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Abstract:  An explicit Bargmann symmetry constraint is computed and its associated binary nonlinearization of Lax pairs is carried out for a super integrable hierarchy. Under the obtained  symmetry constraint, the n-th flow of the super integrable hierarchy is decomposed into two super finite-dimensional integrable Hamiltonian systems, defined over the super-symmetry manifold R4N|2N with the 
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1.

 
Introduction For almost twenty years, much attention has been paid to the construction of finite dimensional integrable systems from soliton equations by using symmetry constraints. Either (2+1)-dimensional soliton equations [1] or (1+1)-dimensional soliton equations [2] can be decomposed into compatible finite-dimensional integrable systems. It is known that a crucial idea in carrying out symmetry constraints is the nonlinearization of Lax pairs for soliton hierarchies, and symmetry constraints give relations of potentials with eigenfunctions and adjoint eigenfunctions of Lax pairs. The nonlinearization of Lax pairs can be classified into mono-nonlinearization [3] and binary nonlinearization [4]. The technique of nonlinearization has been successfully applied to many well-known (1+1)-dimensional soliton equations, such as the AKNS system [2], the KdV hierarchy [5]. With the development of soliton theory, super integrable systems associated with Lie super algebra have been receiving growing attention [6]-[8]. In 1997, Hu proposed the super-trace identity and applied it to establish the super-Hamiltonian structures of super integrable systems [6]. Then Professor Ma gave a systematic proof of super-trace identity and presented the super-Hamiltonian structures of super AKNS hierarchy and super Dirac hierarchy for application [7]. Tao presented the super-Hamiltonian structures of super GJ hierarchy and super Yang hierarchy [8]. But there are few results on nonlinearization of super integrable systems in the literature. Only very recently, He and Yu applied binary nonlinearization method to the super AKNS hierarchy, the super Dirac hierarchy and obtained their corresponding super finite-dimensional systems [9]-[11].  In this paper, we would like to consider the binary nonlinearization of a super integrable hierarchy which was constructed based upon the hierarchy constructed by Zhang [12] under the Bargmann symmetry constraint. This paper is organized as follows. In the next section, we will consider a super integrable hierarchy and 
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corresponding dynamical variables x and tn. The integrals of motion required for Liouville integrability are explicitly given. 
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 its super-Hamiltonian structures; In Section III, we propose an explicit symmetry constraint between the potentials and the eigenfunctions of the super integrable hierarchy; Then in Section IV, under the symmetry constraint, this super integrable hierarchy is decomposed into two compatible finite-dimensional super systems over the super-symmetry manifold R4N|2N. And furthermore, we show that the obtained finite-dimensional super systems are completely integrable in the Liouville sense. 
2. A Super Integrable Hierarchy The super integrable spectral problem associated with Lie super algebra B(0, 1) is given by  

  ߶௫ ൌ ܷ߶, ܷ ൌ ൭ ݎ ߣ  ݍ ߣߙ െ ݍ െݎ ߚߚ െߙ 0൱ , ܷ ൌ ቌߚߙݎݍቍ , ߶ ൌ ൭߶ଵ߶ଶ߶ଷ൱,                      (1)  where ߣ is a spectral parameter, q and r are even variables, and ߙ and  ߚ are odd variables[7].  Taking  V ൌ ൭ ܥ ܣ  ܤ ρܣ െ ܤ െܥ δδ െρ 0൱,  the co-adjoint equation associated with (1) V୶ ൌ ሾU, Vሿ gives  
۔ۖەۖ
ۓ ௫ܣ ൌ ܤݎ2 െ ܥݍ2 െ ߩߙ  ௫ܤ,ߜߚ ൌ ܣݎ2 െ ܥߣ2 െ ߩߙ െ ௫ܥ,ߜߚ ൌ ܣݍ2 െ ܤߣ2  ߩߚ  ௫ߩ,ߜߙ ൌ ߜߣ െ ܣߚ െ ܤߚ െ ܥߙ  ߩݎ  ௫ߜ,ߜݍ ൌ ߩߣ െ ܣߙ  ܤߙ  ܥߚ െ ߩݍ െ  (2)                           .ߜݎ

 If we set 
 

A=∑ ,ஹିߣܣ =∑ ,ஹିߣܤ C=∑ ,ஹିߣܥ ∑=ߩ ,ஹିߣߩ ∑=ߜ ,ஹିߣߜ                       (3) 
 then (2) is equivalent to 
 

