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Abstract: The aim of this paper is to investigate bounded linear functionals on an n-normed space with 

respect to norms of its quotient spaces. These norms will be our main tools as well as a new viewpoint. We 

will give several types of boundedness of bounded linear functionals on an n-normed space and investigate 

the dual spaces that corresponds to each type of boundedness. We obtain the relations between all types of 

boundedness, which correspond to the inclusion relations between the dual spaces. 
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1. Introduction 

The concept of n-normed spaces for 𝑛 ≥ 2 is a generalization of the concept of normed spaces. This 

concept was initially introduced by Gahler in 1960’s [1]-[4]. Let n be a nonnegative integer and 𝑋 be a real 

vector space with dim(𝑋) ≥ 𝑛. A function ‖⋅, … ,⋅‖: 𝑋𝑛 → ℝ satisfying the following properties 

1) ‖𝑥1, … , 𝑥𝑛‖ ≥ 0;  

‖𝑥1, … , 𝑥𝑛‖ = 0 if and only if 𝑥1, … , 𝑥𝑛 are linearly dependent, 

2) ‖𝑥1, … , 𝑥𝑛‖ is invariant under permutation, 

3) ‖𝛼𝑥1, … , 𝑥𝑛‖ = |𝛼| ‖𝑥1, … , 𝑥𝑛‖, for any 𝛼 ∈ ℝ, 

4) ‖𝑥1 + 𝑥1
′ , 𝑥2, … , 𝑥𝑛‖ ≤ ‖𝑥1, 𝑥2, … , 𝑥𝑛‖ + ‖𝑥1

′ , 𝑥2, … , 𝑥𝑛‖, 

is called an 𝒏-norm on 𝑋, and the pair (𝑋, ‖⋅, … ,⋅‖) is called an 𝒏-normed spaces. This concept is 

studied further by many researchers in later years (see for instance [5]-[9]). 

Using this concept, we will study bounded linear functionals on an 𝑛-normed space. We will use norms of 

quotient spaces of the 𝑛-normed space as our main tools. These norms will be a new viewpoint in 

investigating some features of 𝑛-normed spaces. The new viewpoint is simpler compared to the results 

obtained by some previous researchers (for more details see [5] and [10]). With respect to these norms, we 

will define 𝑚 -bounded linear functionals for each 𝑚 ∈ *1,… , 𝑛+ . We also define other types of 

boundedness (of a linear functional), which we call 𝑝,𝑚-bounded linear functionals, with 𝑝 ≥ 1. For 

𝑝 = 1, the 1,𝑚-bounded linear functional are identical to the 𝑚-bounded linear functional. Next, we show 

that for any 𝑝 ≥ 1 and a fixed 𝑚 ∈ *1.… , 𝑛+, all types of 𝑝,𝑚-bounded linear functionals are identical. As 

a consequence, if we compare the dual spaces that correspond to each type of boundedness (with respect to 

𝑝), they will be identical sets. We also give an inclusion relation between the dual spaces that correspond to 

boundedness (of a linear functional) with respect to any 𝑚 ∈ *1,… , 𝑛+. Moreover, instead of using all norms 
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of the quotient spaces to investigate some features of the 𝑛-normed space, we show that we can only use 

some norms of the quotient spaces.  

2. Main Results 

We shall begin with the construction of quotient spaces of an 𝑛-normed space. Let (𝑋, ‖⋅, … ,⋅‖) be an 

n-normed space and 𝑌 = *𝑦1, … , 𝑦𝑛+ is a linearly independent set in 𝑋. For a fixed 𝑗 ∈ *1, … , 𝑛+, we 

consider 𝑌\*𝑦𝑗+ and then we define the following subspace of 𝑋 generated by \*𝑦𝑗+ : 

𝑌𝑗
   p n 𝑌\*𝑦𝑗+ = { ∑ 𝛼  𝑦    ;   𝛼 ∈ ℝ

𝑛

  1,  𝑗

}. 

For any 𝑢 ∈ 𝑋, the corresponding coset of 𝑌𝑗
  in 𝑋 is 

𝑢̅ = {𝑢 + ∑ 𝛼  𝑦    ;   𝛼 ∈ ℝ

𝑛

  1,  𝑗

}. 

Hence we have 0̅ =  p n 𝑌\*𝑦𝑗+ = 𝑌𝑗
 . We define the quotient space of X as 𝑋𝑗

∗ = 𝑋 𝑌𝑗
 = *𝑢̅ ∶ 𝑢 ∈ 𝑋+⁄ . 

