between the rest mass energy of the nucleus with one less neutron and the actual 

rest mass energy of the nucleus. Considering Einstein’s mass-energy equivalence relation and using the 

contributions of the liquid-drop model, we first analyze the various terms that build up the Bethe-von 

Weizsäcker formula. Using this, we estimate the binding energy of a nucleus which in-turn can be used to 

calculate the neutron separation energies. This was done to obtain the separation energies of different 

isotopes of Oxygen-8 and Nickel-28. Using the relationship between binding energy and separation energy, the 

single as well as double neutron separation energies for transition isotopes of Oxygen-8 and Nickel-28 were 

calculated. We then progressed on to investigate the co-relation of Separation Energies with the Q-Value for a 

nuclear reaction and discuss its possible consequences for stellar fusion process.  
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1. Introduction 

Protons and neutrons bound tightly together in the nucleus, despite the electrical repulsion of the 

protons, is an example of strong interaction. This is called the strong nuclear force that acts only at nuclear 

dimensions. Nuclear structure analysis is more complex than the analysis of many-electron atoms. 

Therefore, various models were presented to describe the nuclear structure. The two successful but quite 

different models are: 

1) The liquid-drop Model 

2) Shell model or Independent Particle Model 

In this paper, we focus mainly on the liquid-drop model. First proposed by the Russian Physicist George 

Gamow in 1928 and then was later built-up by Neils Bohr who suggested that individual nucleons are 

analogous to the molecules of a liquid drop, held together by short range interactions and surface-tension 

effects [1]. Section 2 initially discusses the equivalence of mass defect and binding energy and then attempts 

to build a mathematical analysis for the liquid drop model and the various terms associated with it. We then 

focus on the estimation of binding energy using theBethe-von Weizsäcker formula [1]. As binding energy is 

crucial to determining the separation energy, in Section 3 we establish the relationship between the two. 

Furthermore, we choose the isotopes of Oxygen-8 and Nickel-28 nuclei for determining the separation 

energies of various transition isotopes. In Section 4, we relate the Q value of a nuclear reaction with the 
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separation energies and discuss its possibilities to learn more about stellar fusion. 

2. Estimation of Binding Energy Using Bethe-von Weizsäcker Formula 

The energy required to pull apart an atomic nucleus into its constituent parts is called the Nuclear 

Binding Energy. The sum of the masses of distinct nucleons which constitutes a nucleus is usually greater 

than the mass of that atomic nucleus. This difference in mass is generally termed as Mass Defect. This mass 

difference is equivalent to the energy required to bind the individual nucleons together despite the 

proton-proton repulsion to form an atomic nucleus which is a result of Einstein’s famous mass-energy 

equivalence relation given as [1]. 

 

E= ∆mc2                                            (1) 
 

where ∆m is the mass difference term which can be written in terms of atomic number (Z), neutron number 

(N) and the respective masses of protons (mp) and neutrons (mn) along with the mass of the nucleus 

(mnucleus) to get a relation for binding energy as follows: 

 
EB = (Zmp + Nmn − mnucleus) c2                                (2) 

 
The liquid drop model treats the nucleus as a drop of incompressible nuclear fluid. This model is a 

rudimentary one and does not explain all the properties of the nucleus, but does explain why most nuclei 

possesses a spherical shape and helps to estimate the nuclear binding energy [2]. 

Mathematical analysis of this theory delivers an equation which relates the binding energy of a nucleus in 

terms of its individual nucleon number i.e, the number of protons and neutrons. This equation contains five 

terms on its right hand side [2]. Each of the terms in this formula has a theoretical foundation and can be 

accounted by considering the five types of energy terms given below [2]: 

1) Volume Energy Term [1]: Nuclear forces show saturation; only few of the nearest neighbor gets to 

interact with an individual nucleon. The term of binding energy as CvA is a result of this effect. Here, 

Cv is an experimentally determined constant. 

2) Surface Energy Term [1]: As the nucleons on the surface have no neighbors outside them, they are less 

tightly bound than those in the interior. This leads to a decrease in binding energy and gives a negative 

energy term proportional to the surface area which is equal to 4πR2. This term, − CsA is proportional to 

A2/3 as R is proportional to A1/3. 

3) Coulomb Energy Term [1]: The total repulsive electric potential energy is proportional to Z(Z−1) as 

every single proton repels every other protons. Also, it is inversely proportional to the radius R and 

thus to A1/3. 

4) Asymmetry Energy Term [1]: The nucleus must have a balance between the energies associated with the 

neutrons and the protons to be in a stable, low energy state. This means that for small A, N is close to Z 

and for larger A, N is greater than Z. The best agreement is of the term when it is proportional to 

(N−Z)2/A. 