۔ۖەۖ
ۓ ାଵܤ ൌ ܣݍ െ ଵଶ ௫ܥ  ଵଶ ߩߚ  ଵଶ ାଵܥ,ߜߙ ൌ ܣݎ െ ଵଶ ௫ܤ െ ଵଶ ߩߙ െ ଵଶ ାଵߩ，ߜߚ ൌ ܣߙ െ ܤߙ െ ܥߚ  ௫ߜߩݍ  ାଵߜ ,ߜݎ ൌ ܣߚ  ܤߚ  ܥߙ  ௫ߩ െ ߩݎ െ ାଵ,௫ܣ,ߜݍ ൌ ାଵܤݎ2 െ ାଵܥݍ2 െ ାଵߩߙ  .ାଵߜߚ

                         (4) 
 which results in the following recurrence relations 
 ൜ሺെܤାଵ, ,ାଵܥ ,ାଵߜ െߩାଵሻ் ൌ ࣦሺെܤ, ,ܥ ,ߜ െߩሻ்,A୧ ൌ ∂ିଵሺ2ܤݎ െ ܥݍ2 െ ߩߙ  ,ሻߜߚ ݅  0.                       (5) 
 where 
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ࣦ ൌ ۈۉ
ۇ ݎଵି߲ݍ2 ଵଶ ߲  ଵଶݍଵି߲ݍ2 ߲ െ ݎଵି߲ݎ2 െ2ି߲ݎଵݍ െ ଵଶ ߙ െ ߚଵି߲ݍ ଵଶ ߚ െ െߙଵି߲ݍ ଵଶ ߚ  ߚଵି߲ݎ ଵଶ ߙ  ߚെߙଵି߲ݎ െ ݎଵି߲ߚ2 ߙ െ ߙെݍଵି߲ߚ  ݎଵି߲ߙ2 ߚ  ݍଵି߲ߙ2 ߚଵି߲ߚ െ ݍ ݎ െ ߲  െ߲ߙଵି߲ߚ െ ݎ െ ߚଵି߲ߙ െି߲ߙଵߙ  ݍ ۋی

ۊ
.                (6) 

 Upon choosing the initial conditions  ܤ=ܥ ൌ  ,= 1ܣ   ,= 0ߜ=ߩ
 all otherܣ, ܤ ,ܥ, ߩ ݅)ߜ,  1) can be worked out by the recurrence relations (5). The first few results are as follows: 

ଵܣ  ൌ 0, ଵܤ ൌ ,ݍ ଵܥ ൌ ,ݎ ଵߩ ൌ ,ߙ ଵߜ ൌ ,ߚ ଶܣ ൌ భమݍଶ െ భమݎଶ െ ,ߚߙ ଶܤ ൌ െభమݎ௫, ଶܥ ൌ െభమݍ௫, ଶߩ ൌ ,௫ߚ ଶߜ ൌ  ,௫ߙ
ଷܣ  ൌ భమݍ௫rെభమqݎ௫ െ ௫ߙߙ  ,௫ߚߚ ଷܤ ൌ భరݍ௫௫  భమߙߙ௫  భమߚߚ௫  ଵଶ ଷݍ െ ଵଶ ଶݎݍ െ  ,ߚߙݍ
ଷܥ  ൌ ଵସݎ௫௫  ଵଶߙ௫ߚ െ ଵଶߚߙ௫  ଵଶݍଶݎ െ ଵଶݎଷ െ ,ߚߙݎ ଷߩ ൌ ௫௫ߙ  ଵଶݎ௫ߙ  ଵଶݍ௫ߚ  ௫ߚݍ  ߚ௫ݎ  ௫ߙݎ  ଵଶݍଶߙ െ ଵଶݎଶߙ, 
ଷߜ  ൌ ௫௫ߚ െ ଵଶݍ௫ߙ െ ௫ߙݍ െ ଵଶݎ௫ߚ െ ௫ߚݎ  ଵଶݍଶߚ െ ଵଶݎଶߚ. 

 Let us associate the spectral problem (1) with the following auxiliary problem 
 ߶௧ ൌ ܸሺሻ߶ ൌ ሺߣܸሻା߶,                                         (7) 

 with 
 ܸሺሻ ൌ ∑ ൭ ܥ ܣ  ܤ ܣߩ െ ܤ െܥ ߜߜ െߩ 0 ൱ୀ  ,ିߣ
 where the minus symbol “”denotes taking the non-positive part in the power of ߣ. The compatible conditions of the spectral problem (1) and the auxiliary problem (7) are 

 ௧ܷ െ ௫ܸሺሻ+[ܷ, ܸሺሻ] = 0,                                       (8) 
 which infer the super integrable soliton hierarchy 