The addition and the scalar multiplication also apply in 𝑋𝑗
∗. Next we define a function ‖⋅‖𝑗

∗ ∶ 𝑋𝑗
∗ → ℝ by 

‖𝑢̅‖𝑗
∗ = ‖𝑢, 𝑦1, … , 𝑦𝑗−1, 𝑦𝑗+1, … , 𝑦𝑛‖.                                  (1) 

This function defines a norm on 𝑋𝑗
∗. Then we have (𝑋𝑗

∗, ‖⋅‖𝑗
∗) is a normed space. By using the above 

construction we get n quotient spaces, each of them has its own norm. We call the collection of  (𝑋𝑗
∗, ‖⋅‖𝑗

∗) 

for 𝑗 = 1,… , 𝑛 a class-1 collection [10].  

Furthermore, for a fixed 𝑚 ∈ *1,… , 𝑛+ we generalize the above construction by examining 

𝑌\*𝑦 1, … , 𝑦 𝑚+.  For a *𝑖1, … , 𝑖𝑚+ ⊂ *1,… , 𝑛+  we define the following subspace of 𝑋  generated by 

𝑌\*𝑦 1, … , 𝑦 𝑚+: 

𝑌  ,…,  
   p n 𝑌\*𝑦 1, … , 𝑦 𝑚+ = { ∑ 𝛼  𝑦    ;   𝛼 ∈ ℝ

𝑛

  1,    ,…,  

}. 

For any 𝑢 ∈ 𝑋, the corresponding coset of 𝑌  ,…,  
  in 𝑋 is  

𝑢̅ = {𝑢 + ∑ 𝛼  𝑦    ;   𝛼 ∈ ℝ

𝑛

  1,    ,…,  

}. 

Hence we have 0̅ =  p n 𝑌\*𝑦 1, … , 𝑦 𝑚+ = 𝑌  ,…,  
 .   Next, we define the quotient space of X as 

𝑋  ,…,  
∗ = 𝑋 𝑌  ,…,  

 ⁄  *𝑢̅ ∶ 𝑢 ∈ 𝑋+. The addition and the scalar multiplication also apply in this space. 

Moreover, define a function ‖⋅‖  ,…,  : 𝑋  ,…,  
∗ → ℝ by 

‖𝑢̅‖  ,…,  = ‖𝑢, 𝑦1, … , 𝑦  −1, 𝑦  +1, … , 𝑦𝑛‖ + ⋯+ ‖𝑢, 𝑦1, … , 𝑦  −1, 𝑦  +1, … , 𝑦𝑛‖.        (2) 
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The right hand of equation (2) is actually a summation of norms defined in (1). Then we can write 

equation (2) as 

‖𝑢̅‖  ,…,  = ‖𝑢̅‖  +⋯+ ‖𝑢̅‖  .                       (3) 

Note that using the above construction, we get (
𝑛
𝑚
) quotient spaces. We collect these quotient spaces in 

a set and name it a class-𝒎 collection [10]. One can see that for an 𝑛-normed space, we can construct 𝑛 

class collections.  

Moreover, let 𝑋 be a real vector space. Recall that 𝑓: 𝑋 → ℝ is called a linear functional on 𝑋, if for 

any 𝑥, 𝑥′ ∈ 𝑋  and 𝛼 ∈ ℝ we have 𝑓(𝑥 + 𝑥′) = 𝑓(𝑥) + 𝑓(𝑥′) and 𝑓(𝛼𝑥) = 𝛼𝑓(𝑥). Next, we will define 

bounded linear functionals on an 𝑛-normed space in several ways as follows. From now on, 𝑋 will be an 

𝑛-normed space. 

2.1. 𝒎-Bounded Linear Functional 

For a fixed linearly independent set 𝑌 = *𝑦1, … , 𝑦𝑛+ in 𝑋 and an 𝑚 ∈ *1,… , 𝑛+, we say that a linear 

functional 𝑓 is 𝒎-bounded with respect to the norms of class-𝒎 collection on 𝑋 if and only if there 

is a 𝐾 > 0 such that for any 𝑥 ∈ 𝑋 we have 

|𝑓(𝑥)| ≤ 𝐾‖𝑥‖  ,…,  ,                               (4) 

for every *𝑖1, … , 𝑖𝑚+ ⊂ *1,… , 𝑛+.   Moreover, let 𝑋𝑚
′  be a set that contains all 𝑚 -bounded linear 

functionals on 𝑋. This set forms a vector space. For any 𝑓 ∈ 𝑋, we define a norm in 𝑋𝑚
′  as follows, 

‖𝑓‖𝑚  inf  *𝐾 > 0  ; (4) hold  +.  (5) 

Then we have the following proposition. 

