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Abstract: This paper investigates the problem of a fractional differential equation with moving
concentrated source in an infinite rod. This fractional differential operator is used to formulate the diffusion
problem in a subdiffusive medium. The existence of the solution is established, the finite time blow-up
criteria for the solution of the problem is given. The critical speed of the concentrated sources on the
behavior of the solution is investigated.
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1. Introduction

Let a <1, T, a be positive real numbers, Lqsu = u; —(D:"%u )xx, where Di-2u denotes the Riemann-Liouville
fractional derivative.
We consider the problem

Lau(x,t) =6(x-at) flu(x,t)) in (-o0,00) x (0,T], (1)
subject to initial and boundaries conditions
U(X,O):o in (-O0,00)’

u(x,t) =0 as |x|—>oo for 0<t<T (2)
where 6(x) is the Dirac Delta function, f{u) >0, f(u) >0, f’(u) 2 0 for u = 0, limy-ef{u) = c© and foooﬁdu is
bounded above. In this paper, we will study the existence and non-existence of the solution of problem (1)-
(2). The blow-up behavior of the solution related with the speed of the moving source is given. In particular,
the increasing nature of the solution with respect to time will be shown. Furthermore, the location of the
blow-up point is established.

The operator in this paper is used to model the diffusive problem in a subdiffusive medium c.f. [1]-[3]
and [4]. In order to obtain local existence of problem (1)-(2), by using the corresponding Green’s function in
[5], we construct the integral representation form of the solution as in [6], which can be shown the local
existence of the solution as in [7]. Different from the work of Olmstead and Roberts [8], to discuss the blow-
up properties of the solution, we consider the problem (1)-(2) directly in this paper.
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Our main result on the existence of the solution follows from a similar argument as in the proofs of
Theorems 3 and 4 of Liu and Huang [9], and Theorem 2.2 of Chan and Treeyaprasert [10] that we obtain the
following Theorem.

Theorem 1.1 The problem (1)-(2) has a unique nonnegative continuous solution for 0 < t < tp. If tp Is finite,
then u is unbounded in [0,tp).

In the next section, we show the increasing nature of the solution with respect to time in Theorem?2.2,
and then the decreasing nature with respect to the velocity of the moving source in Theorem2.3. Combing
these results, we show that the solution blows up in a finite time when the speed is slow in Theorem?2.5.
This can be interpreted as the concentrated energy source moves in a slow speed, such that the energy
inside the medium accumulates fast enough for blow-up to occur. On the other hand, we show that when
the speed of the source is fast enough, the energy will not accumulate high enough, and hence the solution
exists for all time, see Theorem 2.6. Therefore, from Theorems 2.3, 2.5 and 2.6, we conclude that there is a

critical speed for problem (1)-(2), and the blow-up occurs at x = aT.

2. Blow-up of the Solution

Let u(xt) be the solution of the problem (1)-(2), we need the following lemma to show that u is
increasing with respect to time ¢.

Lemma 2.1 DZou > 0 for (x,t) € (-o0,00) x (0,T).

Proof:

Let w(x,t) = Dreu(x,t). Then Deew(x,t) = D*Dru(x,t) = u(x,t) for any (x,t) € (-00,0) x (0,T).

By using the continuity of w, we get D¥ " w(x,t)|~0 = 0. It follows from the properties of fractional
differential equations (cf. Podlubny [3]) that u; = Di(D*w)= D*ew. Then, (D" %U)xx = (We)xx-

Thus w satisfies the problem:

D+aw=(we)x+6(x-at) flu(xt)) (4)
w(x,0) =0, w(xt) = 0 as |x]|—>co.
Let us take D1 on both sides of (4). Then Dw(x,0) = u(x,0) = 0, and D s *ew(x,0) = 0, we get,
D-1(D+aw) = Dew.
Similarly, it follows from Ds1w(x,0) = 0,
D((We)x) = Wix.
For the forcing term, we get
DL5(x - atf(u(x.0) :ﬁ Jy 8(x — as) f(u(x,s))ds
— f(u(x)
For 0 <x < at, and zero otherwise. Hence w satisfies
1

;f(u(x,g)),0<x<at

Diaw = Wy« +

0, otherwise.

Since u(x,t) is continuous, we have w(x,t) is differentiable. Upon differentiation with respect to t on the

above equation, we get
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Dew ¢ = (We)xx (5)

Since u(x,t) > 0 for (x,t) € (-o0,00) x (0,T), we have w(x,t) > 0 for (x,t) € (-00,00) x (0,T). With w(x,0) = 0 for x
€ (-o0,00), we get wi(x,0) = 0 for x € (-00,00). Thus, it follows from the maximum principle that w(x,t) > 0 for
(x,t) € (-00,00) x (0,T). As a consequence, D:-au > 0.

