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Abstract: Recently, there are many interested studies including various families of multiple hypergeometric
functions and extended hypergeometric functions. Here, we will study on extended multivariable fourth
type Horn functions which are both extended and multiple hypergeometric functions. In this article, we
establish some generating functions for the extended multivariable fourth type Horn functions and then
obtain a family of multilinear and multilateral generating functions for each of them. We also give special
cases of the results presented in this paper.
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1. Introduction
The extended multivariable hypergeometric functions (extensions of Appell and Lauricella functions) are

generalized with two extra parameters and the extended beta function with ®({KI}|EN ;Z) (see [1]).

Using the same method, the extended fourth type Horn, the extended multivariable fourth type Horn
and the extended multivariable hypergeometric functions were defined in our recent papers [2], [3].

In this study, the extended fourth type Horn and multivariable fourth type Horn functions, which
introduced below, has been used for obtaining new generating functions.

Definition 1.1. Let a function  ©({x;}, , ;z) be analytic within the disk [z|<R  (0<R<o0) and

leN, ,
let its Taylor-Maclaurin coefficients be explicitly denoted by sequence {K]}IGN . Suppose also that the

function @({K,}IEN ;Z) can be continued analytically in the right half-plane Re(z) >0 with the

asymptotic property given as follows [1]:

Y4 (z|<R; 0<R<o0; &, =1)
G)(KI; Z) EG)({KI }leNo ; Z) = (1)
M,z" exp(z)[l+0(%)] (Re(z) - o0; M, >0; weC)
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for some suitable constants Mo and W depending essentially on the sequence {K,}I N
&No

The extended multivariable fourth type Horn functions are defined as follows (see [2]):

WO a coos B Ve Ve i Ko Xy Xiag s ees X
4’({Kl}|EN0;p'q)( !ﬂkﬂ’ ’ﬂr’yli '}/r’xi’ L S S5 R R r)
B o T ) B(p{ 'N")(ﬂ i =f) X xrr 2
o Z (71)n|1---(7k)mk 1_k[ B(ﬂj 7 ﬂj) ml| I ( )
my . m, = j=k+1

((2(M+...+M)+...+|xr| <1), min {Re(p), Re(q)} 20),

where the extended beta function Bg‘?}'i“") (a, B) is given by (see [1])

BSJ{,:I}'EN")(O!,,B)=}ta_l(1—t)ﬂ_l @)(Kui T 11))dt
(min{Re(a),Re(8)} >0, min{Re(p),Re(q)}>0).

When «, = Eg;' =0 and Pp=g=0 in (2), then (2) reduces to multivariable Horn functions

[4].

If we take K =1, r =2, in (2), then function (2) reduces to extended fourth type Horn functions defined
by [2]:

5 @ B p

MHWM) |
m,r=0 (yl)m B(ﬂ:?’z_ﬁ) m!r!

) (&, B3 71,723 %0 %, )
(3)
((2M+|x2| <1), min{Re(p),Re(q)} > 0).

When x; = @ p=0 and PpP=0g=0 in(3),then (3)reduces to Horn functions [5], [6].

The aim of this article is to obtain generating functions for the extended multivariable fourth type Horn
functions. Then, we derive various families of multilinear and multilateral generating functions for these
functions and their special cases are also given.

2. Generating Functions

In this section, we give two generating functions for the extended multivariable fourth type Horn
functions.

Theorem 2.1. We have the following generating function for the extended multivariable fourth type Horn
functions given by (2):

Z:: - E‘r({ Kihieny M)(a’ﬁkﬂ """ Bl = 2=y X X U

(4)
=(@1-t)" (k)H( _ )(a,ﬁk+l ..... Bel= 27yt i (=1) %X, ),

4,({K g P10
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where A1€C gnd |t|<1.

Proof. Let T denote the first member of assertion (4). Then,

. .
T= i i ( ) (a)z(rm AMy )My g+ My r BE)q )(ﬂj + mj,}/j —ﬂj) (Xi)ml .“(Xr) t_
0 e 1 A= n) (72)m2"'(}/k)mk J=kit B(ﬂj’yj _ﬂj) ml! mr! n!

= i (a)z(mﬁ M )+ g+ My ( INO)(ﬂ M- ﬂ)( ) ...(Xr) ri(l_ml)
My m,=o(1 ﬂ,) (7z)m2 (7r)m J=kel B(ﬂp?/j_ﬂj) m, ! m! = n!

i (a)Z(nll+...+mk)+mk+1+...+mr r B(p{,lc(}I}IENO)(ﬁj + mj !7/] _ﬂj) (Xi(l_t))m1 ”-(XF )mr
oM =0 (:I'_ﬂ“)ml (7/2)m2---(7/r)mr J=kd B(ﬂj!yj _,Bj) m, ! m,!

