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Abstract: In this paper, by using the monotone iterative method and Daher's fixed point theorem and an
inequality of noncompact measure of Monch and Von Harten, we study the existence of maximum solution
and minimal solution and the iterative approximation of the following initial value problem for 0.D.E with
delay in Banach spaces u’ = f{t, u(t), us), uw = o and give a sufficient condition of the existence of solutions of
the above problem. The obtained results improve and generalize the corresponding results.
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1. Introduction

Delay differential equations have been the important topic of research in recent years and many
problems of fields of science and technology can be converted into the problems of delay differential
equations. The existence of solutions of delay differential equations in a Banach space have been studied by
many authors (see [1-7]). In this paper, we consider the following initial value problem of delay differential
equation

U= F(EU).U).U, =y, m

where f eC[I ><E><E0,E],1//0 e E,, E, :C[[—T,O],E:I,l =[t0,t0+T],T > 0, E is a real Banach space

with norm | , uto(s):u(t0+s),56[—r,0] 7>0,t, e R" =[0,+o0) .

In this paper, by using the monotone iterative method and Daher's fixed point theorem and an inequality
of noncompact measure of Monch and Von Harten, we study the existence of maximum solution and
minimal solution and the iterative approximation of (1), and give a sufficient condition of the existence of
solutions of (1). The obtained results improve and generalize the corresponding results in [1].

2. Preliminaries

Let E denote the dual of a real Banach space E with norm |||| and K c E be a cone, that is, a

closed convex subset such that AK c K for any 4 >0 and K "{~K}={6}. By means of K a
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partial order < isdefinedas Vv<u iff u—ve K.Welet
K ={pcE :¢U)=0 forall ueK}.

A cone K is said to be normal if there exists a real number >0 such that 0<v<U implies
||V|| < y”u”, where 4 is independent of U,V.We shall always assume in this paper that K is a normal

cone.

Let «a,f denote the measure of noncompactness of Kuratowski and Hausdorff respectively. Their

definitions are as follows
. n(e)
a(B)=inf{e >0:Bc U M/ forsome M, c E withdiam (M) <&}
i=1
and

n(e)
L(B)=inf{e>0:Bc _L_Jl S(x’,¢&) forsome X’ eE},

where B E bounded, S(x,&)={xeE :HX—Xf

<é&}.

If F isasubspaceof E and M — F isbounded, then we define
. n(e)
(M) =inf{e>0:M < U S(z,&) forsome z eF}.
i=1
We have

PB)<B-(B)<a(B)<2-£(B) for Bc F bounded.

For these and further properties we refer to Deimling [6] and Sadovskii [8].

Forany v,weC [I , E] such that V(t) <w(t) on |, we define the conical segment

[v.w]={ueC[l,E]:v<u<w}.

From the definition of [V, W] and the normality of the cone K, we Kknow that [V,W] is a bounded
closed convex subset of C [ I E] :
Forany Xe C[I : E] , tel,wedefine x(S)=x(t+s),se [—T,O] . Clearly, we have X, € E;. For any

bounded set B CC['O, E]ﬂCl[I , E](I0 =[t0 -7, +T]),we define

B(t)={4(t):¢B} B ={4:4cB}cE,.
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Let us list the following assumptions for convenience:

1) Forany bounded set B CC[IO, E]ﬂCl[l : E],

a(f(1xB(t)<B,))<L max a(B(s)).te 1, for some L>0.
2) v,weC[l,E]JNC[I,E] with v(t)<w(t) on I, v, (s)<w,(s)<w(s) on [-7,0] such
that V'< f(t,v,v,),w>f(t,w,w,) on I.

3) For any tel V( ) ( ) (t) W( ) (S)S(/)Z(S)S(Dl(s)ﬁwt(s) on [—’r,O]

f(Lx().0) = f (LY (1).0,) 2 -M[x(O)-y(O)]-N][a(s) -0, (s) s,
where M, N >0.
4) For any bounded set BCC[IO,E]ﬂcl[I,E],

a(f(th(t)th))< L max a(B ( )),te |, forsome L>0.

se[-,0]

5) For any bounded set BCC[ ]ﬂC [ ]
a(f(th(t)th))SLa(B),te|,forsome L>0.