Proposition 2.1.1. The norm in (5) is identical with   

‖𝑓‖𝑚    p {|𝑓(𝑥)| ∶  ‖𝑥‖  ,…,  ≤ 1 , fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1, … , 𝑛+}. 

Proof. Let 𝑚 ∈ *1,… , 𝑛+, 𝑓 ∈ 𝑋𝑚
′   and 𝛼 = inf  *𝑘 > 0  ; (4) hold  +. For any 𝑥 ∈ 𝑋 and 𝜖 > 0 we have 

|𝑓 ((‖𝑥‖  ,…,  + 𝜖)
−1
 𝑥)| ≤ ‖𝑓‖𝑚 ;             fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1, … , 𝑛+. 

One can see that ‖(‖𝑥‖  ,…,  + 𝜖)
−1
 𝑥‖
  ,…,  

≤ 1. Then we have, 

|𝑓(𝑥)| ≤ (‖𝑥‖  ,…,  + 𝜖) ‖𝑓‖𝑚 ;             fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1, … , 𝑛+. 

As 𝜖 can be arbitrarily small, we have 

|𝑓(𝑥)| ≤  ‖𝑓‖𝑚  ‖𝑥‖  ,…,              fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1, … , 𝑛+. 

We conclude that 𝛼 ≤ ‖𝑓‖𝑚 .  Conversely, if |𝑓(𝑥)| ≤ 𝐾  ‖𝑥‖  ,…,  ,  with 

‖𝑥‖  ,…,  ≤ 1  fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1,… , 𝑛+,  then |𝑓(𝑥)| ≤ 𝐾 . Because it applies to any 𝑥 ∈ 𝑋  then 

 ‖𝑓‖𝑚 ≤ 𝐾. Therefore  ‖𝑓‖𝑚 ≤ 𝛼. Hence we have ‖𝑓‖𝑚 = 𝛼, which means both norms are identical. 

Next we give a relation between an 𝑚1-bounded linear functional and an 𝑚2-bounded linear functional, 

for any 𝑚1, 𝑚2 ∈ *1,… , 𝑛+ by the following theorem.  

Theorem 2.1.2. Let 𝑚1, 𝑚2 ∈ *1,… , 𝑛+ with 𝑚1 ≤ 𝑚2. If a linear functional 𝑓 is 𝑚1-bounded then 𝑓 

is also 𝑚2-bounded. 

Proof.  Let f be a linear functional which 𝑚1-bounded. If 𝑚1 = 𝑚2, then obviously 𝑓 is 𝑚2-bounded. 
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Let 𝑚1 < 𝑚2, then we have  

|𝑓(𝑥)| ≤ 𝐾 (‖𝑥‖  +⋯+ ‖𝑥‖   +⋯+
‖𝑥‖   )           fo   ll {𝑖1, … , 𝑖𝑚 } ⊂

*1, … , 𝑛+. 

This means that f is 𝑚2-bounded.   

2.2.  ,𝒎-Bounded Linear Functional  

Let 𝑌 = *𝑦1, … , 𝑦𝑛+  be a linear independent set in 𝑋 , 𝑚 ∈ *1,… , 𝑛+  and 𝑝 ≥ 1.  We say a linear 

functional 𝑓 is  ,𝒎-bounded with respect to the norms of class-𝒎 collection on 𝑋 if and only if 

there is a 𝐾 > 0 such that for any 𝑥 ∈ 𝑋 we have 

|𝑓(𝑥)| ≤ 𝐾 (‖𝑥‖  
𝑝
+⋯+ ‖𝑥‖  

𝑝
)

 

𝑝
,                          (6) 

for every *𝑖1, … , 𝑖𝑚+ ⊂ *1,… , 𝑛+.  One can see that for 𝑝 = 1, the functional 𝑓 is 𝑚-bounded. For 𝑝 ≥ 1 

and 𝑚 ∈ *1,… , 𝑛+, clearly the set 𝑋𝑝,𝑚
′  of all linear functionals that are 𝑝,𝑚-bounded on 𝑋 forms a vector 

space. We define the following norm on 𝑋𝑝,𝑚
′ : 

‖𝑓‖𝑝,𝑚  inf  *𝐾 > 0  ; ( ) hold  +.                         (7) 

