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Abstract: In this study, the Flett potential spaces are defined and a characterization of these potential
spaces is given. Most of the known characterizations of classical potential spaces such as Riesz, Bessel
potentials spaces and their generalizations are given in terms of finite differences. Here, by taking wavelet
measure instead of finite differences, a weighted wavelet-like transform associated with Poisson semigroup
is defined. And, by making use of this weighted wavelet-like transform, a new “truncated” integrals pey

are defined, then using these integrals a characterization of the Flett potential spaces is given.
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1. Introduction

The importance of weak-singular integral operators such as classical Riesz, Bessel and parabolic
potentials and their various generalizations in harmonic analysis and its applications is well known.
Producing inversion formulas for potentials is one of the important problems in potential theory. A number
of approaches to this problem are known. The hypersingular integral technique, a very powerful tool for
inversion of potentials, was introduced and studied by E. Stein [1], P. Lizorkin [2], S. Samko [3], [4], B. Rubin
[5], [6] and many other. We refer the interested reader also to the papers [7]-[9] for various properties,
generalizations and applications.

Continuous wavelet transforms are an alternative approach to find inversion formulas of potentials and
this approach has been defined by B. Rubin ([5], [10]) and developed by I. A. Aliev and B. Rubin [11], [12], .
A. Aliev and M. Eryigit [13].

The Bessel potentials J% ¢ € L,(R") and relevant function spaces

HYR") ={f : f=J%,p € L,(R")} were introduced by N. Aronszajn and K. Smith [14] and A. P.

Calderdn [15]. Parabolic Bessel potential spaces were defined by C. H. Sampson [16] and generalized by V. A.
Nogin and B. Rubin [17]. Similarly, Riesz potential spaces were introduced by S. G. Samko [18]. Recently the
wavelet type characterization of these spaces are introduced and studied by I. A. Aliev [19], S. Sezer and I. A.
Aliev [20], [21].

The Flett potentials 7“f ofafunction f areintroduced by T. M. Flett in his fundamental paper [22]

(TN (@) = (+ |z ) f (@),(z € R",a > 0). (1)
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The purpose of this paper is to attempt to study and define space of Flett potentials. The rest of the artical
organized as follows: Notations and auxilary lemmas introduced in Section 2. Main results proved in Section
3.

In this work, we define the space of Flett potentials

T(L)= f:f=T"% , 9L, ,a>0,1<p<oo.
Then using the weighted wavelet-like transform

(w,/)(@,t) = [ (B, F)(@)du(n), (= € Rt > 0) (2)

R,

Which is generated by a finite Borel measure ;¢ on R, = [0,00) and the Poisson integral Bf , we

obtain a characterization of the Flett potential spaces 7°(L,).

2. Notation and Auxiliary Lemmas
L, = L,(R") isthe space of the measurable functions on R" such that

1/p

<o00,l <p<oo

I £1,= [ [ f@) P de

R™

C, = C,(R") is the class of all continuous functions on R" for which lim f(z) = 0. The notation

|20
S = S(R") is the class of Schwartz test functions. It is well known that this class is dense in

L,,1<p<oco and (. The Fourier transform of a function f € L (R")is defined by

fl@) = (@) = [e=fQde, & =m& + 3,6, &reR (3)

R

The inverse Fourier transform is defined by
(F1)(©) = @m) " (Ff)(=9).

The action of a distribution f as a functional on the test function w will be denoted by (f,w). For a

locally integrable function f, (f,w) is defined by

= f F(o)w(z)ds

R™

Provided that the last integral is finite for every w € ®.
The Flett potential of order € is defined by (1), has the following convolution type representation:

(T°N@) = @, * @) = [®,0)f —y)dy, ()

R"

where (F®_)(z) = (1+ |« |)™ .Thekernel ®_(y) is as follows

113 Volume 10, Number 3, July 2020



1 o 7 sYesll
() =—=lvl ”f—ds,
by (Oc) (1 + 82)(n+l)/2
0

n

With A (a) = 7"V °T(a) / T((n + 1) / 2)

It is not difficult to show that the kernel ®_(y) has the following properties (see also: [22], [4]).