=@a-t)* ¥H (rY) N )(a,ﬂk+1 ..... Bel= 27y X (L=1) Ko X, ),

which completes the proof.

Corollary 2.1. If we choosek =1, r=2 in Theorem 2.1, we have the following relation for the extended
fourth kind Horn functions:

0

Z“(ﬁ)I HS{Ku}.ENo?M)(a’ﬂ;l_/l_n’yz;Xl’Xz)tn —(1-t)" Hg{Ku}.ENo?p,Q)(a'ﬁ;l_ﬂ’yz;xl(l_t)’XZ)
n=0

AeC

where and |t| <1.

({ K, }|eN0; p,q)

In the next theorem, let ‘Pm denote, the following special functions:

(oz,,ﬁ’k+l ..... Boil=A =M1, ¥ X xr).

>

({ the eng’ P q)

Theorem 2.2. We have the following generating function for the extended multivariable fourth type Horn
functions given by (2):

i(l+m+n_1j \P&{:rl]}kNo;p’q)(Xl'“"Xr)tn — (1_t)7ﬂ.7m \PgiK'}leNo;p’q)(xi(l_t)’XZ,“"Xr). (5)

n=0 n

Proof. Let T denote the first member of assertion (5). Then,

T = i(“mm 1] o) (e
-0

n

> (A+m+n-1
z( j()H (n (a,ﬁkﬂ,_.,,b’r;l—i—m—n,yxz ..... yr;xl,...,xr)t”.

s 4{{K} oy P11
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By using Theorem 2.1, we observe

—(L-t) A-m (k) () . )(a,ﬂkﬂ,...,ﬂr;1—ﬂ—m,72,...,;/r;xl(l t) Xy y e )

4{{K}ng i P

— (1_t)—ﬂ—m \P&{]KJmNo;qu) (X1 (1_t)’ X?_ . Xr ),
which completes the proof.

3. Multilinear and Multilateral Generating Functions

In this section, we derive several families of bilinear and bilateral generating functions for the extended
multivariable fourth type Horn functions by using the similar method considered in [2], [3], [7].

Theorem 3.1. Corresponding to an identically non-vanishing function Qﬂ(yl,...,yr) of I complex

variables Y,,....,Y, (r€N) andofcomplexorder u, let

Am,d(xl " r’yll ’yr’t) _Za \Pm+n(l|€N0 pyq)(Xl""’xr)Q/u—bn(yl""’yr)tn’

n=0

(1Ko P20

m-+nd

where (8, #0, £€C) and ¥ is defined by (5) and

[n/d]

Nt Yoo Yer 2) = > L2, (Vi ¥, 25
k=0

Then, for every nonnegative integer m, we have

» (A+m+n-1
Z( J\PEW}IENO pq)(xl""’xr) Nr?,]rﬁ,d (yl,---, yr;z)tn

n=0

(6)

_ (1_t)—/1—mAm’d Lxl(l—t), X 1y r’ yl’ ’yr’ (lz_t:) J

provided that each member of (6) exists.
Proof. For convenience, let S denote the first member of the assertion (6). Then, we may write that

= (A+m+n=1) (i} ip [l ;
T = Z( J\Pgm 0 p‘1)(xi,...,xr)kZ;akabk(yl,...,yr)zkt

n=0

k=0 \_n=0

(e (A+m+n+dk-1
Z(Z[ J pllh pq)(Xl,---,xr)t"]ak%bk(yl,---,yr)(zt“)k
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=3ty (o (1), ) 2, By (27

k=0

k
—(1—t)*™ C ({Kihongi o0 7t¢
=@ zak\Perdk (Xl(l_t)’XZ""’X")Q/ku(yl!'“’yr)
k=0

Cm zt*
=007 A | X (A=) % X3 Yoo Yo —— |

(L-t)

which completes the proof.
In a similar manner, we also get the next result, immediately.

