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Abstract: One of the essential researches in mathematics is the study of functional equations, which
originated in problems related to applied mathematics. Among those was the question concerning a general
solution and a stability result of the functional equation, exceptionally fundamental equation in the theory
of functional equations related to the Cauchy functional equation or additive functional equation. Nowadays,
the number of mathematics papers concerning the stability results for many functional equations on
normed spaces and non-Archimedean normed spaces via the direct method is still increasing. The fixed
point theorem is an innovative tool to prove the stability result of the functional equation. Moreover, the
stability result of the Euler-Lagrange-Jensen k-cubic functional equation was investigated for a mapping
from a normed space to a Banach space. In this work, we prove the Hyers-Ulam stability for the
Euler-Lagrange-Jensen k-cubic functional equation on generalized non-Archimedean normed spaces by
using the fixed point method. Also, we can obtain the stability results of the Euler-Lagrange-Jensen k-cubic
functional equation in the sense of Banach space from our main results.

Key words: Cubic functional equation, Euler-Lagrange-Jensen functional equation, Hyers-Ulam stability,
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1. Introduction

An equation in which the unknown variable as a function is called a functional equation. The most famous
functional equation is Cauchy’s functional equation or the additive functional equation [1] which is of the
form

f(x+y)=f(x)+f(y) (1)

forall x,yeR, where f mapsfrom R into R, and any solutions of (1) are called Cauchy’s function or
additive function. It is easy to know that the general solution of (1) is given by f(x)=ax for allxeR, where
a is an arbitrary real constant. The problem of functional equations consists of finding a general solution,

and investigating its stability. In 1940, Ulam [2] gave a stability problem of homomorphisms as follows:
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Let f beamapping fromagroup (Ge) intoa metricgroup (G,,c) withthe metric d such that
d(f(xey), f(x)=f(y)<e
forall x,yeG;, where &>0. Do thereexist §>0 and aunique homomorphism h:G;, —»G, such that
d(f(x),h(x) <&

forall X< G,?

If there is an answer of the above question, the Cauchy’s functional equation is said to be stable. In 1941,
Hyers [3] had shown answer the question of Ulam [2] by considering the stability problem of the Cauchy’s
functional equation on Banach spaces.

The result of Hyers [3] is extensively elevation the research in this way, which is called Hyers-Ulam
stability of functional equations. A generalization of the result of Hyers [3] was proved by Aoki [4] by
replacing the unbounded additive difference with the sum of powers of norms. Moreover, the stability result
of Aoki [4] was extended by Gajda [5] and Gavruta [6], respectively. Furthermore, the stability result of
Cauchy’s functional equation was investigated in various spaces.

On the other hand, Rassias [7] introduced the cubic functional equation which is of the form

f(x+2y)=3f(x+y)+ f(x—y)=3F(X)+6f(y), (2)

where f is a mapping between two real vector spaces, and its stability was also proved. In 2016,

Mohiuddine, Rassias, and Alotaibi [8] introduced a new cubic functional equation named
Euler-Lagrange-Jensen k-cubic functional equation

K[ f (lox+ y) + f (x+ky) [+ (k —1)3{f (k;‘:lyj+ f (%H - (k4 —1)[f () + T (y) ]+ 8k(K2 +) f [izyj 3)

where keR with m=k+1#0,+1 and f maps between two normed spaces. They also proved
Hyers-Ulam stability of the Euler-Lagrange-Jensen k-cubic functional equation (3).

In this paper, we prove the generalized Hyers-Ulam stability of the Euler-Lagrange-Jensen k-cubic
functional equation (3), where f maps from a normed space into a non-Archimedean quasi- g -Banach

space by using the fixed point method.

2. Preliminaries
In this section, we recall some important definitions and the well-known fixed point theorem which is the
main tool for proving our main results.

Definition 2.1 ([9]). Let F be a field. A non-Archimedean valuation on F is a function
|-|: F —[0,) satisfying the following conditions forall x yeF:

1) |x/=oifandonlyif x=0;

2) |xy=|llyl:

3)  |x+y|<max{x]|y}-

Also, a field F with a non-Archimedean valuation on F is called a non-Archimedean field.
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Definition 2.2 ([9]). Let X be a vector space over a scalar filed F with a non-Archimedean valuation
||. Afunction |-|:X —[0,%) is called a non-Archimedean norm if it satisfies the following conditions:

1) |x|=0 ifand onlyif x=o;

2) [ =]l forall reF andall xeX;

3) [x+yl|<max{|x].|y[} forallxyex.