6) VWEC[ ]ﬂC[ ] with V(t)SW(t) on | such that there are M >0, N>0

satisfying

go[v’— f (to(t).o)-M(v-0)-N[ (v(s)-0, (s))ds}so,

o[ W1 (Lo (t).) ~M (w=0) - N[ (w(s) -3 (s))ds |20
for all O'E[V,W] and peK.

In the proof of our main results the following lemmas are necessary. See [9],[10] for details.
Lemma 2.1 [9] (Daher's fixed point theorem) Let X be a nonempty, bounded, closed and convex

subset of a Banach space E.Let A:X — X be a continuous mapping such that for every countable

subset Cc X, a(AC)<a(C) whenever C isnot relatively compact. Then A has a fixed point.

Lemma 2.2 [10] Let E be a Banach space and « the Kuratowski measure of noncompactness on E.

Let {Xn }n21 be a sequence of continuously differentiable functions from J :[a,b] to E such that

(t)=a({x,)}..).

there is some K€ Ll(a,b) with ||Xn(t)||Sy (t and

Then (o(t) is absolutely continuous on J and
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3 (t) < 20!({X'n (t)}nzl) ae.on J.

Lemma 2.3 [10] Let E be a separable Banach space and f the Hausdorff measure of

noncompactness on E. Let {Xn} be a sequence of continuous functions from J = [a, b] to E such that

there is some € Ll(a,b) with ||Xn(t)||£,u(t) on J.Let

Then ¢(t) is integrableon J and

oI toms] J<Loters

Corollary 2.1 Let E be a Banach space and « the Kuratowski measure of noncompactness on E.

Let {Xn} be a sequence of continuously differentiable functions from J = [a, b] to E such that there is

. Let l//(t)za({xn (t)}na)' Then

some < L*(a,b) with ||Xn(t]|£,u(t) and

l//(t) is integrable on J and

a({j: X, (s)ds}mj < ZJ': w(s)ds.

Proof. The absolute continuity of y follows from

o)zl -6, - {5 6]
.[:x'n(f)di‘SZU:ﬂ(f)dg“ for t,sel.

<2sup

n=1

So l,//(t) is integrable on J.
Let

S={x(t):n=1 and teJNQ} and F=spanS,

where Q isarational number set. Then F is a separable closed subspace of E and

{I:xn(s)ds:nzl}c F.{x (t):n=Lte[ab]lcF

By the properties of & and Lemma 2.3, we have
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a({j: X, (s)ds}mj <2p. ({I: X, (s)ds}mj
< ZI:ﬂF ({xn (s)}m)ds < Zj:a({xn (s)}m)ds = Zj:w(s)ds.

The proof is complete.

3. Main Results
In [1] S. W. Du established the following
Theorem 3.1 Assume that the cone K is normal and assumptions (Al) , ( Az) and (As) are satisfied.

Then there exist two sequences {Vn} ) {Wn} on | suchthat

VSV, SV, <KV SW <SS, SW S W

n n

and

limv, (t)=p(t), limw, (t)=y(t)

nN—+w nN—+w0

uniformly on |, where p,y are minimal and maximal solutions of (1).
Our main aim is to prove the following Theorem 3.2 and Theorem 3.3.

Theorem 3.2 Assume that the cone K is normal and assumptions (A,),(A;) and (A4) are

satisfied. Then there exist two sequences {Vn} , {W } on | suchthat

n

VSV, SV, < SV SW < S, SW S W

n n

and

limv, (t)=p(t), limw, (t)=y(t)

nN—+w nN—+w0

uniformly on |, where p,y are minimal and maximal solutions of (1)
Note. Obviously, the condition of (A4) is weaker than that of (A1) The result of Theorem 3.2 is the

extension of that of Theorem 3.1.

Theorem 3.3 Assume that the cone K is normal and assumptions (AS) and (Aﬁ) are satisfied. Then

there exists a solution u(t) of (1.1) such that v(t)g u(t)g W(t) on /.

