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Abstract: The aim of this paper is to investigate bounded linear functionals on an n-normed space with
respect to norms of its quotient spaces. These norms will be our main tools as well as a new viewpoint. We
will give several types of boundedness of bounded linear functionals on an n-normed space and investigate
the dual spaces that corresponds to each type of boundedness. We obtain the relations between all types of
boundedness, which correspond to the inclusion relations between the dual spaces.
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1. Introduction

The concept of n-normed spaces for n > 2 is a generalization of the concept of normed spaces. This
concept was initially introduced by Gahler in 1960’s [1]-[4]. Let n be a nonnegative integer and X be a real
vector space with dim(X) = n. A function ||+, ...,-||: X™ - R satisfying the following properties

D g, e, xnll = 0;

|1, ..., X || = 0 if and only if x4, ..., x, are linearly dependent,

2) |lx4, ..., x4l is invariant under permutation,

3) laxy, .., x50l = || llxq, ..., x5 ]|, forany a € R,

4)  lxg + x1, %2, s Xnll < g, X2, o, X |+ |1, X2, 000, X5,
is called an n-norm on X, and the pair (X, ||, ...,-]]) is called an n-normed spaces. This concept is
studied further by many researchers in later years (see for instance [5]-[9]).

Using this concept, we will study bounded linear functionals on an n-normed space. We will use norms of
quotient spaces of the n-normed space as our main tools. These norms will be a new viewpoint in
investigating some features of n-normed spaces. The new viewpoint is simpler compared to the results
obtained by some previous researchers (for more details see [5] and [10]). With respect to these norms, we
will define m-bounded linear functionals for each m € {1,..,n}. We also define other types of
boundedness (of a linear functional), which we call p,m-bounded linear functionals, with p = 1. For
p = 1,the 1, m-bounded linear functional are identical to the m-bounded linear functional. Next, we show
that for any p = 1 and a fixed m € {1....,n}, all types of p, m-bounded linear functionals are identical. As
a consequence, if we compare the dual spaces that correspond to each type of boundedness (with respect to
p), they will be identical sets. We also give an inclusion relation between the dual spaces that correspond to
boundedness (of a linear functional) with respect to any m € {1, ..., n}. Moreover, instead of using all norms
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of the quotient spaces to investigate some features of the n-normed space, we show that we can only use
some norms of the quotient spaces.

2. Main Results

We shall begin with the construction of quotient spaces of an n-normed space. Let (X, ||, ...,/]]) be an
n-normed space and Y = {y,,...,¥,} is a linearly independent set in X. For a fixed j € {1,...,n}, we
consider Y\{y;} and then we define the following subspace of X generated by \{y;} :

n

v := span Y\{y;} = Z a;yi ; a; ERp.
i=1,i#j
For any u € X, the corresponding coset of on in X is
n
u=4qu-+ 2 a;y; ;5 a; ERy.
i=1,i#j

Hence we have 0 = spanY\{y;} = Y. We define the quotient space of X as X; = X/Y; = {i : u € X}.

The addition and the scalar multiplication also apply in X;'. Next we define a function ||-||j : X; > R by

”a”; = ||u,y1, "'!Yj—l'yj+1' 'yn” (1)

This function defines a norm on X;". Then we have (X-*, ||-||}‘-) is a normed space. By using the above
construction we get n quotient spaces, each of them has its own norm. We call the collection of (X-*, ||~||;-)
for j =1,..,n aclass-1 collection [10].

Furthermore, for a fixed m € {1,...,n} we generalize the above construction by examining
iy s Vi )- For a {iy, .., im} ©{1,..,n} we define the following subspace of X generated by

iy 0 Vi b

n

Y) o= span Y\{yip, ., Vi) = Z ay; ; ai €Rp.

i=1,i%1q,0im

For any u € X, the corresponding cosetof ¥° ;, in X is
B -

n

u={u+ Z a;y; ; o ERp.

i=1,i%1y,.im

Hence we have 0 = span \{yi,» ---'Yim}ZY}(l),...,im- Next, we define the quotient space of X as

X iy = X/Yi? i, = {: u € X}. The addition and the scalar multiplication also apply in this space.