Also, (x ||||) is called a non-Archimedean normed space.

Next, we give the definition of a non-Archimedean quasi- g -normed space.

Definition 2.3 ([10]). Let X be a vector space over a non-Archimedean field F with a
non-Archimedean non-trivial valuation || and g be a real number with 0<g<1. A function
|-]: X >[0,0) is called a non-Archimedean quasi- g -norm if it satisfies the following conditions for all
X, yeX:

1) |x|=0 ifand onlyif x=o;

2) | =|r”|x| forall reF;

3) [+ vl = max{x]. ]}

Also, (x ||||) is called a non-Archimedean quasi- g -normed space.

Definition 2.4 ([10]). The sequence {x,} in a non-Archimedean quasi- g -norm (X||||) is called

convergent if for a given ¢>0 there are a positive integer N and xeX such that |x,-x|<e for all

n>N and x is called alimit of the sequence {x,}, denoteby lim x,=x.
n—oo

Definition 2.5 ([10]). The sequence {x,} inanon-Archimedean quasi- 8 -norm (X ||||) is called Cauchy
if foragiven £>0 thereisa positive integer N suchthat |x,-x,|<e forall mn>N.
Definition 2.6 ([10]). A non-Archimedean quasi- g -normed space is complete if every Cauchy sequence

is convergent. A non-Archimedean quasi- g -Banach space is a complete non-Archimedean quasi- g -normed

space.
In the proof the stability problem of the functional equation (3), we apply the following fixed point
theorem.
Theorem 2.7 ([11]). Let (X,d) be a complete generalized metric space and let J:X — X be a strictly

contractive mapping with some Lipschitz constant 0<L <1. Then for each given element xe X, either
d(d"x,d"x) = for all nonnegative integers n or there exists a positive integer n, such that the
following assertions hold:

1) d@"x,3"x) <o forall n>ny;

2) thesequence {J"x} converges to a fixed point y"of J;

3) " isthe unique fixed pointof J intheset Y ={ye X |d(3I™x,y)<w};

4) d(y,y*)sﬁd(y,dy) forall yeY.

3. Main Results

In this section, we will investigate the stability results of the functional equation (3). First, we give the
following lemma to guarantee some consequence in our main theorem.
Lemma 3.1 ([8]). Let X and Y be two vector spacesand f:X —Y bea mapping satisfying (3). Then

we have
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f(x) = m3f (lJ
m

for all xe X, where m::k+1¢0,il.

For a normed space X and a non-Archimedean quasi- g -Banach space Y a real number k with

m:==k+1=0,£], x,ye X, we will use the following symbol:

Df (x,y) = k[ f (k+ y) + F (x+ ky) ]+ (K —1)3{ f (%} f (%H—(k“ —1)[f () + f(y)]-8k(K2+1) f [izyj

Next, we will consider the stability problem of the Euler-Lagrange-Jensen k-cubic functional equation (3)
in non-Archimedean quasi- g -normed spaces by using the fixed point method.

Theorem 3.2. Let X be a normed space, Y be a non-Archimedean quasi- g -Banach space, keR

with m=k+120,#1, and ¢:X2 —>[0,) be afunction such that

g(mx,my) < Lg(x,y) (4)

for some real number L with 0< L<|m|3ﬂ and for all x,ye X. Suppose that f:X —Y isa mapping such

that

IDf (x, )| < #(x,y) (5)

forall x,ye X. Then there exists a unique cubic mapping C:X —Y satisfying (3) such that

P(%,X)
f(x)-C(x)||< (6)
" " Zﬂlm_ll,g(lmlsﬂ_L)

forall xe€X.