4. The Proof of Theorem 3.2

We first, as in [1], consider the linear differential equation with delay

u'=F(tu(t),u).u, =w, (2)
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where F (t u(t),u ) f (t n(t),nt)— M [u (t)—n(t)}— N‘[_Or[ut (s)-n, (S)]ds and 7e€[v,w].

As the proof of Lemma 3.1 in [1], (2) has an unique solution u(t). Thus we define the mapping A by
Anp=u.

Concerning the mapping A, the following properties is proved in [1].

1) v<A,w2 AW, A(lv,w])c[v,w];
2) Anp <Ay, if n,n, e[V,W],nlsnz and 73, =1, =Y.

We define two sequences {Vn}, {W } by

n

Vv, = AV, W, = Aw,_, (n=12,--)

n

with Vv, =V, W, =W. Obviously,

V=V, SV SV, <<V SW, S SW, SW S W, =W

n

Thus {Vn }nzo, {Wn }nzo are uniformly bounded on | . By (2) and (A4),{Vr']}n21,{wr’]}nzl are uniformly

bounded on |, too. Therefore, {Vn }nzo, {Wn }nzo are equicontinuous.

Let
Z(t)={v, (1)} . Zo(S) ={p ()} M(t) =(Z (1)) M (5) = x(Z,(5)) .t e 1,5 €[-7,0].

Obviously the sequence {Vn }nzo satisfies the conditions of Lemma 2.2 and Corollary 2.1. Using the
properties of measure of noncompactness and the condition (A4) , we have, by Lemma 2.2 and Corollary

2.1,

D'm(t)<2a({v; (1)},.,)
2 (000 0.0 )M P 04, (01N o () (1] )
£2a({f(t,vnl(t),vnn)}n>l)+4Mm(t)+2Na({_f_r( Vo (5))s] j

<2a(f(tZ(t),2,))+4Mm(t)+8N [ a(Z,(s))s

<2L max m (s)+4Mm(t)+8Nz rr[1_a>(<)]mt(s)

se|l-7,0

<(2L+4M +8N7) max m,(s).

Se[ T O]

Noting m, =a({lyo})=0, the above estimation yields m(t)zO on | by a standard result

(Theorem 1.6.6 in [11]). So {Vn (t)}nzo is relatively compact for each te |l . Similarly, {Wn (t)}nzo is
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relatively compact for each t €| . Therefore, by the Ascoli-Arzela theorem, the sequences {Vn (t)}n>0 and

{Wn (t)}n>0 have uniformly convergent subsequences. This, together with the monotone character of each

one of these sequences , implies that full sequences converge uniformly on | . Let

limv, (t)= p(t),nlirEOWn (t)=»(t), where the convergence is uniform on | .By (2), p(t),y(t) are

N—-+o0

solutions of (1). Moreover, if u(t) is a solution of (1) such that u e[v, W], then by using induction

arguments, we can show that vV, <U<W, holds for all n. This implies that VSU<W on | , which

means that p,y are indeed minimal and maximal solutions of (1) and the proof is complete.

5. The Proof of Theorem 3.3

The proof of Theorem 3.3 will be completed by two steps.
Step 1. Assume that the number T is small enough such that

1

0<T< .
2(L+2M +4Ny)

we first consider the linear IVP of differential equations with delay

u'=F (tu(t),u).u, =w, (3)

where

R (tLu(t),u)=f(tn(t),n)+M [u(t)—n(t)]JrNj‘i[ut(s)—nt(s)]ds

and 77 e[v, W].

As the proof of Lemma 3.1 in [1], (3) has an unique solution U. Thus we define the mapping A by
An=u.

Concerning the mapping A, there are the following properties.