Note that, based on the norm ‖⋅‖𝑝,𝑚 we defined above, we also can write (6) as 

|𝑓(𝑥)| ≤ ‖𝑓‖𝑝,𝑚 (‖𝑥‖  
𝑝
+⋯+ ‖𝑥‖  

𝑝
)

 

𝑝
.                         (8) 

Proposition 2.2.1. The norm in (7) is identical with   

‖𝑓‖𝑝,𝑚    p {|𝑓(𝑥)| ∶  ‖𝑥‖  
𝑝
+⋯+ ‖𝑥‖  

𝑝
≤ 1 , fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1, … , 𝑛+, 𝑥 ∈ 𝑋}.     (9) 

Proof. Let 𝑚 ∈ *1,… , 𝑛+, 𝑓 ∈ 𝑋𝑚
′  and 𝛼 = inf  *𝐾 > 0  ; ( ) hold  +. For any 𝑥 ∈ 𝑋 and 𝜖 > 0 we have 

|𝑓 ([(‖𝑥‖  
𝑝
+⋯+ ‖𝑥‖  

𝑝
)

1
𝑝
+ 𝜖]

−1

𝑥)| ≤ ‖𝑓‖𝑝,𝑚            fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1, … , 𝑛+. 

One can see that 

‖[(‖𝑥‖  
𝑝
+⋯+ ‖𝑥‖  

𝑝
)

1
𝑝
+ 𝜖]

−1

 𝑥‖

  

𝑝

+⋯+ ‖[(‖𝑥‖  
𝑝
+⋯+ ‖𝑥‖  

𝑝
)

1
𝑝
+ 𝜖]

−1

 𝑥‖

  

𝑝

≤ 1, 

fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1,… , 𝑛+. Then we have, 

|𝑓(𝑥)| ≤ ((‖𝑥‖  
𝑝
+⋯+ ‖𝑥‖  

𝑝
)

1
𝑝
+ 𝜖) ‖𝑓‖𝑝,𝑚            fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1, … , 𝑛+. 

As 𝜖 can be arbitrarily small, we obtain 

|𝑓(𝑥)| ≤  ‖𝑓‖𝑝,𝑚   (‖𝑥‖  
𝑝
+⋯+ ‖𝑥‖  

𝑝
)

1
𝑝
            fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1, … , 𝑛+. 

We conclude that 𝛼 ≤  ‖𝑓‖𝑝,𝑚 .  

Conversely, if |𝑓(𝑥)| ≤ 𝐾  (‖𝑥‖  
𝑝
+⋯+ ‖𝑥‖  

𝑝
)

 

𝑝
,  with ‖𝑥‖  

𝑝
+⋯+ ‖𝑥‖  

𝑝
≤ 1,  for all *𝑖1, … , 𝑖𝑚+ ⊂

*1,… , 𝑛+, then |𝑓(𝑥)| ≤ 𝐾. Because it applies to any 𝑥 ∈ 𝑋, we obtain  ‖𝑓‖𝑝,𝑚 ≤ 𝐾. Therefore  ‖𝑓‖1,𝑚 ≤
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𝛼. Hence we have ‖𝑓‖𝑝,𝑚 = 𝛼, which means both norms are identical.    

Note that for 𝑝 = ∞ the norm in (9) will be  

‖𝑓‖𝑝,𝑚    p{|𝑓(𝑥)| ∶ m  {‖𝑥‖  , . . . , ‖𝑥‖  } ≤ 1  fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1, … , 𝑛+, 𝑥 ∈ 𝑋}. 

Theorem 2.2.2. Let 𝑚1, 𝑚2 ∈ *1,… , 𝑛+, with 𝑚1 ≤ 𝑚2. If a linear functional 𝑓 is 𝑝,𝑚1-bounded, then 

𝑓 is 𝑝,𝑚2-bounded. 

Proof. The proof is analogous with proof of Theorem 2.1.2. 

Furthermore, the following theorem shows that all ‘types’ of boundedness for any 𝑝 ≥ 1 are equivalent, 

which means that for a fixed 𝑚 ∈ *1,… , 𝑛+ and for any 𝑝 ≥ 1, all dual sets 𝑋𝑝,𝑚
′  are identical. 

Theorem 2.2.3. For an 𝑚 ∈ *1,… , 𝑛+ and 𝑝1, 𝑝2 ≥ 1, 𝑎 linear functional 𝑓 is 𝑝1, 𝑚-bounded if and 

only if it is 𝑝2, 𝑚-bounded. In other words 𝑋𝑝 ,𝑚
′ = 𝑋𝑝 ,𝑚

′ . 