௧ݑ  ൌ ܭ ൌ ሺെ2ܥାଵ, െ2ܤାଵ, ,ାଵߜ ሻ்,nߩ 0.                             (9) 
 Here ݑ௧ ൌ ߙ  in (9) is called the n-th flow of this hierarchy, whenܭ ൌ ߚ ൌ 0,  the super integrable hierarchy (9) can be reduced to the hierarchy which was constructed byZhang in [12]. Using the super trace identity ஔஔ௨  ݎݐܵ ቀܸ డడఒቁ dݔ  = ቀିߣఊ డడఒ ఊቁߣ ݎݐܵ ቀడడ௨ ܸቁ,                           (10) 
 where Str means the super trace [6], we have 
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൮െܤାଵܥାଵߜାଵെߩାଵ൲ ൌ ஔஔ௨ ,ܪ ܪ ൌ  െ శమାଵ dݔ, ݅  0.                            (11) 

 Therefore, the super soliton hierarchy (9) can be written as the following super Hamiltonian form:  ݑ௧ ൌ ܬ ఋுఋ௨ ,                                       (12) 

 where  
ܬ ൌ 0 2 0 0

2 0 0 0
0 0 1 0
0 0 0 1

−⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟

−⎝ ⎠  
 is a super symplectic operator, and ܪ is given by (11). The first non-trivial nonlinear equations of this hierarchy (9) is given by its second flow 
 

۔ۖەۖ
ۓ ௧మݍ ൌ െభమݎ௫௫ െ ߚ௫ߙ  ௫ߚߙ െ ݎଶݍ  ଷݎ  ௧మݎ,ߚߙݎ2 ൌ െభమݍ௫௫ െ ௫ߙߙ െ ௫ߚߚ െ ଷݍ  ଶݎݍ  ௧మߙ,ߚߙݍ2 ൌ ௫௫ߚ െ భమݍ௫ߙ െ ௫ߙݍ െ భమݎ௫ߚ െ ௫ߚݎ  భమݍଶߚ െ భమݎଶߚ,ߚ௧మ ൌ ௫௫ߙ  భమݎ௫ߙ  ௫ߙݎ  భమݍ௫ߚ  ௫ߚݍ  భమݍଶߙ െ భమݎଶ(13)                       .ߙ 

 which possesses a Lax pair of U in (1) andܸሺଶሻdefined by 
 

ܸሺଶሻ ൌ ቌ ߣݎ െ భమݍ௫ ଶߣ  భమݍଶ െ భమݎଶ െ ߚߙ  ߣݍ െ భమݎ௫ ߣߙ  ଶߣ௫ߚ  భమݍଶ െ భమݎଶ െ ߚߙ െ ߣݍ  భమݎ௫ െߣݎ  భమݍ௫ ߣߚ  ߣߚ௫ߙ  ௫ߙ െߣߙ െ ௫ߚ 0 ቍ. 

 

3. The Bargmann Symmetry Constraint In order to compute a Bargmann symmetry constraint, we consider the following adjoint spectral problem of the spectral problem (1): 
 ߰௫ ൌ െܷௌ௧߰ ൌ ൭ െݎ െߣ  ݍ ߣെߚ െ ݍ ݎ െߙെߙ െߚ 0 ൱ ߰,  ൭߰ଵ߰ଶ߰ଷ൱,                    (14) = ߖ

 where St  means the super transposition. The following result is a general formula for the variational derivative with respect to the potential u (see[2] for the classical case). 
Lemma  1 [9]-[11]: Let ܷሺݑ, ݉ ሻ be an even matrix of orderߣ  ݊ depending on ݑ, ,௫ݑ ,௫௫ݑ ߶ Suppose that .ߣ and a parameter ,ڮ ൌ ሺ߶, ߶ሻ் and ߰ ൌ ሺ߰, ߰ሻ் satisfy the spectral problem and the adjoint spectral problem 
 ߶௫ ൌ  ܷሺݑ, ,߶ሻߣ ߰௫ ൌ െܷௌ௧߰,(15) where ߶ ൌ ሺ߶ଵ, ڮ , ߶ሻ and ߰ ൌ ሺ߰ଵ, ڮ , ߰ሻ are even eigenfunctions, and ߶ ൌ ሺ߶ାଵ, ڮ , ߶ାሻ and 
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 ߰ ൌ ሺ߰ାଵ, ڮ , ߰ାሻ are odd eigenfunctions. Then the variational derivative of the parameter  ߣ with respect to the potential ݑ is given by 
 ఋఒఋ௨ ൌ ሺట,ሺିଵሻሺೠሻటሻቀങೆങೠቁథି  టቀങೆങഊቁథୢ௫ ,                                     (16) 
 where we denote 
ሻݒሺ  ൌ ൜0,   1,݈ܾ݁ܽ݅ݎܽݒ ݊݁ݒ݁  ݊ܽ  ݏ݅ ݒ, .݈ܾ݁ܽ݅ݎܽݒ ݀݀  ݊ܽ  ݏ݅ ݒ                                  (17) 
 By Lemma 1, it is not difficult to find that 
 