.....

Moreover, define a function ||-||;, ; :X; ; —= R by
1 1rwtm

----- m L1

Nall,, i, = 1w yi o Yig—1 Vigrs oo Yull + -+ [0 y10 s Vi m 1 Vi1 o0 |- (2)
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The right hand of equation (2) is actually a summation of norms defined in (1). Then we can write
equation (2) as

Izl = llally, + -+ llally,. (3)

i1, emim

. . n . . .
Note that using the above construction, we get (m) quotient spaces. We collect these quotient spaces in

a set and name it a class-m collection [10]. One can see that for an n-normed space, we can construct n
class collections.

Moreover, let X be a real vector space. Recall that f: X — R is called a linear functional on X, if for
any x,x' €X and a € R we have f(x+x") = f(x) + f(x") and f(ax) = af(x). Next, we will define
bounded linear functionals on an n-normed space in several ways as follows. From now on, X will be an
n-normed space.

2.1. m-Bounded Linear Functional

For a fixed linearly independent set Y = {y;,...,y,,} in X and an m € {1, ...,n}, we say that a linear
functional f is m-bounded with respect to the norms of class-m collection on X if and only if there
isa K > 0 such thatforany x € X we have

IfCOl < Klixllz,,...ip0 (4)

for every {i,..,im} < {1,..,n}. Moreover, let X;, be a set that contains all m-bounded linear
functionals on X. This set forms a vector space. For any f € X, we define anormin X;, as follows,

lf |l = inf {K > 0 ; (4) holds }. (5)

Then we have the following proposition.
Proposition 2.1.1. The norm in (5) is identical with

1fllm 3= sup{IF GOl 5 [Flgyi, < 1, f0r all {iy, ., i} {1, .., n}}:

Proof.Let m € {1,...,n}, f €X,, and a =inf {k >0 ;(4) holds}. Forany x € X and € > 0 we have

I (i + €)7 )| < Wflls forall {iy, o i} © {1, m).
One can see that ” (IIEIIil,___,L-m + e)_l x“ - < 1. Then we have,
i1,0lm
IF Ol < (g0t + €) Nf llm s forall {i, ..., im} € {1,...,n}.

As € can be arbitrarily small, we have

IFCOL< Nfllm 11xlliy,...00 forall {iy, ..., i} < {1, ..., n}.

We conclude that a<|fllm- Conversely, if lfFCOl <K lIxlli,, i, with
lIxll;,,..i,, <1 forall {iy, ..., in} ©{1,..,n}, then [f(x)| < K. Because it applies to any x € X then
If |l < K. Therefore ||f|l,, < @. Hence we have [|f]|,, = a, which means both norms are identical.

Next we give a relation between an m;-bounded linear functional and an m,-bounded linear functional,
for any my,m, € {1, ...,n} by the following theorem.

Theorem 2.1.2. Let my,m, € {1, ...,n} with m; < m,. If a linear functional f is m;-bounded then f
is also m,-bounded.

Proof. Let f be a linear functional which m;-bounded. If m; = m,, then obviously f is m,-bounded.
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Let m; < m,, then we have

FCOI < K (IR, + -+ IRl + o+ 1R, ) forall {i, i} © {1, 1)
This means that fis m,-bounded.

2.2. p,m-Bounded Linear Functional

Let Y ={y;,...,¥,} be a linear independent set in X, m € {1,..,n} and p=1. We say a linear
functional f is p, m-bounded with respect to the norms of class-m collection on X if and only if
thereisa K > 0 such that forany x € X we have

1

Gl < K (IRIE + -+ 1=, )7, (6)

for every {iy,..,im} € {1,...,n}. One can see that for p = 1, the functional f is m-bounded. For p > 1
and m € {1, ...,n}, clearly the set X,’,_m of all linear functionals that are p, m-bounded on X forms a vector

space. We define the following norm on X, ,,:
£l m = inf {K >0 ; (6) holds }. (7)