Theorem 3.2. Corresponding to an identically non-vanishing function Qﬂ(yl,..., Y.) of S complex

variables Y,,....,Y, (S€ N) andofcomplex order u, let

Ay (o ¥ O) = 380, (Y ¥)C

where 8 #0, u,y €C and

®ﬁl|)// (Xl""’ Xr; yl""! ys’é)

[n/b]

— Eo a, (1), “H ir’(){KI}IENO;p’q)(a,ﬂkﬂ,...,,Br;l—}t—n+b|,72,...,;/r;xl,...,xr)

/’gl
xQ;ﬁ—r//k(yl""’ ¥s) n—bly1 *
Then, for be N, we have

0

P OUY (X X Varon Vs ) = A, (Yoo Vi) =1)
n=0 (7)
NONTRU) )(a,ﬁk+1,...,ﬂr;1—1,7/2,...,yr;x1 (1—t),x2,...,xr)

4’({K|}IeNO: p.q

provided that each member of (7) exists.

4. Special Cases

In this section, we will show the applications for the theorems given above. When the multivariable
functionQﬂ(yl,..., Y.), 1€N,, seN is expressed in terms of several simpler functions of one and
more variables, we shall be led to an interesting class of multilateral generating functions for the extended

multivariable fourth type polynomials considered and, of course, for the extended fourth type Horn
functions whenk =1, r = 2. We first set
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5= Qg (oY) =VEL Al By B P V2 YY)
)

in Theorem 3.2, where the extended multivariable hypergeometric functions (k)E({K}
! leNg;p.q

) generated by

[3]:
Z (/1)” (k)E(” )(/1+ N Bt Bei Ve Vei Xy v X )t

K }I eNp:p.q

(8)

- r . . X i X
z(l—t) i(k)E() ﬂ/!ﬁkﬂ!'--rﬁr!}/l"“']/r’ Xl ‘ -

(% hergipa) (1—t)p ,...,(1_t)p ’(1—t)""’(1—t) .

We are thus led to the following result which provides a class of bilateral generating functions for the
extended multivariable fourth type Horn functions and the extended multivariable hypergeometric
functions.

Corollary 4.1. If
A D Y N R GV eI S e A S

(& #0, uy €C)

then, we have

i[n/b]au)n y OH Y @zl DX X,
( |N0Pq)1 A=n+bly,, ..y,

n=0 1=0

% WEM ﬂ+,u+l//|,ﬂk+1,...,ﬂr' y Ultn_bl
({Kl}leNg;p,q) 7/1’.“,7r 1 )1 ' Jr (n—bl)'

=A,, Yoo Vi) @=1)* OH )

a1k},

pq)(a’ﬁkﬂ ..... Bol=27p 0y xl(l—t),xz,...,xr) 9)
provided that each member of (9) exists.
Remark 4.1. Using the generating relation (8) for the extended multivariable hypergeometric functions and

(A

getting @, = T 1=0,w =1 inCorollary 4.1, we find that

© [n/b] . 0!,,3 . ,...,ﬁr
Z (A)I (ﬂ)n_bl (k)H i'(){Kl}mNg;pvq)[ kl Yy ;Xl ''''' er

1-A-n+bl,y,,..,

A+ Betseons L gn-ol
><(k)E(r) [ 'Bk+1 ﬂr; Y j nt

(Khangina) 74007 7t 1 (n—bl)!
—(1—t)y*®Hy ™ & Pdr Pr
=(1-1) H 4,({K|}|ENO;p,q)(1/1,72,..., (1 t) Y j
e ABennB Ve Ve Yo
X(l—?]) (k)E(({IiI} | )[ ykl , : 1_1 s _k p’(l_kl)""’(l_ )
1eNg:p.g (nnys ( ]7) (1 ]7) n 77)
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On the other hand, we set Qﬂwl(y) =M g:(){KI}IENO;p’q)(a.ﬂkw---.ﬂril—ﬂ—(ﬂ"‘Wl)Jz,---J/r:Xl,---,X,)in

Theorem 3.2, we have the bilinear generating function relations for the extended multivariable fourth type
Horn functions.

Furthermore, for every suitable choice of the coefficients a; (i € Ny), if the multivariable
function Q41 (71, .., ¥s) s € N is expressed as an appropriate product of several simpler functions, the
assertions of Theorems 3.1 and 3.2 can be applied in order to derive various families of multilinear and
multilateral generating functions for the extended fourth type Horn functions.

5. Conclusion

When we study on sequences of special functions, it is possible to analyze the following situations with

the help of generating functions:
¢ finding an exact formula for the members of sequence,
e finding a recurrence formula,
¢ finding an asymptotic formula.

In this article, we established some generating functions for the extended multivariable fourth type Horn
functions and obtained a family of multilinear and multilateral generating functions for each of them. The
method used here enables us to obtain generating function relations for other sequences of special
functions.
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