(@If 0 <a<mn,then

D (y) ~c(@)|y*™ as|y|=0

and
C 1
P, (y) ~ —*—log— as |y|>0,
(n—=1! "y
where
T''(a+1)/2T (n—a)/2 T (n+1)/2
c,(a) = and ¢, = ———F—;
2F(a)ﬂ_(n+1)/2 7_‘_(n+1)/2

(b) Forall a >0

O (y)~ac, |y["" as |yl=oo;

(c) ¢, €L, and ||®_ |,=1 forall a > 0.

From (c) it follows that

Ifl,<lfl,, va>0, 1<p<oo .

If we use (5) and the Poisson integral 7, f, we obtain the following equality for the Flett potential:

o0

Tof (2) = ﬁ [ie1et pf @t
0

where fELp,(lgpgoo) and

Rf (@)= [Put)f@—ydy, t>0, zeR"

R"

is the Poisson integral with the Poisson kernel P(y,t), defined by

et T (n+1)/2
P(y,t) = o 0 G T (n+1)/2
(ly P42 ™

The following lemma gives some properties of the Poisson integral 7, f which will be used later.

Lemma2.1[5]Let fe€ L, ,1<p<oo and Ff beasin(8). Then

@ [Puidy =1 (P(8) () =™, vt >0;
0

(5)

(6)

(7)

(8)

)

(10)
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©) NS, <l S5

© sup [(BN)() [<et ™7 | [, 1< p<ooe=clnp);

(d) sup | (Pf)(z) [< (Mf)(x) (Mf is the Hardy-Littlewood maximal function) ;

t>0

© ([B.(F))() =@, ), t>0,7>0,

0 lm (B = fa).

(11

(12)

(13)

(14)

(15)

where the limit is interpreted in L -norm and pointwise a.e.. For [ € C, the convergence is uniform on

R"™.

Definition 2.2 Let p isasigned Borel measureon R, = [0,00) if

lulElnl®)= [dlulm <oo and uR,)= [du(n) =0
R, 0

Then p is called a wavelet measure.

Definition 2.3 The weighted wavelet-like transform of [ € L, is defined by

(w,/)(@t) = [ (R, N@)du(n), (z€R",E>0)

R,

where 1 is afinite Borel measure on [0,00), p([0,00)) =0 and 7, f isthe Poisson integral.

Owing to (15), it is assumed that e’t"(me)(:z:)‘ .= f(z) and therefore
n=

fe—h, (7thf) (x)d,u(n) _ f e—tll('me) (x)du(?]) + M{O}f(l') .

R, (0,00)
Furthermore, by (12)

[coneol, < L, -

where |ul|= [ d|p|(n) <oo.
[0,00)

(16)

(17)

(18)

Lemma 2.4 [23] Let {T.},c > 0, be a family of linear operators, mapping L,=L,[R"),1<p<o0

into the space of measurable functions on R".Define T*f by setting

(T"f)(z) = sup [ (T.f)(z) |, = € R".

e>0

Suppose that there exists a constant ¢ > 0 and areal number ¢ > 1 such that

meas{z :| (T*f)(z) >t} < .

ﬂfmr
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Forall ¢ >0 and feL, .

If there exists a dense subset D of L such that lim__ (T.g)(z) exists and is finite a.e. whenever
g € D thenforeach fe L, lim__ (7T.f)(z) exists and is finite a.e..

Lemma 2.5 [10] Let y be a finite Borel measure on R ,andlet & (s) = s '(I*"'n)(s), where

L

(1)) = g o = 0 o (19)

is the Riemann-Liouville fractional integral of order « +1 of the measure u . Let further, o' =Rea >0,

and let u satisfy the following conditions:

Q) ftjdu(t) =0,7=01..[a" (the integer part of o');
0

(i) ft7d|u|(t)<oo for some v > a'.
1
Then

O™ if 0<s<1,
O™ if s>1,6 =min{y —a/,1+[a/]—a’} >0]|

Furthermore, if f(t) = [ e du(n) isthe Laplace transform of 1, then

[, (s)ds = 7 MO gy =y, (20)
0

where

Koy = ! : (21)
' 0 [ a -
T{t Int du(t) if a€Z,

The following theorem gives an inversion formula for w,f , defined in (17).