1) A maps the sector [V,W] into itself.
2) A: [V, W] - [V, W] is continuous.
In fact, for any ne[V,W] and g K', welet
Ay =0, () = p(v()u(V).R (5) = o (v, (8)-u,(5)) L s e[, 0]
Then
D+P<>— (-1
<g(f(t,o(t).o)+ (v NI [vi(s)—o(s)]ds
—f(tn(t),n)-M( NJ' [u,(s)-7(s)]ds)
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Using the assumption (Ag) with o =77, the above inequality implies

D*P (1)< ¢(M (v(1)-u (V) + N[ [v(s) ~u.(5) s
= MP(t)+ N P(s)kis

<(M +Nr)sr€r[la%]ﬂ(s).

Noting R < 0, as the proof of Lemma 3.2 in [1], we have P(t)<0Oon | .Since ¢ €K isarbitrary, we

have V(t)<u(t) on I.Similarly, we can obtain U(t) <W(t) on I.Therefore A[v,w]c[v,w],ie. (i)
holds.
To prove (ii), let u, €[v,w], limu, =u. Obviously ue[v,w]. Because the interval | = [to,t0 +T] is

n—oo

compactand f iscontinuous, it is easy to see
H f(tu,(t).u, )-f (t,u(t),ut)H —0 as N—>oo, (4)

[ (tu, ()., f (tu, (t).U,,)

‘—>0 as M,N—> o0 (5)

uniformly on | .

By (5) and
Au, (t)- Au, (t) = j;{[f (5:Uy (5),Up ) = F (5, (), U ) JJls
+ tZ{M [ Au, (s)—Au, (s)|+M[u,(s)-u, (s)]}ds
N[ LA ()= Ay, (£)]dE + [ U, (£) -0, (£) e  as,
we have
|Au, - Au, || < 1—(M1 NT [rrtlgx ‘f (t.u, (t),u,,)-f(tu, (t),um‘t)‘+(M +N7)||u, —um||}.
Hence

|Au, - Au, | >0 as n,m—oo.

Since E is a Banach space, there exists a U such that limAu, =u. It is easy to see , from the

n—oo

definition of A and (4), that
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limAu, =u=Au.

nN—oo

Therefore A: [V, W] — [V, W] is continuous.
Now we will verify that the conditions of Lemma 2.1 are satisfied. For any countable subset

CC[V,W] with a(C)>0, we  let W(t):a({Aun(t):uneC}). Obviously the sequence

{Aun (t)}n>1 satisfies the conditions of Lemma 2.2. Using the properties of measure of noncompactness,

we have, by Lemma 2.2 and Corollary 2.1,

y'(t)< Za({(Aun (1) :u, eC}J
= Za({ f(t,u, (t),u, )+ M (Au, (t)—-u,(t))+ NJ._OIAUM (s)-u,,(s)]ds:u, C}j

S2La(C)+2Ma(C)+2Ma(AC)+4Nz‘a(AC)+4Nz’a(C)
:(2|\/| +4NT)0{(AC)+(2L+2|\/| +4NT)0£(C) a.e.on |.

Thus, integrating this from to to t, te [tovto +T] , and rearranging, we have

T(2L+2M +4Nr7)
1-(2M +4N7)T @(C)<a(C).

a(AC)<

By Lemma 2.1, we conclude that there existsa U e [V, W] suchthat AU=U and U is a solution of (1)
on |.

Step 2. If T is not sufficiently small, we divide the interval [to,tO +T] into kK equal subintervals

t, <t <---<t =t,+T such that the length T, =t_, —t, of each subinterval meets the needs of step 1,

i+1

ie, 0<T, < . By step 1, there exists a solution U, (t) of (1) defined on [to —T,tl].

2(L+2M +4Nr7)
We consider the following IVP

u'=f(tu(t)u ) telt,t,]
{ )( (t)u) el (IVP);
s

By step 1, there exists a solution U, of (IVP)1 defined on [t1 —r,tz]. Similarly, we consider the
following IVP

(vp);

{u’ f(tu(t)u)tet,t,]
u, (s)=y,

(S = (ti +S),Se[—r,0].
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By step 1, there exists a solution U;,; of (IVP) defined on [t. -7,t

] . Itis easy to verify that

i i 1 N+L

u(t):ui (t)’t e[ti—l’ti](i =1'2"”’k)

is a solution of (1) on | suchthat ue [V, W] . The proof is complete.
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