ఋఒఋ௨ ൌ ଵா ൮߰ଵ߶ଶ െ ߰ଶ߶ଵ߰ଵ߶ଵ െ ߰ଶ߶ଶ߰ଵ߶ଷ  ߰ଷ߶ଶ߰ଶ߶ଷ െ ߰ଷ߶ଵ
൲.                                     (18) 

 where ܧ ൌ  െ ሺ߰ଵ߶ଶ  ߰ଶ߶ଵሻdݔ. If we consider zero boundary conditions  lim|௫|՜ஶ߶ ൌ  lim|௫|՜ஶ߰ ൌ 0, then we can obtain a characteristic property: a recurrence relation for the variational derivative ofλ: 
 ࣦ ఋఒఋ௨ = ߣ ఋఒఋ௨,                                          (19) 
 where ࣦ and ఋఒఋ௨ are given by (5) and (18), respectively. Let us now discuss the two spatial and temporal systems: 
 

۔ۖۖەۖۖ
ۓ ቌ߶ଵ߶ଶ߶ଷቍ௫ ൌ ܷ൫ݑ, ൯ߣ ቌ߶ଵ߶ଶ߶ଷቍ ൌ ቌ ݎ ߣ  ݍ ߣߙ െ ݍ െݎ ߚߚ െߙ 0ቍ ቌ߶ଵ߶ଶ߶ଷቍ ,

ቌ߰ଵ߰ଶ߰ଷቍ௫ ൌ െܷௌ௧൫ݑ, ൯ߣ ቌ߰ଵ߰ଶ߰ଷቍ  ൌ ቌ െݎ െߣ  ݍ ߣെߚ െ ݍ ݎ െߙെߙ െߚ 0 ቍ ቌ߰ଵ߰ଶ߰ଷቍ .            (20) 
 and 
 

ەۖۖ
۔ۖۖ
ۓ ቌ߶ଵ߶ଶ߶ଷቍ௧

ൌ ܸሺሻ൫ݑ, ൯ߣ ቌ߶ଵ߶ଶ߶ଷቍ  ൌ ∑ ିୀߣ ൭ ܥ ܣ  ܤ ܣߩ െ ܤ െܥ ߜߜ െߩ 0 ൱ ቌ߶ଵ߶ଶ߶ଷቍ ,
ቌ߰ଵ߰ଶ߰ଷቍ௧

ൌ െ൫ܸሺሻ൯ௌ௧൫ݑ, ൯ߣ ቌ߰ଵ߰ଶ߰ଷቍ  ൌ ∑ ିୀߣ ቌ െܥ െሺܣ െ ሻܤ ܣെሺߜ  ሻܤ ܥ െߩെߩ െߜ 0 ቍ ቌ߰ଵ߰ଶ߰ଷቍ .        (21) 
 where 1  ݆  ܰ and ߣଵ, ڮ ,  :ே are N distinct spectral parameters. Now for the system (21) and (22), we have the following symmetry constraintsߣ
 ఋఋ௨ ܪ ൌ ∑ ߛ ఋఒೕఋ௨ேୀଵ , ݇  0.                                       (22) 
 The symmetry constraints in the case of ݇ ൌ 0 is called a Bargmann constraint [11]. If taking ݇ ൌ0, ܧ ൌ ߛ ൌ  െ ሺ߰ଵ߶ଶ߰ଶ߶ଵሻdݔ, then it leads to an expression for the potential ݑ, i.e. 
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۔ە
ݍۓ ൌ െߖۃଵ, ۄଶߔ  ,ଶߖۃ ݎ,ۄଵߔ ൌ ,ଵߖۃ ۄଵߔ െ ,ଶߖۃ ߙ,ۄଶߔ ൌ െߖۃଶ, ۄଷߔ  ,ଷߖۃ ߚ,ۄଵߔ ൌ ,ଵߖۃ ۄଷߔ  ,ଷߖۃ .ۄଶߔ                                    (23) 

 where we use the following notation ߔ ൌ ሺ߶ଵ, ڮ , ߶ேሻ், ߖ ൌ ሺߖଵ, ڮ ,  .denotes the standard inner product of the Euclidean space Թே ۄ·,·ۃ ேሻ், (i=1, 2, 3.) andߖ
4. Binary Nonlinearization In this section, we want to perform binary nonlinearization for the Lax pairs and adjoint Lax pairs of the above super integrable hierarchy. To this end, let us substituting (23) into the Lax pairs and adjoint Lax pairs (20) and (21), and then we obtain the following nonlinearized Lax pairs and adjoint Lax pairs 