5) Pairing Energy Term [1]: The nuclear force favors pairing of proton and of neutrons. If both Z and N are 

even, the energy term is positive (more binding) and if both Z and N are odd, the energy term is 

negative (less binding) and zero otherwise. The best fit to the data occurs as ±CpA−0.5. 

Combing the five terms as explained above, we can get a mathematical approximation of the binding 

energy by the Bethe-von Weizsäcker formula as follows: 

 

EB, vW = CvA− CsA2/3− Cc
Z(Z - Cz)

A1/3 − Cd
(Z - N)

2

A
 – Cp

oz + oN +1

ACe
                        (3) 
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where C represents the constants for the various terms. If the number of protons (A) is odd, oz is 1 whereas 

it is 0 if A is even. Similarly, for number of neutrons (N), oN follows the same rule. The values of the 

constants used are as follows [3]: 

 

Cv = 15.409 MeV                                         (4) 
 

Cs = 16.873 MeV                                         (5) 
 

Cc = 0.695 MeV                                          (6) 
 

Cz = 1 MeV                                             (7) 
 

 Cd = 22.435 MeV                                          (8) 
 

Cp = 11.155 MeV                                          (9) 
 

Ce = 0.5                                              (10) 
 
where MeV is equivalent to the energy an electron picks up in a one million volt electric field i.e 1.602 X 

10−13 Joules.  

Using the contributions of Liquid-Drop model and Bethe-von Weizsäcker formula (EB, vW), we estimate the 

Binding energy values for various isotopes of Oxygen-8 and Nickel-28 nuclei. Using the binding energy 

values, we calculate the corresponding separation energies. 

3. Separation Energy 

The minimum energy needed to pull apart a nucleon from a nucleus gives the separation energy. It is how 

much the rest mass energy of the nucleus is less than that of the nucleus with one less nucleon and the free 

nucleon [1]. In this paper, we focus on the Neutron Separation Energies.We know by the definition of 

separation energy for single neutron [4]: 

 

Sn =  [m ( XZ
A-1

) + mn – m( XZ
A )]c2                                 (11) 

= [{(A−1−Z) mn + Zmp − 
1

c2EB(A−1, Z)} + mn 

 

– {(A−Z)mn+ Zmp− 
1

c2 EB(A, Z)}] c2                               (12) 

 

 Sn = EB(A, Z) – EB(A−1, Z)                                      (13) 

 

Similarly, two neutron separation energy is given as [4]: 

 

S2n = EB(A, Z) – EB(A−2, Z)                                    (14) 

 

The equation (12) and (13) given above represents separation energy in terms of binding energies of two 

consecutive atomic nuclei. Using this relation, we calculated single neutron as well as the double neutron 

separation energies for different transition isotopes of Nickel-28. 
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The calculated values of separation energies for different isotopes were then compared with the 

experimental values of National Nuclear Data Center, Brookhaven National Laboratory [5]. The results were 

then plotted as Separation Energy vs. Neutron Number. 

3.1. Choice of Atomic Nucleus 

One of the motives of this paper is to better understand the fusion process in stellar objects specifically 

under two principal scenarios just before a supernova explosion [6]. When a massive star reaches the final 

stage in its lifecycle, either it becomes a white dwarf star or it becomes the more common one, a supergiant.  

Moving our focus to the more common process, a supergiant reaches till the isotope Nickel-56 in its nuclear 

fusion process just before explosion.  

Additionally, the nuclei of Oxygen-8 and Nickel-28 exhibits greater stability as predicted by the Nuclear 

Shell Model [1]. 

3.2. Single Neutron Separation Energies for Different Isotopes of Nickel-28 

 

 
Fig. 1. Sn values compared with experimental values for consecutive isotopes of Ni-28 showing a saw-tooth 

pattern. 

 

Table 1. Single Neutron Separation Energies (in MeV) for Various Transition Isotopes of Ni-28

Transition 

Isotopes 

Separation 

Energy 

[Calculated] 

Separation Energy 

[Experimental] 

Transition 

Isotopes 

Separation 

Energy 

[Calculated] 

Separation Energy 

[Experimental] 