Next, we differentiate (5) with respect to t again, we get

Dew ¢ = (Wet) xe

From wy(x,0) = 0 for x € (-00,00), by the maximum principle, c.f. [11], [12] we have w(x,t) > 0 for (x,t) € (-
00,00) x (0,T). Note that Di-2u = wy: and hence the lemma follows.

Theorem 2.2 The solution u of the problem (1)-(2) is increasing with respect to time t.

Proof: Note that

D) (DLu(x,))= Deu(x,) ~(DLu(x,0))- (t:a).
We get
s8) = Dt (D () +(DIu (3 O)) .

1
r(li—-a)

Furthermore, D¢ (1-®) (D2-u(x,t))= fot (t —)"*D¥ u(x, s)ds > 0. From Lemma 2.1, and D;"«u(x,0)

> 0, we have u(x,t) > 0. This completed the proof.

Note that the speed of the moving source will affect the blow-up behavior. In particular, if the source
moves slowly, then energy accumulate faster, and hence blow-up will more likely to occur. Therefore, we
have the following result on the comparison of the solutions with respect to the speed of the source.

Theorem 2.3 The solution u(x,t) of the problem (1)-(2) decreases with respect to a for (x,t) € (-00,00)x(0,T).
Proof: By taking the operator Ds1*2 on both sides of (1), we have
Det+(ug) = Det*e((De*u Jx-6(x-at) flu(x,t)))-

It follows from D{u|,—o = 0 and D; *u|,—o, = 0, we have D¢!*¢(u;) = Diu. Therefore, the solution u(xt)
satisfies

X

Deu(xt) =ux(xt) + ar(i_a) (1 - —)_a fu(x2)

a

Forx € (0,at)and 0 <t<T.

-a
Note that acl“(:ll—a) (t—g) f(u (x,§)> decreases with respect to a, it follows from the maximum

principle that u(x,t) is decreasing with respect to a.
Let Rr = {(xt) : forany 0 <t < T,-o0 <x <at}, B: = {(x¢t) : for any 0 <t < T,x = at}. Let us consider the
solution u on the subdomain Ry, then u satisfies

uy =(Dt-%u )xin Ry (6)

With u(x,0) = 0, u(xt) - 0 as x »-oo, and u(at,t) > 0. For any fixed to > 0, it follows from the maximum
principle, c.f. [12], that maxg:ou(x,t) = u(aty,t1) for some (aty,t1) € Bw. Since u; > 0, we have u(ati.t1) < u(aty,to)
< u(ato,to). Thus we get maxg:ou(xt) = u(atyto). Next result shows the behavior of spatial derivative of the
solution.

Theorem 2.4 The solution u of the problem (1)-(2) is nonnegative, and for 0 <t < T, the solution u obtains
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its maximum value at x = at. Furthermore, if u blows up in the finite time T, then x = aT is the only blow-up
point.

Proof:
It follows from the maximum principle [12] that u > 0 for (x,t) € (-00,00) x (0,T). Furthermore, for t > 0,
and any fixed ¢ € (-oo,at), we consider the problem

Lau(x,t) = 6(x —at) f(u(x,t))in (—oo,{) x (0,T]
u(x,0) =0in (—oo,{) fort >0
u(x,t) > 0asx » —oo,

From maximum principle, the maximum value of u must occurs at x = . This gives that ux({t) >0 for t €
(0,T). Since ¢ is arbitrary in (-oo, at) for t > 0, we have ux(x,t) > 0 for (xt) € (-o,at) x (0,T). A similar
argument gives that ux(x,t) < 0 for (x,t) € (at,0) x (0,T). Hence the result follows.

Then an argument similar to that in the proof of Theorem 4 of Liu [7] that x = aT is the only blow-up point
if the solution blows up at time t = T.

Let u1(x,t) and uz(x,t) be the solution of the problem (1)-(2) corresponding to ai and a; respectively with
a1 < az. Then, according to Theorem 2.3, u1(x,t) > uz(x,t) for (x,t) € (-0,00) x (0, ) with £= min{ty,tz} where t;
denotes the existence time of the solution of the problem with respect to a; for i = 1,2. If maXxe(-e,)ti2(x,t)
—o0 as t — T, we must have maXye(-ew,w)U1(x,t) =0 as t »T for some T< T. Therefore, the existence time t; <
t2. The previous theorems give that the solution accumulates energy at x = at as time goes by. Hence, when
the source is moving slower, the energy may large enough so that the solution blows up in a finite time T.
Thus, we have the following result.