Proof. We prove the theorem by showing the equivalence between 𝑚-bounded and is 𝑝,𝑚-bounded 

linear functionals, for any 𝑝 ≥ 1. Let 𝑚 ∈ *1,… , 𝑛+ and f be an 𝑚-bounded linear functional. For 𝑝 ≥ 1, if 

𝑥 ∈ 𝑋 satisfies ‖𝑥‖  
𝑝
+⋯+ ‖𝑥‖  

𝑝
≤ 1, fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1,… , 𝑛+, then using Hölder inequality we have 

‖𝑥‖  +⋯+ ‖𝑥‖  ≤ 𝑚
1−
 

𝑝. Hence  

‖
𝑥

𝑚
1−
1
𝑝

‖

  

+⋯+ ‖
𝑥

𝑚
1−
1
𝑝

‖

  

≤ 1, 

fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1,… , 𝑛+. Moreover, we have |𝑓 (
𝑥

𝑚
 −
 
𝑝

)| ≤ ‖𝑓‖𝑚  or |𝑓(𝑥)| ≤ 𝑚
1−
 

𝑝 ‖𝑓‖𝑚 . Therefore, 

we conclude that ‖𝑓‖𝑝,𝑚 ≤ 𝑚
1−
 

𝑝 ‖𝑓‖𝑚 . Conversely, let f be a 𝑝,𝑚-bounded linear functional. If 𝑥 ∈

𝑋 satisfies ‖𝑥‖  ,…,  ≤ 1 , fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1,… , 𝑛+,  then we can write ‖𝑥‖  +⋯+ ‖𝑥‖  ≤ 1 

fo   ll *𝑖1, … , 𝑖𝑚+ ⊂ *1,… , 𝑛+. This means that each term is also less than or equal to 1. Hence, for 𝑝 ≥ 1, we 

have ‖𝑥‖𝑗
𝑝
≤ ‖𝑥‖𝑗  fo   ll 𝑗 ∈ *1, … , 𝑛+. Therefore we have 

‖𝑥‖  
𝑝
+⋯+ ‖𝑥‖  

𝑝
≤ ‖𝑥‖  +⋯+ ‖𝑥‖  = ‖𝑥‖  ,…,  ≤ 1. 

Consequently |𝑓(𝑥)| ≤ ‖𝑓‖𝑝,𝑚, which means that f is p, 𝑚-bounded with ‖𝑓‖𝑚 ≤ ‖𝑓‖𝑝,𝑚. We conclude 

that ‖𝑓‖𝑚 = ‖𝑓‖𝑝,𝑚. 

Remark 2.2.4 From the above theorem we also have the equivalence between ‖⋅‖𝑚 and ‖⋅‖𝑝,𝑚, that is 

‖𝑓‖𝑚 ≤ ‖𝑓‖𝑝,𝑚 ≤ 𝑚
1−
1
𝑝 ‖𝑓‖𝑚. 

Moreover 𝑋1,𝑚
′  and 𝑋𝑝,𝑚

′  are identical. As a consequence for any 𝑝1, 𝑝2 ≥ 1, the sets 𝑋𝑝 ,𝑚
′  and 𝑋𝑝 ,𝑚

′  

are identical. We will simply say ‘𝑚-bounded’ instead of ‘𝑝,𝑚-bounded’. Since 𝑋𝑝 ,𝑚
′  and 𝑋𝑝 ,𝑚

′  are 

identical, we also denote it with 𝑋𝑚
′  unless we need to specify the type.  

Moreover, for any 𝑚 ∈ *1,… , 𝑛+ we also can compare the dual spaces with respect to class-𝑚 collection. 

We write it as a corollary of Theorem 2.2.3 and Theorem 2.2.4. 

Corollary 2.2.5 Let 𝑚1, 𝑚2 ∈ *1,… , 𝑛+ with 𝑚1 ≤ 𝑚2 . If a linear functional 𝑓 is 𝑚1-bounded, then 𝑓 

is 𝑚2-bounded. In other words 𝑋𝑚 
′ ⊆ 𝑋𝑚 

′ . 

Moreover, we can investigate the linear functional of n-normed spaces using some norms ‖⋅‖  ,…,  
∗  of a 

class-m collection, We just need to choose norms ‖⋅‖  ,…,  
∗  of the class-m collection such that 
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⋃*𝑖1, … , 𝑖𝑚+ ⊇ *1, … , 𝑛+. 

Furthermore, the least number of norms of a class-𝑚 collection that we can choose to investigate  the 

characteristics of the 𝑛-normed space is ⌈
𝑚

𝑛
⌉ norms. 
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