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Abstract: In this paper, we investigate the stabillty for the generalized logarithmic functional equation. By
using the fixed point method of Brzdek and Ciepliniski [‘On a fixed point theorem in 2-Banach spaces and
some of its applications’, Acta Math. Scientia, 38(2), 377-390], the generalized Hyers-Ulam stability results
for the generalized logarithmic functional equation are proved. Our results generalize, extend and
complement some earlier classical results concerning the stability of the logarithmic functional equations.
In addition, the stability of logarithmic functional equation in 2-Banach spaces can be derived from our
main results.
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1. Introduction

In the sequel, Ng,N,Z and R, denote the set of nonnegative integers, the set of positive integers, the

set of integers, and the set of nonnegative real numbers, respectively. Also, denotes Y* the set of all
functions fromaset X#J toaset Y=#J.

First of all, let us bring back to the history in the stability theory for functional equations. The first idea of
the stability for the functional equation was motivated by Ulam’s question [1] in 1940. Its partial answer
was published by Hyers [2] and then Aoki [3] extended Hyers' result in 1950. Afterwards, Rassias [4] gave
the following generalized result in 1978.

Theorem 1.1. ([4]) Let E;, and E; betwo Banach spacesand f:E —E, beamapping. If f satisfies

the following inequality

|1 (e )= 100 = 1 ()] <0{1° +I1°)

for some 6¢€[0,), forsome 0<p<1l andforall xyeE,then there exists a unique additive

mapping A:E, —»E, such that

[ (x)-A(x)] <=2

< 2P
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for each xeE,. Moreover, if f(tx) is continuous in t for each fixed xeE;, then the mapping A is
linear.

In 1990, during the 27th International Symposium on Functional Equations, Rassias [5] asked that “Can
we prove Theorem 1.1 for case p<0 and p=>17?" Later, Rassias observed that Theorem 1.1 holds for case

p<0 whenever we suppose that [0|” =«. Later, Gajda [6] gave a solution to Rassias [5] in the case of

p>1 and gave an example to show that Theorem 1.1 fails when p=1. Afterwards, Gavruta [7] gave the

generalization of Theorem 1.1 in term of the control function.

In the mid 1960s, the concept of a 2-normed space and the theory of 2-normed spaces were first
introduced by Gahler [8].

Definition 1.2 ([8]). Let x be a real vector space with dim(X)>2.A function |- |:XxX >R, is called

a 2-normon x ifitsatisfies the following conditions for all x,y,ze X and aeR:
1) |x.y|=0ifand onlyif x and y are linearly dependent;
2) xyl=ly. s
3) Jlexy| =[x vl
4) ezl =[xyl +lzy]-

The ordered pair (X,|-]) isalso calleda 2-normed space.

[l X > X =>Re e defined by Pevl=pavz=xenl g g

Example 1.3. Let Xx=r? and
x=(xa%)y=(v.y2) € B .Then "1 isa 2-normon ®2.
Definition 1.4 A sequence {x,} ina 2-normed space (X||||) is called a Cauchy sequence if there are

linearly dependent y,ze X such that

lim X, =X, Y[=0="_lim [x,—Xy.2[,
n,m—oo —>0

whereas {x,} is said to be convergent if there exists a point xe X (called a limit of this sequence and

denoted by lim x, ) with
nN—o0
lim [|x, —x,y|=0
n—o0

forall yeX.
Definition 1.5 A 2-Banach spaceisa 2-normed space in which every Cauchy sequence is convergent.
Lemma 1.6 ([9]). Suppose that x isa 2-normed space. If X, y;,y,€X VY, are linearly independent

and |x,y3|=0=|x,y,|, then x=0.

Lemma 1.7 ([9]). Suppose that x isa 2-normed space. If {x,} is a convergent sequence in x , then

lim ||xn,y||:H lim xn,y‘ forall x,yeX.
n—o0 n—o0

In the few decades, many mathematicians investigated several stability results of various functional
equations by using the fixed point method in many spaces (see [9]-[13] and references therein).

In 2018, Brzdek and Ciepliniski [9] proved the following fixed point theorem in 2-Banach spaces and
gave its applications to the stability of the Cauchy functional equation in 2-Banach spaces.

