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Abstract: In this paper, we introduce the notion of orthogonal Z-contraction mappings and prove fixed
point theorems for such contraction mappings in orthogonally metric spaces, which are generalizations of
fixed point results for Z-contraction mappings in metric spaces. As an application, we apply our main results
to show the existence of a unique positive definite solution of a nonlinear matrix equation.
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1. Introduction

The most well-known fixed point theorem is the Banach contraction principle (briefly, BCP) due to
Banach [1]. After that, Ran and Reuring [2] established fixed point results on partially ordered metric
spaces and also applied to the existence and uniqueness results of a solution for a nonlinear matrix
equation. Especially, Gordji et al. [3] extended the BCP to the setting of an orthogonal set (briefly, O-set).
They applied obtained results to prove the existence of a solution for a differential equation, which can not
be applied by the BCP [1] and the results of Ran and Reurings [2].

In 2012, Khojasteha et al. [4] introduced a new control function namely a simulation function and defined
a new contraction namely Z -contraction as follows:

Definition 1.1 ([4]). A function ¢ :[0,%0)x[0,00) — R is called a simulation function if it satisfies the
following conditions:

(&) <€(0,0)=0;

(&,) <(t,s)<s—t forall t,s>0;

(&,) if {t.}, {s,} aresequence in (0,0) suchthat limt =lims, >0, then

n—o0 n—oo

limsup<'(t,,s,) <O.

n—o0

We denote the set of all simulation functions by Z.
Definition 1.2 ([4]). Let (X,d) beametric spaceand ¢ € Z.Amapping T :X — X iscalleda

Z -contraction mapping with respectto Z if
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¢(d(Tx,Ty),d(x,y)) =20
forall x,ye X.

They showed that the class of Z -contraction mappings can be expressed in various contractive classes in
a simple and unified way and also established fixed point results for Z -contraction mappings in complete
metric spaces.

The aims of this work are to introduce the concept of orthogonal Z-contraction mappings with respect to
simulation functions and establish fixed point theorems for such contraction mappings in orthogonal metric
spaces. As an application, we apply our main results to consider the existence of a unique positive definite
solution of a nonlinear matrix equation.

2. Preliminaries
Throughout this paper, we denote by X, N, and N, the nonempty set, the set of positive integers

and the set of nonnegative integers, respectively.

Now, we recall the concept of an orthogonal set (or O-set), some examples and some properties of the
orthogonal sets as follows:

Definition 2.1 ([3]). Let X be a nonempty set and L X x X be a binary relation. If | satisfies

the following condition:
I [(Vye X,y L x,) or (VyeX, X, Lyl

then it is called an orthogonal set (briefly, O-set) and X, is called an orthogonal element. We denote this
O-setby (X,L1).

Example 2.2 ([3]). Let X be the set of all peoples in the word. Define the binary relation L on X by
XLy if X can give blood to y.If X, is a person such that his (her) blood type is O-, then we have

X, Ly forally e X. This means that (X,1) is an O-set. In this O-set, X, (in definition) is not unique.
Note that X, may be a person with blood type AB+. In this case, we have Yy L X, forall ye X.

Definition 2.3 ([3]). Let (X,Ll) be an O-set. A sequence {X,} is called an orthogonal sequence
(briefly, O-sequence) if

(VneN,x, L x,,,) or (VvneN,x ,LX).

n+1

Definition 2.4 ([3]). Thetriplet (X,.L,d) is called an orthogonal metric space if (X,L) isan O-set

and (X,d) isametricspace.
Definition 2.5 ([3]). Let (X,L,d) be an orthogonal metric space. Then a mapping T : X — X is

said to be orthogonally continuous (or L -continuous) in X € X if for each O-sequence {X,} in X with
X, —> X as N—> o, we have TX, > TX as N —>o0. Also, T issaidtobe L -continuouson Xif T

is L -continuousineach Xe X.

Definition 2.6 ([3]). Let (X,L1l,d) be an orthogonal metric space. Then X is said to be
orthogonally complete (briefly, O-complete) if every Cauchy O-sequence is convergent.

Definition 2.7 ([3]). Let (X,Ll) be an O-set. A mapping T :X — X is said to be L -preserving if
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TX LTy whenever X LY.
Moreover, we define some new properties of the orthogonal sets as follows:

Definition 2.8. We say that an O-set (X,_l) isa transitive orthogonal setif L is transitive.
Definition 2.9. Let (X,Ll) be an O-set. A path of length kK in L from X to Yy is a finite

sequence
{z,,2,,...,7,} = X such that

Zy=X,2,=Y,% Lz, or 7,17

forall i1=0,12,...,k-1.
Let Y(X,Y,L) bedenoted asall pathoflength kK in L from X to Y.
The following lemma will be useful later.