Proof.Let Q:={f:X —Y}. Define a generalized metric d on Q by

d(f,g)=inf {c>0:[f(x) - g(x)] < c(x,x) forall x e X}

for all f,geQ. Since Y is a non-Archimedean quasi- g -Banach space, we obtain (Q,d) is a generalized

complete metric space. Substituting y by x in (5), we obtain

27 k|? || f((k +1)x) — (k3 +3k2 + 3k +1) f(x)" < (X, X) (7)
and so
fM) ool <20 (8)
H m® * 2 |m* m~1/”

forall X€X. Defineamap T:92—> by
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f (mx)
m3

M) =

forall xeXx andforall f,geQ.Next, we will show that

L
d(Tf,Tg) < —=d(f,9)
[m|

(9)

for all 19€Q per 9@ yf d(f.9)=% hen the inequality (9) is true. So we may assume that

d(f,9) < Assume that

A={c> 0] f () - g(x)] < cg(x,x) for all x e X }.

Since 4(1:9)<% \ve obtain Axw. Suppose that cc A Foreach *€ X: we get
f(mx) g(mx)
[(TF) 00— (Ta) (9] = “? =
1
= W" f(mx) - g(mx)"
m
< | Cllgﬂ #(mx, mx)
m
L
< |CW¢(X' X)
m
and thus
cL
d(Tf,Tg) < ——.
jmf*”

By taking the infimum on ce A, we have

L
d(Tf,Tg) < —=d(f,g)
[m|

forall f,geQ.From (8),ityields that

1

UL ) P —
2 m*|m -1’

(10)

Hence, by Theorem 2.7, there is the unique fixed point ¢ of T in Q such that {T"f} converges to

c in (@d) and

d(C,f)s[;

d(Tf, f).
1—|m|3ﬁL] o
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From (10), we obtain

1 1
d(C, )<
[1—|mlaﬂLLﬂ|mlgﬂlm—llﬁ

1
) 2[m -1 (jmf - L) (1

By (5), we get

||Df(m X,m y)"_ |
|| m3n " |m|3nﬁ'

|Df (m"x,m”y)"

Snﬂ e g(m"x,m"y)

W — 79X Y)

forall x,ye X. Takingthelimitas n— inthe above inequality, we obtain
DC(x,y)=0

for all x,yeX and so C is satisfying (3). By Lemma 3.1, we get C is a cubic mapping. From (11), we

obtain

P(%,X)
f(x)-C(x)| < (12)
" " Zﬂlm_qﬂ(lmlaﬁ_L)

forall xe€X.

To prove the uniqueness of a mapping C, assume that there is a cubic mapping C’: X —»Y satisfying (3)

and (6). Since C(mx)=m®C(x) and C'(mx)=m°C'(x) forall xeX. By using (4) and (5), we obtain

‘C(m X) -

[cey-cel “im |3nﬂ

max{“C(m X) —

)

1
| |3nﬂ

1 gm"x,m"x)
™ 2 jm -4 (jmf*” - 1)

<[ L ] (X, X)
- 3
o) 28 -1 ([ - )

for all xeX. By taking the limitas n— in the above inequality, the right-hand side converges to zero
and so C(x)=C'(x) forall xeX. Ityieldsthat c=cC' verifying the uniqueness of C. This completes the

proof.
Next, we give the following stability result of the Euler-Lagrange-Jensen k-cubic functional equation (3),

78 Volume 10, Number 2, April 2020



which is proved by using the similar technique in Theorem 3.2.
Theorem 3.3. Let X be a normed space, Y be a non-Archimedean quasi- #- Banach space, keR

with m=k+120,#1 and ¢:X2—[0,) be a function such that

R P 13
¢[m,mj_|m|3ﬂ ) (13)
for some real number L with 0<L< |m|3ﬂ and for all x,ye X. Suppose that f:X —»Y isamapping such

that

[Df (x, y)| < d(x.y) (14)

forall x,ye X. Then there exists a unique cubic mapping C:X —Y satisfying (3) such that

La(x, x)
f(x)-C(x)| < 15
[fo)-Cc PP -1 L) (15)

forall xe€X.

From Theorems 3.2-3.3, we can choose a suitable control function ¢ to apply in many results.

4. Conclusion

In this work, we proved the Hyers-Ulam stability for the Euler-Lagrange-Jensen k-cubic functional
equation on generalized non-Archimedean normed spaces by using the fixed point method. Moreover, we

can choose a suitable control function ¢ from the main stability theorems to apply in many results.
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