 ቌࣘࣘࣘቍ࢞ ൌ ,࢛൫ࢁ ൯ࣅ ቌࣘࣘࣘቍ   ൌ ቌ ࢘ ࣅ   ࣅࢻ െ  െ࢘ ෩ࢼ෩ࢼ െࢻ ቍ ቌࣘࣘࣘቍ,                                       (24a) 
 ቌ࣒࣒࣒ቍ࢞ ൌ െ࢚ࡿࢁ൫࢛, ൯ࣅ ቌ࣒࣒࣒ቍ  ൌ ቌ െ࢘ െࣅ   ࣅ෩െࢼ െ  ࢘ െࢻെࢻ െࢼ෩  ቍ ቌ࣒࣒࣒ቍ                    (24b) 

 And 
 

ەۖۖ
۔ۖ
ۓۖ ቌ߶ଵ߶ଶ߶ଷቍ௧

ൌ ܸሺሻ൫ݑ, ൯ߣ ቌ߶ଵ߶ଶ߶ଷቍ ൌ ∑ ିୀߣ ቌ ሚܥ ሚܣ  ෨ܤ ሚܣߩ െ ෨ܤ െܥሚ ሚߜሚߜ െߩ 0 ቍ ቌ߶ଵ߶ଶ߶ଷቍ ,
ቌ߰ଵ߰ଶ߰ଷቍ௧

ൌ െ൫ܸሺሻ൯ௌ௧൫ݑ, ൯ߣ ቌ߰ଵ߰ଶ߰ଷቍ   ൌ  ∑ ିୀߣ ቌ െܥሚ െሺܣሚ െ ෨ሻܤ ሚܣሚെሺߜ  ෨ሻܤ ሚܥ െߩെߩ െߜሚ 0 ቍ ቌ߰ଵ߰ଶ߰ଷቍ .         (25) 
 where 1  ݆  ܰ and ෨ܲ means an expression of P(u)  under the explicit constraint (23). Note that the spatial part of the nonlinearized system (24) is a system of ordinary differential equations with an independent variables x, but for a given n(݊  2), the ݐ-part of the nonlinearized system (25) is a system of ordinary differential equations. Obviously, the system (24) can be written as 
 

۔ۖۖەۖۖ
ۓ ଵ,௫ߔ ൌ ሺߖۃଵ, ۄଵߔ െ ,ଶߖۃ ଵߔሻۄଶߔ  ሺ߉ െ ,ଵߖۃ ۄଶߔ  ,ଶߖۃ ଶߔሻۄଵߔ െ ሺߖۃଶ, ۄଷߔ െ ,ଷߖۃ ଶ,௫ߔ,ଷߔሻۄଵߔ ൌ ሺ߉  ,ଵߖۃ ۄଶߔ െ ,ଶߖۃ ଵߔሻۄଵߔ െ ሺߖۃଵ, ۄଵߔ െ ,ଶߖۃ ଶߔሻۄଶߔ  ሺߖۃଵ, ۄଷߔ  ,ଷߖۃ ଷ,௫ߔ,ଷߔሻۄଶߔ ൌ ሺߖۃଵ, ۄଷߔ  ,ଷߖۃ ଵߔሻۄଶߔ  ሺߖۃଶ, ۄଷߔ െ ,ଷߖۃ ଵ,௫ߖ,ଶߔሻۄଵߔ ൌ െሺߖۃଵ, ۄଵߔ െ ,ଶߖۃ ଵߖሻۄଶߔ  ሺെ߉ െ ,ଵߖۃ ۄଶߔ  ,ଶߖۃ ଶߖሻۄଵߔ  ሺߖۃଵ, ۄଷߔ  ,ଷߖۃ ଶ,௫ߖ,ଷߖሻۄଶߔ ൌ ሺെ߉  ,ଵߖۃ ۄଶߔ െ ,ଶߖۃ ଵߖሻۄଵߔ  ሺߖۃଵ, ۄଵߔ െ ,ଶߖۃ ଶߖሻۄଶߔ  ሺߖۃଶ, ۄଷߔ െ ,ଷߖۃ ଷ,௫ߖ,ଷߖሻۄଵߔ ൌ ሺߖۃଶ, ۄଷߔ െ ,ଷߖۃ ଵߖሻۄଵߔ െ ሺߖۃଵ, ۄଷߔ  ߖۃଷ, .ଶߖሻۄଶߔ