Lemma 2.10 ([5]). Let (X,d) be a metric space and {X,} a sequence in X such that

limd(x,,X,,,)=0.1f {X,} is not a Cauchy, then there exists &>0 and two subsequence {X,,,} and
n—oo
Koo} of {X,} where n(k)>m(k) >k such that r|]I_r>T°1od (Xay2r Xmgiysn) = l|1|_T)Y010d (Xaysr Xmysn) = €

and !}'_';Eld (Xn(k)’ Xm(k)) = rlll_rﬂd (Xn(k)’ Xm(k)+1) = LT;‘O d (Xn(k)—l’ Xm(k)+1) =é.

3. Main Results

In this section, we introduce a new Z -contraction mapping and prove some fixed point theorems for Z
-contraction mappings in orthogonally metric spaces.
Definition 3.1. Let (X,L,d) be an orthogonally metric space. A mapping T : X — X is called an

orthogonal Z -contraction mapping with respectto ¢ (briefly, Z, -contraction) if thereis { €Z such

that the following condition holds:
¢(d(Tx,Ty),d(x,y)) =0 (1)

forall x,ye X with x LY.
Theorem 3.2. Let (X,L,d) be an 0-complete metric space with an orthogonal element X, and T be a

self-mapping on X satisfying the following conditions:
1) (X,1) isa transitive orthogonal set;
2) T is L -preserving;
3) T isa Z, -contraction mapping;

4) T is L -continuous.
Then T has a fixed point X € X Also, the Picard sequence {T"X,} converges to the fixed point of T.

Proof. By the definition of orthogonality, there exists X, € X such that

(VyeX X, Ly) or (VyeX,yLXx,).

It follows that
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Xo LTX, or Tx, LX,.

n*eNo

X * = X % X * - . .
If °n ™1 for some , then "™ is a fixed point of

X, # X ; NeN,.

_ _ n
Let Xy =TX =T7X for all neN,.

T and so the proof is completed. So we may assume that "+l for al Thus we have

d(x,,,,%,)>0 neN,.

for all Since T is L -preserving, we have

(vn,x, L x,,) or (¥n,x,,, LX)

n+1

Since T isa Z, -contraction mapping, we have

O < é/(d(Tn+2XO,Tn+lX0)1d(Tn+lXO’TnXO))
< d(-l-n+lx0,-|-nx0) —d(Tn+2XO,Tn+lX0)

for all NneN. It yield that {d(T""x,,T"X,)} is a monotonically decreasing sequence of positive reals
and then there exists €>0 such that

. 1
!Ln;d(l'” X, T"%,) =C.
Suppose that € >0. Using (1) and (¢,) of Definition 1.1, we have

0< Iimsupéz(d(-l-mzxo’-l-mlxo),d(Tn+1X0’TnXO))<O’

n—o

which is a contradiction. Therefore, C=0 and so
H n+1 n
Mgd(l’ X0, T"%,) =0.

Now, we show that {X } is a Cauchy O-sequence. Suppose by contradiction that {X } is not a Cauchy
O-sequence. By Lemma 2.10, there exists £ >0 and two subsequence {X,,} and {x .} of {X.}

where N(K)>m(k) >k such that
!m d (X1 Xmqiys1) = !]l_[pc d (X, )5 Xmery) = &- (2)
Since (X,L) isa transitive orthogonal set, we have

(VKXo L Xngo) 0 (K, X0 L X)) -

From (b), (1), (2),and (¢,), we have

0 <Timsup &(d (X, ys1s Xmeiyea ) A Koy s X)) <0,
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which is a contradiction. Thus, {X,} isa Cauchy O-sequence in X .Since X is O-complete, there exists

X € X such that X, —>X as N— . Since T is L -continuous, we have TX, —Tx as Nn— .
Thus,

X =limTx, =limx ,=X.

n—o n—o

Hence, X € X is a fixed pointof T.
Theorem 3.3. In addition to the hypothesis of Theorem 3.2, suppose that Y(X,Y, 1) is nonempty for all

X,y € X.Then T has a unique fixed point.
Proof. Suppose that X', y* are two fixed points of T such that X # y*. Since Y(X,Y,Ll) is nonempty,

for all X,y e X, there exists a path{z,,Z,,...,Z,} of some finite length kK in L from X to Yy such

that

Z,=X,2,=Y,2; 1Lz, orz

1z forall 1=012,...,k-1.

i+1

(X,1) x Ly or Y Lx .From (1) and (), we have

Since is a transitive orthogonal set, we get

0<&(d(TX,Ty),d (X", y"))

=£(d(x,y),d(x",y)
<0,

which is a contradiction. Therefore, T has a unique fixed point. This completes the proof.