Theorem 2.6 [24] Let 7°f >0 be the Flett potentials of f ¢ L, Suppose that p is a finite Borel

measure on R, satisfying

[ee]

(@ ftﬂd | | (t) <oo forsome B>a; (22)
1
(b) ftkdu(t) =0, k=0,1,...,m (m =]a] isthe integer part of «). (23)
0
Then
f’” w,T°f (m,ﬁ)% =lim [t w,Tf (a:,t)% =k, f(z), (24)
) e—0 "
0 €
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where the constant %, IS defined as (21).

The limit in (24) is understood in L -sense and pointwise a.e. for 1< p < oo

convergence is uniform on R".

Proof.Let ¢ =7°f, f€L,,1<p<n/a. Then

w, f%ﬂ )= [ TB.f @)dpu(n)

(M o
1
— |d a—1 7)7)
F(a)[ M(U){T (@)
(14) 1 00 00

s, if s§>0

where s, = 0 if s<o.

We introduce “truncated" integrals D¢ as follows:

o

Dl (z) = ft""l w,p (z,t)dt.

(3

By making use of (25), (26) and Fubini's theorem, we have

oo

_ 1 —a—1 n 1
x—mft dtfdu fT—nt Pf (x)dr
1 00 T/c T/n - a—1
=—— | Bf (@)dr | 1" du(n) t‘“‘l[— - t] di
D(a) 4 ‘[ f n

o0

T 7717 a—1
~ ] Pt @ [t [ |
I(@) 0 U

1

If we apply the formula (cf. [25], formula no: 3.238(3))

]t*“*l(s — Lt = T L

T+ a)s -1, (s >1)
Then
“ —/X l‘l L TT— @ 7'—)c z T)dT
mw@—ﬂ&m>7m+®§ nMMmd—{RJ(WAM7
where K,(7) =1 I (1), and
0+1 _ 1 | _
I (r) = 1o f (1 —n)’ dp(n)

0

L If feC,, the

(25)

(26)

(27)

is the Riemann-Liouville integral of the measure p. By Lemma 1 from [10], conditions (22) and (23) imply
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o0

that K,(7) hasa decreasing integrable majorant andeg(T)dT =k, ,-Here k, isdefined by (21).
0 : :

By (27)

DTS (@) =k, @) = [[ P.f (@)= f@)| K, (Ddr,

0
and therefore,

(&)

S
0

By making use of the Lebesgue convergence theorem and formula (15) gives

For feL, NG, the proof is similar and based on Lemma 2.1.(f). The proof of the pointwise (a.e.)

Pof = f]|, | K, () | dr.

DT f —k, f| =0 as &0, 1<p<oo. (28)
! p

convergence is based on the maximal function technique. More precisely, from (27) and (13) we have

| DTS @] < sl BA@) [ 1K, ()| dr < ) (a),
> 0
and therefore

sup| DT f (;1:)| < c(Mf)(z), ¢ = cla)>0. (29)

e>0

Thus, the maximal operator
f(z) = sup| DT f (x)]-

e>0

is weak (p,p), 1< p <n/a.Then, by Theorem 3.12 from [23] it follows that (DT f)(z) — k, ,f(z) as

ot

¢ — 0 foralmostall z ¢ R".

3. Main Results

In this section we define Flett potential spaces 7 “’(Lp) and give a characterization of these spaces by

using the weighted wavelet-like transform w,f-

Definition 3.1 Let o >0 and 1< p <oo. The spaces 7“(L,) of Flett potential are defined as

follows:

T(L)= [:[=T% , pel, .

Thenormof f € 7%(L,) isdefined by ”f"’z"‘(L ) "99||p,which makes 7“(L,) aBanach space.