       (26) 

 where ߉ ൌ diagሺߣଵ, ڮ ,  :ሻ. Then system (24) or (26) can be represented as the following Hamiltonian formߣ
ଵ,௫ߔ  ൌ డுభడఅభ , ଶ,௫ߔ ൌ డுభడఅమ , ଷ,௫ߔ ൌ డுభడఅయ , ଵ,௫ߖ ൌ െ డுభడఃభ , ଶ,௫ߖ ൌ െ డுభడఃమ , ଷ,௫ߖ ൌ డுభడఃయ.              (27) 
 where 
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ଵܪ ൌ ,ଵߖ߉ۃ ۄଶߔ  ,ଶߖ߉ۃ ۄଵߔ  12 ሺߖۃଵ, ۄଵߔ െ ,ଶߖۃ ሻଶۄଶߔ െ 12 ሺߖۃଵ, ۄଶߔ െ ,ଶߖۃ ሻଶۄଵߔ െ ሺߖۃଶ, ۄଷߔ െ ,ଷߖۃ ሻۄଵߔ ൈ ሺߖۃଵ, ۄଷߔ  ߖۃଷ,  .ሻۄଶߔ
 When ݊ ൌ 1, the system (25) is exactly the system (24) with ݐଵ ൌ ݊ When .ݔ ൌ 2, the system (25) is 
 

ەۖۖ
۔ۖ
ۓۖ ଵ,௧మߔ ൌ ൫̃߉ݎ െ భమݍ௫൯ߔଵ  ൫߉ଶ  భమݍଶ െ భమ̃ݎଶ െ ෨ߚߙ  ߉ݍ െ భమ̃ݎ௫൯ߔଶ  ൫ߙ߉  ଶ,௧మߔ,ଷߔ෨௫൯ߚ ൌ ൫߉ଶ  భమݍଶ െ భమ̃ݎଶ െ ෨ߚߙ െ ߉ݍ  భమ̃ݎ௫൯ߔଵ  ሺെ̃߉ݎ  భమݍ௫ሻߔଶ  ൫ߚ෨߉  ଷ,௧మߔ,ଷߔ௫൯ߙ ൌ ൫ߚ෨߉  ଵߔ௫൯ߙ െ ൫ߙ߉  ଵ,௧మߖ,ଶߔ෨௫൯ߚ ൌ ൫െ̃߉ݎ  భమݍ௫൯ߖଵ െ ൫߉ଶ  భమݍଶ െ భమ̃ݎଶ െ ෨ߚߙ െ ߉ݍ  భమ̃ݎ௫൯ߖଶ  ൫ߚ෨߉  ଶ,௧మߖ,ଷߖ௫൯ߙ ൌ െ൫߉ଶ  భమݍଶ െ భమ̃ݎଶ െ ෨ߚߙ  ߉ݍ െ భమ̃ݎ௫൯ߖଵ   ൫̃߉ݎ െ భమݍ௫൯ߖଶ െ ൫ߙ߉  ଷ,௧మߖ,ଷߖ෨௫൯ߚ ൌ െ൫ߙ߉  ଵߖ෨௫൯ߚ െ ൫ߚ෨߉  .ଶߖ௫൯ߙ

               (28) 
 where ݍ, ,ݎ̃ ,ߙ ,ݍ  ෨ denote the functionsߚ ,ݎ ,ߙ ,௫ݍ defined by the explicit constraint (23), andߚ ,௫ݎ̃ ,௫ߙ  ෨௫ are given byߚ
 

۔ە
௫ݍۓ ൌ ,ଶߖ߉ۃ2 ۄଶߔ െ ,ଵߖ߉ۃ2 ۄଵߔ  2ሺߖۃଵ, ۄଵߔ െ ,ଶߖۃ ,ଵߖۃሻሺۄଶߔ ۄଶߔ  ,ଶߖۃ ௫ݎ̃,ሻۄଵߔ ൌ ,ଵߖ߉ۃ2 ۄଶߔ െ ,ଶߖ߉ۃ2 ۄଵߔ െ 2ሺߖۃଵ, ۄଶߔ  ,ଶߖۃ ,ଵߖۃሻሺۄଵߔ ۄଶߔ െ ,ଶߖۃ ௫ߙ,ሻۄଵߔ ൌ ,ଵߖ߉ۃ ۄଷߔ  ,ଷߖ߉ۃ ۄଶߔ െ ሺߖۃଵ, ۄଶߔ  ,ଶߖۃ ,ଵߖۃሻሺۄଵߔ ۄଷߔ  ,ଷߖۃ ෨௫ߚ,ሻۄଶߔ ൌ െߖ߉ۃଶ, ۄଷߔ  ,ଷߖ߉ۃ ۄଵߔ    ሺߖۃଵ, ۄଶߔ  ,ଶߖۃ ,ଶߖۃሻሺۄଵߔ ۄଷߔ െ ,ଷߖۃ .ሻۄଵߔ                  (29) 