Theorem 2.5 The solution u(x,t) of the problem (1)-(2) blows up for a is small.
Proof: Assume that fooo%dus K for some K > 0. To investigate the blow-up behavior of the solution u of
the problem, let F(t) = ffooo e~*"u(x,t)dx. It follows from a direct computation that,
FO) =" e™ u (xt)dx,
And
ffooo e X" DI (x,t)dx :ffooo(4x2 — 2)e™*" Di-ay(x t)dx.
Since Di-2u(x,t) > 0, we get
F(O= —2DFF () + [ 8(x — at)e ™ f (u(xt))dx
=—2D}"F(t) + et f (u(at, t)). (7)
Since u(at,t) = u(x,t) for any (xt) € (-00,00)x(0,T), we have vmu(att) :ffooo e'qu(at,t)dx szooo e"‘zu(x,t]dx

= F(¢). It follows from the increasing nature of f, we get e‘aztzﬂu(at,t)) p e‘aztzf(\/% F(t)) for 0 <t<T.

Hence (7) becomes
! — 1
F/(£) + 2D-F(t) 2 e ™"V = F (¢)

Or

Fi(t) DE®F(t) _a?t?
1 + 1 2
FHF@)  F(HFF@®)

Let us integrate above inequality with respect to time from 0 to f and get
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N f”t) g2 fffg(s—ﬂ“—lmr)dr ds > Yrers (@b

= . 8
f(u) r(a)”’o f(\/iﬁF(s)) $=" (8)

It follows from interchanging the order of integration and the fact that F(t) is increasing with respect to

f(s—‘r)“ lF(T)dT (s — ‘L')“ F'(1)
r (“)f F(s)) T (“)f f f(—F(S)) e

time t, we have

E(E-T)F (T) g
aF(a)
F(ro)

o (FE) 1
\rt fo f()du

al"(a)

Then (8) becomes

2% F(t) 1 2t% erf (at)
K(l + al"(a)) = fO %du (1 + al"(a)) = 2a

For t € (0,T) where T is the existence time for the solution u.

For a fixed a1 > 0, let uq1(xt) be the solution corresponding to a = ai. Assume that uq1(x,t) exists for t €
(0,t1). Note that if @ < a1 and @ L. +m'
2 k(1+2—)

al'(a)

must be less than or equal to t1. Otherwise,

K(1+ %)z”fsz” >K(1+

then the existence time for its corresponding solution ug(x,t)

ar(a))

A contradiction. This shows that the solution exists in a finite time only when a is small.
On the other hand, if a is large, the source moves too fast so that the energy cannot accumulate large
enough for blow-up to occur, we have the following criteria for the solution exists for all time.

Theorem 2.6 The solution of the problem (1)-(2) exists for all time t when a is large.
Proof: Let G(t) =fO°° e~ u(x,t)dx for t > 0. Let k(t) = aD} ~*u(0,t) + D} ~*u«(0,t), since x = 0 is not a blow-up

point, we get D ~%*u(0,t) and D} ~%uy(0,t) are bounded for all ¢ > 0, and hence k(t) is bounded above for ¢ > 0.
Note that G(t) satisfies

G'(£) = -k(£) + a2(DF*G (t)) + e~ ¥t flu(at,t)).

Assume that u(at,t) - as t = T-. Then for M > 0, there is tp > 0 such that flu(att)) > M for t = to. Note that
Di-aG(t) = % TG 2 1 L_¢-1+aG(¢). Therefore

G'(t) — r( ) t1lvaG(t) =-k(t) + e tM
Then
G’_(t) - _az l+a>_—2 k@©) eaZtM
G(t) TI(a) G(t) G(t) *

Upon integration from ¢ to T, we have

© 1 _aZ(T“—tg‘) Tk(t) T e®
fo f(v)dv ar(q) thoG(t) +fto G(t) dt
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The right hand side of the above inequality remains positive and bounded above while the left hand side

al'(a) f;o ﬁdv

becomes negative when a2 > . This contradiction shows that the solution remains bounded for

To—t§
allt> 0.
By combining the Theorems 2.3, 2.5, and 2.6, we conclude the follow result:

Theorem 2.7 There is a* such that when a > a* the solution of (1)-(2) remains bounded for all t > 0; while
for a < a” the solution blows up in a finite time T.

3. Conclusion

In this study, the moving source problem of in a subdiffusive medium was studied. We showed the
increasing nature of the solution with respect to time, so that the solution of the problem might become
unbounded in a finite time. In particular, we showed that if the speed of the source moved too fast, the
energy cannot be accumulated large enough, so that the solution exists for all time. Conversely, when speed
is slow, the energy will grow fast enough for the blow-up to occur. These results advance the blow-up
properties of the fractional differential equation, and deepen the understanding of the role of fractional
derivatives and the singularity of solution. It also provided another analytical tool for the study of
concentrated sources’ problem in subdiffusive medium. The linear movement of the source was considered
here, it is worth for further discussion on the nonlinear type of movement situation.
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