𝑁𝑖28
58  𝑡𝑜 𝑁𝑖28

57  13.59487 12.2163 𝑁𝑖28
69  𝑡𝑜 𝑁𝑖28

68  4.49188 4.586 

𝑁𝑖28
59  𝑡𝑜 𝑁𝑖28

58  9.94279 8.99928 𝑁𝑖28
70  𝑡𝑜 𝑁𝑖28

69  6.75076 7.307 

𝑁𝑖28
60  𝑡𝑜 𝑁𝑖28

59  12.0651 11.38773 𝑁𝑖28
71  𝑡𝑜 𝑁𝑖28

70  3.67532 4.264 

𝑁𝑖28
61  𝑡𝑜 𝑁𝑖28

60  8.62893 7.82011 𝑁𝑖28
72  𝑡𝑜 𝑁𝑖28

71  5.93156 6.891 

𝑁𝑖28
62  𝑡𝑜 𝑁𝑖28

61  10.43819 10.5959 𝑁𝑖28
73  𝑡𝑜 𝑁𝑖28

72  2.92692 3.953 

𝑁𝑖28
63  𝑡𝑜 𝑁𝑖28

62  7.86839 6.83728 𝑁𝑖28
74  𝑡𝑜 𝑁𝑖28

73  5.17832 6.4 

𝑁𝑖28
64  𝑡𝑜 𝑁𝑖28

63  9.37925 9.05747 𝑁𝑖28
75  𝑡𝑜 𝑁𝑖28

74  2.23944 3.9 

𝑁𝑖28
65  𝑡𝑜 𝑁𝑖28

64  5.78721 6.09808 𝑁𝑖28
76  𝑡𝑜 𝑁𝑖28

75  4.48416 5.4 

𝑁𝑖28
66  𝑡𝑜 𝑁𝑖28

65  9.50747 8.9524 𝑁𝑖28
77  𝑡𝑜 𝑁𝑖28

76  1.60652 3.2 

𝑁𝑖28
67  𝑡𝑜 𝑁𝑖28

66  5.38499 5.8083 𝑁𝑖28
78  𝑡𝑜 𝑁𝑖28

77  3.84306 5.5 

𝑁𝑖28
68  𝑡𝑜 𝑁𝑖28

67  7.64384 7.792 𝑁𝑖28
79  𝑡𝑜 𝑁𝑖28

78  1.02265 1.7 

 

For single neutron separation energy, the calculated values produce the same saw-tooth curve as 
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predicted by the Weizsäcker formula and substantiated by the experimental data (see Fig. 1). According to 

the last pairing term in the formula, an even number of particles is more stable than odd number (see Table 

1). The tendency to form proton pairs and neutron pairs is a consequence which arises from this energy 

term [1]. 

3.3. Two Neutron Separation Energies for Different Isotopes of Nickel-28 

For two neutron separation energy, we notice a steady decline in separation energy with increase in 

neutron number (see Table 2). This is equivalent to joining the crests of the curve which can be seen in Fig. 

2. 

 
Table 2. Two Neutron Separation Energies (in MeV) for Various Transition Isotopes of Ni-28 

Transition 

Isotopes 

Separation 

Energy 

[Calculated] 

Separation Energy 

[Experimental] 

Transition 

Isotopes 

Separation 

Energy 

[Calculated] 

Separation Energy 

[Experimental] 

𝑁𝑖28
58  𝑡𝑜 𝑁𝑖28

56  23.53129 22.4639 𝑁𝑖28
69  𝑡𝑜 𝑁𝑖28

67  12.13572 12.379 

𝑁𝑖28
59  𝑡𝑜 𝑁𝑖28

57  23.53767 21.2155 𝑁𝑖28
70  𝑡𝑜 𝑁𝑖28

68  11.24264 11.893 

𝑁𝑖28
60  𝑡𝑜 𝑁𝑖28

58  23.56889 20.38701 𝑁𝑖28
71  𝑡𝑜 𝑁𝑖28

69  10.42608 11.57 

𝑁𝑖28
61  𝑡𝑜 𝑁𝑖28

59  20.79031 19.20784 𝑁𝑖28
72  𝑡𝑜 𝑁𝑖28

70  9.60688 11.155 

𝑁𝑖28
62  𝑡𝑜 𝑁𝑖28

60  19.06713 18.20784 𝑁𝑖28
73  𝑡𝑜 𝑁𝑖28

71  8.85849 10.845 

𝑁𝑖28
63  𝑡𝑜 𝑁𝑖28

61  18.30659 17.4336 𝑁𝑖28
74  𝑡𝑜 𝑁𝑖28

72  8.10525 10.4 

𝑁𝑖28
64  𝑡𝑜 𝑁𝑖28

62  17.24765 16.49525 𝑁𝑖28
75  𝑡𝑜 𝑁𝑖28

73  7.41776 10.3 

𝑁𝑖28
65  𝑡𝑜 𝑁𝑖28

63  15.16646 15.75555 𝑁𝑖28
76  𝑡𝑜 𝑁𝑖28

74  6.72359 9.3 

𝑁𝑖28
66  𝑡𝑜 𝑁𝑖28

64  15.29468 15.0504 𝑁𝑖28
77  𝑡𝑜 𝑁𝑖28

75  6.09068 8.6 

𝑁𝑖28
67  𝑡𝑜 𝑁𝑖28

65  14.89246 14.76 𝑁𝑖28
78  𝑡𝑜 𝑁𝑖28

76  5.44959 8.7 

𝑁𝑖28
68  𝑡𝑜 𝑁𝑖28

66  13.02883 13.6 𝑁𝑖28
79  𝑡𝑜 𝑁𝑖28

77  4.86572 7.1 

 

 
Fig. 2. S2n values compared with experimental values for consecutive isotopes of Ni-28 showing 

approximately a linear curve. 