Theorem 1.8 ([9]). Let U be a nonempty set, (Y||||) be a 2-Banach space, Y, be a subset of v

containing two linearly independent vectors, keN, fi:U—>U, gi:Yy—Yy, and L:UxYy—>R, are given
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mappings for i=12,....k.Suppose that T:YY - YV isan operator satisfying the inequality

Jr£)) (T vl < 6 )5 ) - 5:00) 2| W

for all & ueYY xeU and yeY,. Assume that there are functions &:UxYy—>R,and ¢:U —Y fulfil the

following conditions for each xeU and yeY:

[(Te )X o x (v 2(xy ) (2)

And
g*(x, y)< EO(AHE)(X' y)<oo, (3)
where A RY >Ry is defined by
(A0)(xy)= Z Li(xy)a((9.91(y) “

forall s§eRY and yeY,.Then there exists a unique fixed point ¥ of T defined by

¥(x):= lim (T”go)(x)

n—o

forall X€U guch that
||go(x)—‘P(x), y|| < g*(x, y)

forall X€U and yeY,.

Inspired by the above facts, we are interested in studying the stability of the generalized logarithmic
functional equations of the form

f(xayb):Af(x)+ Bf (y) (5)

where f is a mapping from a field of real or complex numbers to a 2-Banach space x over a field E,

a,beZ—-{0}, A B<E—{0}. The stability result of the functional equation (5) are proved by using Theorem 1.6.

2. Main Results

In this section, we investigate the stability of generalized logarithmic functional equations by using
the Brzdek and Ciepliniski’s fixed point resultin 2-normed space (Theorem 1.8).

Theorem 2.1. Let K,E be two fields of real or complex numbers, (X||||) be a 2-Banach space over

field E and X, be a subset of Xx containing two linearly independent vectors and let
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a,beZ-{0}, AB€E-{0} and h:K—R, be a function such that

B s(n)<1}¢® (6)

s(a+bn)+

1
Mg = {n eN: ‘K
where s(n)={teR,: h(x“,z) <th(x,z) VvxeK}.Supposethat f:K— X satisfies the following inequality

Hf (xayb)—Af (x)-Bf(y).z

<Ch(x,z)+Dh(y,z) (7)

for all x,yeK and zeXy, where C,DeR_. Then there exists a unique function G:K — X such that it

satisfies the generalized logarithmic functional equation (5) for all x,yeK and

"f(x)—G(x),z"SsOh(x,z) (8)
forall xex and zeX,,where
Sp =inf 1 C+Ds(n)B ‘neMg
1—‘A s(a+bn)—‘As(n)

Proof. For each meN apd xeK, replacing y by X" in (7), we obtain
Hf (Xa+bm)_ Af (x) - Bf (xm),z“ < (C + Ds(m))h(x) ) 9

T X< > xK

K K
and Am'R+ —)RJr by

Define operators

(Tmé)(x) ::%f(xa*bm)+%§(xm), meN,xeK, e XX,

(Amd)(x.2) = ‘%‘5<Xa+bmvz)+

%‘é(xm,z), meN, xeK,5eRE, zeY,. (10)

Then it is easily seen that, for each meN, A, has the form described in (4) with U=K, k=2

Ll(x,z)z‘%‘, Lz(x,z)z‘%‘, w(z)=2=09,(z) , fl(x)zxa*bm and fy(x)=x" . From (9) for all

meN,xeK,& e xX and zeYy, we have
||(Tmf)(x)— f (x),z"s (C + Ds(m))h(x) =éen(X,2) (11)

and
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l(Tme) (x).7] - %(g(xa+bm)+%g(xm)j_%(ﬂ(xa+bm)+%ﬂ(xm))z

_ 1 a+bm B m

= =) ()2 (E - m)(x").2 (12)
) i‘“g Xa+bm)_y(xa+bm)’z 4B —ﬂ(Xm),Z“-
So (1) holds with T=T,, foreach meN. By the definition of s(n), we get
h(xn z)<s( )h(x.2) (13)
for all neN,xeK and ZeYO.Here,wewill prove that for each nENO,

1 B "

Amém(x.2)<(C+Ds(m ))Hxs(a+bm)+xs(m)} h(x,z) (14)

forall meMy,xeK and zeYy.From (11), we obtain that the inequality (14) holds for n=0. Next, we will

assume that (14) holds for n=k, where keN,. Then we obtain

Aﬁflem(x,z):Am(A',‘ngm(x,z)): 1 %A',;em(xm,z)

A Aﬁem(xa*bm,z)Jr

4k

Sl nfm o Ds(m))‘%m%

1k
Bl
All[A

s(a+bm)+

S s

%s(m)} s(m)h(x,z)