Note that, based on the norm ||-||,, ,, we defined above, we also can write (6) as

1

FCOL < N llpm (I, + -+ %12 ) @
Proposition 2.2.1. The norm in (7) is identical with
1 lpm = sup {If Gl = IEIE, + -+ IFIE, <1 forall iy . i) € (1, x X} (9)

Proof.Let m € {1,...,n}, f € X;,, and a =inf {K >0 ;(6) holds }. Forany x € X and € > 0 we have

-1

1
f [(IIYII?1 + -+ IIEIIfm)p +e|l x|[=Nfllpm forall {i, ..., i,,} < {1, ...,n}
One can see that
1 -1 P 1 -1 ||
=P =n? P = =P =n? P =
[(lellil +oet 7 P re| x| e ||| (I 4RI )P e F| <1,
iy im

forall {iy, ..., i} < {1, ..., n}. Then we have,

1

lf(x)| < ((”Yll?1 + -+ ||¥||fm)5 + 6) 1fllpm for all {iy, ..., iy} < {1, ...,n}.

As € can be arbitrarily small, we obtain
1
FC< fllpm (IRIE + -+ I ) forall {iy, ., iy} © {1, ..., n}.

We conclude that @ < ||f|l,m -
1

Conversely, if |[f(x)] <K (IIEII?1 + -+ ||§||?m)p, with ||Y||f’1 + -4 ||Y||fm <1, for all {iy,.., iy} C
{1,...,n}, then |f(x)| < K. Because it applies to any x € X, we obtain ||f]l,,, < K. Therefore ||fll;, <
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a. Hence we have ||f]|,» = a, which means both norms are identical.

Note that for p = oo the norm in (9) will be

£ llpm = sup{lf G| : max{lIls,, ..., I, } < 1 forall {ig, ., im} < {1, ...,n}, x € X}.

Theorem 2.2.2. Let my,m, € {1, ...,n}, with m; < m,. If a linear functional f is p,m,-bounded, then
f is p,m,-bounded.

Proof. The proof is analogous with proof of Theorem 2.1.2.

Furthermore, the following theorem shows that all ‘types’ of boundedness for any p = 1 are equivalent,
which means that for a fixed m € {1, ...,n} andforany p > 1, all dual sets X}, ,, are identical.

Theorem 2.2.3. For an m € {1,...,n} and p;,p, = 1,a linear functional f is p,,m-bounded if and
only ifitis p,, m-bounded. In other words Xy, », = X, -

Proof. We prove the theorem by showing the equivalence between m-bounded and is p, m-bounded
linear functionals, for any p = 1. Let m € {1, ...,n} and fbe an m-bounded linear functional. For p = 1, if

x € X satisfies IIEIIf1 + 4 IIEllfm <1, forall {i}, ..., i} < {1, ...,n}, then using Holder inequality we have

1
— _ 1-=
Ix[;, + -+ [[xll;,, <m" ».Hence

1__
m Pl m Pl

/()

1
we conclude that [|f|l,, < m'r IIfll;- Conversely, let f be a p,m-bounded linear functional. If x €

1
for all {iy, ..., i,,} < {1, ...,n}. Moreover, we have < |Ifllm or [f(x)] < m'p lf ;- Therefore,

X satisfies |xll;, ;. <1, forall{ij,..,in}c{1,..,n}, then we can write [lx|;, +-+Ix];, <1
forall {ij, ..., i, } < {1, ..., n}. This means that each term is also less than or equal to 1. Hence, for p > 1, we

have ||x||§.J < |lx|l; forallj € {1, ...,n}. Therefore we have

INT, + o+ W%, < Wy, + -+ X, = 1%y, L, <1

Consequently |f(x)| < [[f|l,m, which means that fis p,m-bounded with ||f|l,, < [|If|ln- We conclude

that [[fllm = Ifllpm-
Remark 2.2.4 From the above theorem we also have the equivalence between [|-||,,, and |||, ,,, thatis

1
1__
Ifllm < Wfllpm < m P Al

Moreover Xj,, and X; are identical. As a consequence for any p;,p, = 1, the sets X, ,, and X,
are identical. We will simply say ‘m-bounded’ instead of ‘p,m-bounded’ Since X, ,, and X . are
identical, we also denote it with X;, unless we need to specify the type.