 which are computed through using the spatial  constrained flow (26). Then system (28) can be represented as the following super Hamiltonian form: 
ଵ,௫ߔ  ൌ డுమడఅభ , ଶ,௫ߔ ൌ డுమడఅమ , ଷ,௫ߔ ൌ డுమడఅయ , ଵ,௫ߖ ൌ െ డுమడఃభ , ଶ,௫ߖ ൌ െ డுమడఃమ , ଷ,௫ߖ ൌ డுమడఃయ.                 (30) 
 where ܪଶ ൌ ,ଵߖଶ߉ۃ ۄଶߔ  ,ଶߖଶ߉ۃ ۄଵߔ െ 12 ሺߖۃଵ, ۄଵߔ െ ,ଶߖۃ ,ଵߖۃሻଶሺۄଶߔ ۄଶߔ  ,ଶߖۃ ,ଵߖ߉ۃሻ ሺۄଵߔ ۄଵߔ െ ,ଶߖ߉ۃ ,ଵߖۃሻሺۄଶߔ ۄଵߔ െ ,ଶߖۃ ሻۄଶߔ  12 ,ଵߖۃ ଷ               െۄଶߔ 12 ,ଶߖۃ ,ଵߖۃଶۄଵߔ ۄଶߔ െ 12 ,ଵߖۃ ,ଶߖۃଶۄଶߔ ۄଵߔ  12 ,ଶߖۃ ଷۄଵߔ  ,ଶߖ߉ۃ2 ,ଵߖۃۄଵߔ ,ଶߖۃሺ ۄଶߔ ۄଷߔ െ ,ଷߖۃ ,ଵߖۃሻሺۄଵߔ ۄଷߔ  ߖۃଷ, ,ଵߖۃሻሺۄଶߔ ۄଶߔ  ,ଶߖۃ ,ଵߖ߉ۃሻ           െۄଵߔ ,ଵߖۃۄଶߔ ۄଶߔ െ ,ଶߖ߉ۃ ,ଶߖۃۄଵߔ ۄଵߔ െ ሺߖ߉ۃଶ, ۄଷߔ െ ,ଷߖ߉ۃ ,ଵߖۃሻሺۄଵߔ ۄଷߔ  ߖۃଷ, ,ଶߖۃሻ െሺۄଶߔ ۄଷߔ െ ,ଷߖۃ ,ଵߖ߉ۃሻሺۄଵߔ ۄଷߔ  ߖ߉ۃଷ,  .ሻۄଶߔ

 In addition, the characteristic property (19) and the recurrence relations (5) ensure that 
 

۔ۖەۖ
ۓ ሚାଵܣ ൌ ,ଶߖ߉ۃ ۄଵߔ  ,ଵߖΛۃ ,ۄଶߔ ݅  ෨ାଵܤ,0 ൌ ,ଶߖ߉ۃ ۄଵߔ െ ,ଵߖΛۃ ,ۄଶߔ ݅  ሚାଵܥ,0 ൌ ,ଵߖ߉ۃ ۄଵߔ െ ,ଶߖΛۃ ,ۄଶߔ ݅  ାଵߩ,0 ൌ െ߉ۃߖଶ, ۄଷߔ  ,ଷߖΛۃ ,ۄଵߔ ݅  ሚାଵߜ,0 ൌ ,ଵߖ߉ۃ ۄଷߔ  ,ଷߖΛۃ ,ۄଶߔ ݅  0.

                              (31) 
 Then the co-adjoint representation equation ෨ܸ௫ ൌ ሾ ෩ܷ, ෨ܸ ሿ remains true. Furthermore, we know that  ෨ܸ௫ଶ ൌ ሾ ෩ܷ, ෨ܸ௫ଶሿ is also true. Let  
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F = ଵସStr ෨ܸ ଶ.                                               (32) 
 Then it is easy to find that ܨ௫ ൌ 0. That is to say, F is a generating function of integrals of motion for the system (24) or (26). Due to ܨ ൌ ∑ ஹିߣܨ , we obtain the following formulas of integrals of motion: 
ܨ     ൌ భమܣሚଶ, ଵܨ ൌ ܨ,ሚଵܣሚܣ ൌ ሚܣሚܣ  ଵଶ ∑ ሺܣሚܣሚି െିଵୀଵ ෨ିܤ෨ܤ  ሚିܥሚܥ  ,(ሚିߜߩ2   ݊  2.           (33) 

 Substituting (31) into the above formulas of integrals of motion, we obtain the following expression of  ܨሺ݉  0ሻ: 
ܨ  ൌ ଵଶ, ܨଵ ൌ ,ଶߖۃ ۄଵߔ  ,ଵߖۃ  ,ۄଶߔ