‘% s(a+bm)+

<(C+Ds(m)) %‘

Es(m s(a+bm)h(x,z)+(C +Ds(m)) s(a+bm)+

‘% s(a+bm)+

<(C+Ds(m)) %‘

L

Pfsm] e

1
s(C+Ds(m)) ‘K
meMp,xeK and zZeYy Then

(C+Ds(m))h(x, )

s(a+bm)+
a+bm ‘

£ (x2)= ZAmgm(xz) (C+Ds(m))h(x,z)§H %S(m)}”s

n=0

i

for all meMy,xeK and zeYy. Now, we apply Theorem 1.6 with =&, and ¢=f. According to it, the

limit Gy (x):= lim (T”mf)(x) exists for each xek such that

n—ow
C + Ds(m))h(x,z
[ ()G (x).2] < — Jhixz) (15)
—is(a+bm)—Es(m)
A A
forall MeMoxeK 4 yEYO.Next, we will claim that

a+bm

THT (")~ ATRT ()BT “ { i (m)}n(Ch(x,z)JrDh(x,z)) (16)
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for allneNyg,meMy,x,yeK and zeY,.If n=0, then (16) comes from (7). By taking reN, and assuming

(16) holds for n=r and foreach xyeK, zeYy, wehave

THA (384" - ATEE ()~ BT (v).7)
(s S (e - S (tm) =S (xm) | St () - S (v7)

A
St ()" |- ag e () -2 e (7).

Bl
AlllA

+

(Xayb)aermJ—A%T,rnf(X&Hbm)— B%Trrnf (ya+bm),z

is(m)} (ch(x" 2)+ Dh(x" 2))

s(a+bm)+

IA

s(a+bm)+ B s(m)}r (Ch(xa+bm,z)+ Dh(ya+bm, z))+

1|2
All|A
IES
_A

By the mathematical induction, we have shown that (16) holds for every neNymeMy,x,yeK and ze€Y,.

IN

s(a+bm)+

B s(m)}r+ (Ch(x,z)+Dh(x,2)).

Letting z€Y;, n—w in (16) and using Lemmas 1.6 and 1.7, we obtain the equality
Gry (X% ) = AGr (X) +BGr (v) (17)
forall™€ Mo.x,y €K and * €Yo and Cm:K =X defined in (17), is a solution of the equation
G(x):%G(xayb)—%G(y). (18)
Next, we will prove that each generalized logarithmic function G:K — X satisfying the inequality
||f(x)—G(x),z||£ Lh(x,z) (19)

for all xck and 2€'0 with L>0, is equal to Cn for each M€Mo pix M<Mo nq G:k - X

satisfying (19). Then we observe that

"G(x)—Gm0 (x)z" < ||G(x)— f(x), z||+||f (x)—GmO (x)z"

s

< Lh(x,z)+(C + Ds(mg))h(x,2) OZOJO{ s(a+bmg)+

< h(x,z)[L[l—‘%

1
A

1
A
(20)

s(a+bmg)+

%lsow)|

s(mo)]+(c + Ds(mo))J §OH%

n=

s(a+bm0)—‘%

2l

s(a+bmg)+

gh(x,z)LO %{

where L= L(l—‘% s(a+bm0)—‘% s(mO)J+(C +Ds(mg)) (the case h(x,z)=0 is trivial, so we exclude it here).

Note that G and G, are solutions to equation (18) for all mgeM,. Here we will show that for each

jeNg, we have
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s(a+bmg)+

SERSRR B

%s(mo)} (21)

forall xek and zeYy.Thecase j=0 isinequality (20). So we fix 1Ny and suppose that (21) hold for

xeK.For myeMy,xeK and zeY,, we have

"G(x)—GmO(X),Z"S %G(Xéwbmo)_%G(Xmo)_%Gmo(Xa+bm0)+%(3m0(xmo)’z
o) oul o ) o)

IA

Lh(xa+bm0 , z) +

e o osmamen) £
1 a+bmy B mo 2111
< Lo[x‘h(x ,z)+ K‘h(x 'Z)]EHK
= |1 B "
<h(xz)Ly = {X Xs(mo)} .

n=l+1
Therefore, (21) holds for all neNj. Letting j—o in (21) and using Lemmas 1.6 and 1.7, we get

s(a+bmg)+

St

s(a+bmg)+

st

s(a+bmg)+

G =Gy, - (22)

This implies G, =G, foreach meMy.So (15) implies

(C + Ds(mg))h(x,2)

(%)~ Gy (¥).7] <

1- ‘ s

a+bm0 ‘

forall myeMp,xeK and zeYy. This implies (8) with G =G, . Also, (22) yields the uniqueness of G.

Remark 2.2 If a=1=Db in Theorem 1.1, then the stability result of logarithmic functional in2-Banach

spaces. By using the same technique in Corollary 6.2 of Brzdek and Cieplinski [9] , we get the stability
result for inhomogeneous generalized logarithmic functional equations in 2-Banach spaces.
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