Moreover, for any m € {1, ...,n} we also can compare the dual spaces with respect to class-m collection.
We write it as a corollary of Theorem 2.2.3 and Theorem 2.2.4.

Corollary 2.2.5 Let my,m, € {1, ...,n} with m; < m, . Ifalinear functional f is m,-bounded, then f
is m,-bounded. In other words X;, < X, .

Moreover, we can investigate the linear functional of n-normed spaces using some norms ||-||; ; ofa

m

class-m collection, We just need to choose norms ||-|I;, _; of the class-m collection such that
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U{il, i} 21, ., m).

Furthermore, the least number of norms of a class-m collection that we can choose to investigate the

characteristics of the n-normed space is [;] norms.

Conflict of Interest

The authors declare that there is no conflict of interest.

Author Contributions

H.B and H.G conceived the presented idea and developed the theory. H.B provided the proof outline and
H.G supervised the results of the work. Both authors discussed the results and contributed to the final
manuscript.

Acknowledgment

This research is supported by ITB research and innovation program 2019. The first author is also
supported by LPDP Indonesia.

References

[1] Gahler, S. (1964). Lineare 2-nomierte rdume. Math. Nachr.,, 28, 1-13.

[2] Gahler, S. (1969). Untersuchungen Uber verallgemeinerte m-metrische rdume 1. Math. Nachr., 40,
165-189.

[3] Gahler, S. (1969). Untersuchungen iiber verallgemeinerte m-metrische rdume II. Math. Nachr., 40,
229-264.

[4] Gahler, S. (1969). Untersuchungen liber verallgemeinerte m-metrische rdume III. Math. Nachr., 41,
23-36.

[5] Batkunde, H., & Gunawan, H. (2019). On the topology of n-normed spaces with respect to norms of its
quotient spaces to appear on adv. stud. contemp.

[6] Fresse, R. W, & Cho, Y.]. (2001). Geometry of Linear 2-Normed Spaces. New York: Nova Publishers.

[7] Gunawan, H., & Mashadi. (2001). On n-normed spaces. Int. J. Math. Math. Sci., 27, 631-639.

[8] Konca, S., & Idris, M. (2015). Equivalence among three 2-norms on the space of p-summable
sequences. Journal of Inequalities and Special Functions, 7(4), 218-224.

[9] Huang, X, & Tan, A. (2018). Mapping of preserving n-distance one in n-normed spaces. Aequationes
Math, 92, 401-413.

[10] Batkunde, H., Gunawan, H., & Neswan, 0. (2018). n-Normed spaces with norms of its quotient spaces. J.
Phys.: Conf. Ser., 1097,012079.

Copyright © 2020 by the authors. This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited (CC BY 4.0).

Harmanus Batkunde was born in Ambon, Indonesia. He got his first degree at Pattimura
University, Indonesia in 2010 and the master degree at Bandung Institute of Technology,
Indonesia in 2013, both in mathematics. His area of interests are mathematical analysis and
functional analysis. Now, He is finishing his Ph.D degree at Bandung Institute of Technology.

86 Volume 10, Number 2, April 2020


https://creativecommons.org/licenses/by/4.0/

Hendra Gunawan was born in Bandung, Indonesia. He obtained his first degree from the
Department of Mathematics, Bandung Institute of Technology, Indonesia in 1987 and the
Ph.D degree from School of Mathematics, the University of New South Wales, Australia in
1992. His major research interests are in the area of functional analysis, fourier analysis
and their applications. He has been appointed as a full professor at Department of
Mathematics, Bandung Institute of Technology since 2006.

87 Volume 10, Number 2, April 2020


http://www.math.itb.ac.id/
https://www/itb.ac.id
http://www.maths.unsw.edu.au/
http://www.unsw.edu.au/
http://www.math.itb.ac.id/
http://www.math.itb.ac.id/
https://www/itb.ac.id