ܨ ൌ ,ଶߖିଵ߉ۃ ۄଵߔ  ,ଵߖିଵ߉ۃ ۄଶߔ    ሾ2ିଵ
ୀଵ ሺ߉ۃିଵߖଵ, ,ଶߖିିଵ߉ۃۄଶߔ ሻۄଵߔ

 12 ሺ߉ۃିଵߖଵ, ۄଵߔ െ ,ଶߖିଵ߉ۃ ,ଵߖିିଵ߉ۃሻሺۄଶߔ ۄଵߔ െ ,ଶߖିିଵ߉ۃ ,ଶߖିଵ߉ۃሻ െሺۄଶߔ ۄଷߔ െ ,ଷߖିଵ߉ۃ ,ଵߖିିଵ߉ۃሻሺۄଵߔ ۄଷߔ  ,ଷߖିିଵ߉ۃ ,ሻۄଶߔ ݊  2.               (34) 
 On the other hand, let us consider the temporal part of nonlinearized system (25). Making use of (31) and (34), the system (26) can be represented as the following super Hamiltonian form: 
ଵ,௧ߔ  ൌ డிశభడఅభ , ଶ,௧ߔ ൌ డிశభడఅమ , ଷ,௧ߔ ൌ డிశభడఅయ , ଵ,௧ߖ ൌ െ డிశభడఃభ , ଶ,௧ߖ ൌ െ డிశభడఃమ , ଷ,௧ߖ ൌ డிశభడఃయ .        (35)  This can be checked pretty easily.  For example, we can show one equality in the above system as follows: 

ଶ,௧ߖ  ൌ  െ ൫ܣሚ  ෨൯ܤ
ୀ ଵߖି߉   ܥ

ୀ ଶߖି߉ െ  ߩ
ୀ  ଷߖି߉

=െ߉ߖଵ െ 2 ∑ ,ଶߖିଵ߉ۃ ୀଵۄଵߔ ଵߖି߉  ∑ ሺ߉ۃିଵߖଵ, ۄଵߔ െ ,ଶߖିଵ߉ۃ ሻୀۄଶߔ ∑    ଶ   ߖି߉ ሺ߉ۃିଵߖଵ, ۄଵߔ െ ,ଶߖିଵ߉ۃ ିୀ߉ሻۄଶߔ ଷߖ ൌ  െ డிశభడఃమ .                        (36) 
 In order to show the Liouville integrability for the constrained flows (24) and (25), we need to prove the commutative propertity of motion ሼܨሽஹ୭ , under the corresponding Poisson bracket 
 ሼܨ, ሽܩ ൌ ∑ ∑ ሺ డிడథೕ డீడటೕேୀଵଷୀଵ െ ሺെ1ሻ൫థೕ൯ሺటೕሻ డிడథೕ డீడటೕሻ.                        (37) 
 At this time, we still have an equality ෨ܸ௧ ൌ ሾ ෨ܸ ሺሻ, ෨ܸ ሿ , and After a similar discussion, we know that  ܨሺ݉  0ሻ are integrals of motion for the system (25) or (35), which implies 
 ሼܨାଵ, = ାଵሽܨ డడ௧ ାଵ= 0, m, nܨ 0.                             (38) 
 The above equality (38) shows that ܨሺ݉  0ሻ are in involution in pair under the Poisson bracket (37). In addition, similar to [13], we know that   

 ݂ ൌ ߰ଵ߶ଵ  ߰ଶ߶ଶ  ߰ଷ߶ଷ,1  ݇  ܰ.                            (39) 
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 are integrals of motion for (24) and (25). It is not difficult to verify that  3ܰ functions  ሼܨሽୀଵଶே  and ሼ ݂ሽୀଵே  are involution in pair. By using the method in [14], we can verify he functional independence of the3ܰfunctions ሼܨሽୀଵଶே  and ሼ ݂ሽୀଵே . Therefore, the 3ܰfunctions ሼܨሽୀଵଶே  and ሼ ݂ሽୀଵே  are functional independent over some region of the super symmetry manifold R4N|2N. Now, all of the above analysis gives the following theorem. 
Theorem  1:  Both the spatial and temporal flows (24) and (25) are Liouville integrable Hamiltonian systems defined on the super symmetry manifold R4N|2N, which possess 3ܰ functionally independent and involutive integrals of motion ሼܨሽୀଵଶே  and ሼ ݂ሽୀଵே defined by (34) and (39). Acknowledgment This work was supported by the Natural Science Foundation of Henan Province (No.132300410202), the Science and Technology Key Research Foundation of the Education Department of Henan Province (No. 12A110017,14A110010),the Youth Backbone Teacher Foundation of Shangqiu Normal University (No. 2013GGJS02). References 
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