Theorem 3.2 Let « >0, 1< p<oo and B8 > 0. Then

feT (L) e feL, and ili}g"ﬂ)):f"p < 0.

Proof. We use some ideas from [5]. Suppose that f € 7%(L,). Then for some ¢ € L,, f=T"p.Since
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{DeTp}, ., converges in L,— norm to Kk, ¢ (see (29)), there exists ¢ >0 such that

sup| D277 < efe]

Conversely, let f ¢ L, and sup| D2f| < oo. Firstly we show that f = 7"y forsome ¢ € L,. Since

e>0

|p

the space § = S(R") isdensein L ,itis sufficient to show that
fow = T,w (30)
For some ¢ € L, and all w € §. We use the following equality for the convolution-type operators:
hxAw = A xw , MNweS, he S and A _(z) = A(—z) . (31)

Since the operators 7“ and D® are the convolution-type operators with the radial kernels, it follows

from (31) that

a) 7% w = ¢, 7% b) DYgw = g,Dw (32)

Forall g€ L, and w € §. By the Banach-Alaoglu theorem, the condition s1>118| D f |p < oo yields that
there exist a function ¢ € L, and a sequence ¢, — 0, such that

]D)‘G"kf,w = pw as g — 0, (33)

For all we L, 1/q+1/p=1 (in particular, for all w € S). For this function ¢ € L, and any

Schwartz function w we have

(32)—a) (33) (32)-b)
T%,w = o, T — lim D® f, 7% = lim f,7% .
g,—0 %k &, —0
That is
T%,w = lim fD*7T%w , VYweSs. (34)
g, —0 Sk
Let us show that
lim f,D*7T"w = fk, LW (35)
g, —0 L K

where k,, 1s defined as (20). The Holder inequality yields

LT w — Lk | =| 00 Tow -k 0 <],

(a3 (%
H))EkT w — k(w,w“q ,

hSI I

From (28), the right hand side of the last expression goes to zero as &, — 0. Hence, (35) is true and

therefore, by (34) we get

Tow = fik w , Ywe S.

(eW)
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The latter equality shows that f = 7%, where ¢ =k !

o,

¢,p€L, and therefore f € T“'(Lp). The

proof is completed.

Remark 3.3 Examples of wavelet measures, which satisfy the conditions of Theorem 3.2 (with % u = 0),

are the following:

!

Ny

1. Let p= E (—1)1[ _]6j ,» where 6, = 6j(s) denotes the unit Dirac mass at the point s = j, i.e.
i=0 !

<6j,cp> =¢(j) ,and !> « isafixed integer. It is well known that (see [4])

l
fsk du(s) = Z(—l)f[;]jk =0, Yk=01,...,0]—1.

On the other hand

and therefore, by (20),

o0

by = [ttt = [rota— et dt =0,
0 0

2. Let [>a be a fixed integer and h(s), s € R' be a Schwartz test function such that
AB(0) = 0,Yk = 0,1,2,.... and [s" 'h(s)ds =0 (eg h(s)=e V¥ n0)=0; such

functions are called the Lizorkin test functions). We set du(s) = h”(s)ds, (s > 0). The integration

by parts shows that

fskdu(s) = fskh(l)(s)ds =0, VE=01,....m; (m=[a]),
0 0

And therefore, the conditions (22) and (23) are fulfilled. Further, integrating by parts, we obtain

o0 (e} o0

at) = fe*tsdu(s) = fe’t”’hm(s)ds = tlfe’t”’h(s)ds.

0 0 0
Now after simple calculations, we have

Koy = j‘tiailﬂ(t)dt = 71517“71 [Tet‘*h(S)ds]dt

0 0 0

= ]‘h(s)[jtl“letsdt]ds =T(- a)]h(s)s“’lds = 0.
0

0 0

4. Conclusion

Most of the known characterizations of potential spaces (for example Riesz, Bessel potentials space) and
their generalizations are given in terms of finite differences ([3]-[5]). In the "wavelet language" finite
differences are replaced by wavelet measures. So, in this study flett potentials space is defined and a

characterization of this space is given by making use of wavelet measure.
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