 

3.4. Single Neutron Separation Energies for Different Isotopes of Oxygen-8 

Looking at Table 3, we can infer that separation energy is noticeably higher if the initial number of 

neutrons is even [7]. If a neutron is removed from a nucleus with an even number of neutrons, a pair must 

be broken up that requires additional energy [7] as is seen in Fig. 3.  
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Table 3. Single Neutron Separation Energies (in MeV) for Various Transition Isotopes of O-8 

Transition Isotopes Separation Energy [Calculated] 
Separation Energy 

[Experimental] 

𝑂8
16  𝑡𝑜 𝑂8

15  15.5173 15.6639 

𝑂8
17  𝑡𝑜 𝑂8

16  7.1907 4.1431 

𝑂8
18  𝑡𝑜 𝑂8

17  10.3279 8.0454 

𝑂8
19  𝑡𝑜 𝑂8

18  3.1473 3.9560 

𝑂8
20  𝑡𝑜 𝑂8

19  5.7057 7.6080 

𝑂8
21  𝑡𝑜 𝑂8

20  1.2200 3.8060 

𝑂8
22  𝑡𝑜 𝑂8

21  3.9553 6.8500 

 

 
Fig. 3. Sn values compared with experimental values for consecutive isotopes of O-8 showing a saw-tooth 

pattern. 

 

3.5. Two Neutron Separation Energies for Different Isotopes of Oxygen-8 

 

Table 4. Two Neutron Separation Energies (in MeV) for Various Transition Isotopes of O-8. 

Transition Isotopes Separation Energy [Calculated] 
Separation Energy 

[Experimental] 

𝑂8
16  𝑡𝑜 𝑂8

14  28.6132 28.8871 

𝑂8
17  𝑡𝑜 𝑂8

15  22.7081 19.8070 

𝑂8
18  𝑡𝑜 𝑂8

16  17.5186 12.1884 

𝑂8
19  𝑡𝑜 𝑂8

17  13.4752 12.0010 

𝑂8
20  𝑡𝑜 𝑂8

18  8.8529 11.5637 

𝑂8
21  𝑡𝑜 𝑂8

19  6.9257 11.4140 

 

 
Fig. 4. S2n values compared with experimental values for consecutive isotopes of O-8. 
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As we can see in Fig.4 that the calculated separation energy varies more from the experimental data (see 

Table 4). This is because the calculated data is obtained from the Bethe-von Weizsäcker formula which is 

based on the contributions of the liquid drop model that is more suitable for heavier nuclei. 

4. Separation Energy and Q-Value  

 

 p + q            r + s                                   (15) 

 

where p and q are the reactants and r and s are the products. The mass energy balance involving the kinetic 

energies and the rest mass energies can be expressed as [9]: 

 

(KEp + mpc2) + (KEq + mqc2)         (KEr + mrc2) + (KEs + msc2)              (16) 

 

The difference between kinetic energies of products and reactants is equivalent to the difference between 

the mass of reactants and products [9]. Therefore, the Q value for this reaction is given as: 

 

Q = (mp + mq) c2 – (mr + ms) c2                             (17) 

 

= (EB r + EB s) – (EB p + EB q)                             (18) 

 

where mx represents the masses of the individual nuclei and EB represents its binding energies. Q values for 

the removal of one or two neutrons are defined as: 

 

Sn = − Qn = EB(A, Z) – EB(A–1, Z)                           (19) 

 

S2n = − Q2n = EB(A, Z) – EB(A–2, Z)                           (20) 

 

Knowing whether the Q value for a nuclear reaction is positive or negative, we can determine its 

feasibility. In the case of fusion reactions occurring in more common supergiant stars, the lighter elements 

fuse together to form heavier elements up to Nickel-56. This isotope undergoes radioactive decay into 

Iron-56 which is the most stable nuclei as it has the highest binding energy per nucleon. It is also the last 

element that exothermically produces a net release of energy i.e. it has a positive Q value [10].In case of a 

neutron rich environment, neutrons maybe added to Nickel-56 to form its heavier isotopes instead of 

decaying into Iron-56 or on the other hand, these neutrons may first decay into protons which with enough 

energy may fuse with Nickel-56 to form heavier elements. 
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