Corollary 3.4. Let (X,d) be a complete metric space and T : X — X be a Z-contraction mapping.
Then T has a unique fixed point in X . Moreover, for each X, € X, the Picard sequence {T"X,}

converges to the fixed point of T .

4. Application

In this section, we use the following matrix notations: M (n) denotes the set of all NxN complex
matrices, P(n) denotes the set of all NxN positive definite matrices, H"(N) denotes the set of all
NxN positive semidefinite matrices. We write A>B (A>B)if A—BeH"(n) (or A—-BeP(n)).In
particular, A>0 (A>0)implies Aec H"(n) (or AeP(n)). Wealso write A" denotes the conjugate

transpose ofan NxN matrix A. Inaddition, welet d; denotes the Thompson metric on P(n), which

is defined by

d; (A, B) = log {max{a, A}}

where a=inf{o:A < 6B}=1" (Bf%AB%) that is, the maximum eigenvalue of B?AB” and

B=inf{6:B<5A}=1" (A% BA™* ) , that is, the maximum eigenvalue of ABA?,
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The goal of this section is to apply fixed point results for Z, -contraction mappings via Thompson

metrics to solve the nonlinear matrix equation
M *.
X"=Q+) AK;(X)A 3)
i=1

where r>1, A isan NxN nonsingular matrix, Q is a Hermitian positive definite matrixand K, isa

continuous order preserving self-mapping on P(n).
We recall properties of the Thompson metric for Hermitian positive definite matrices as follows:

Lemma 4.1 ([6]). Let d; be a Thompson metricon P(n).

@ d;(AB)=d,(A",BY)=d, (MAM ,MBM") for all A BeP(n) and a nonsingular matrix
M;
(i) d,(A",B)r|d;(AB) forall ABeP(n) and re[-11];
(ii) d;(A+B,C+D)<max{d,(AC),d;(B,D)} forall AB,C,DeP(n).
Theorem 4.2. Consider the matrix equation (3). Let Qe P(n) and for each 1=12,...,m,
K, : P(n) = P(n) be a continuous order-preserving mapping. Suppose that there are positive number r>1

with
d; (K; (X), K (Y)) <r[d; (X,Y) —e(d; (X, Y))]

for all X,Y €eP(n),i=12,...,m, where ¢:[0,00) —>[0,0) is a continuous functions such that
@(t) =0 ifandonlyif t=0. Then the equation (3) has a unique positive solution.
Proof. Define the relation L on P(n) by

AlB& A < B.

Then, by setting X, =0, it follows that (P(n), L) is an O-set. Also, L is transitive on P(n). Since
(P(n),d;) isacomplete metric space, this implies that (P(n), L, d;) is an O-complete metric space. Next,

we define a mapping T : P(n) —> P(n) by
1

T(X){Q@A*Ki(xmjr

forall X € P(n). Then T iswell-defined, L -continuous,and L -preserving.
Now, we show that T is a Z, -contraction mapping with a function ¢ :[0,0)x[0,00) — R which is
defined by

¢(t,s)=s—gp(s)-t
forall t,5€[0,00).Let X,Y € P(n) suchthat X LY .Then
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0 TOOTN =0 @3 AK, (0AY (@3 A, (1A' |

<d (Q+ZAK(X)A Q+ZAK(Y)A]
<ld, (ZAK(X)A ZAK(Y)A)
sl max_ d (K; (X),K;(Y))

rieft2,...
ng(x,Y)—co(dT(X,Y))

Thus,
0<d, (X,Y)~o(d; (X,Y))~d, (T(X), T(Y))
and so

0<(dr (T(X), T(Y)).d (X,Y)).

Therefore, T isa Z, -contraction mapping.

By Theorem 3.2, there exists X & P(n) such that T(X)=X". Thatis, X is a positive definite

solution of the Equation (3). Since there is a greatest lower bound and a least upper bound, we have
Y(X,Y,L1) is nonempty forall X,Y € P(n). By Theorem 3.3, it follows that T has a unique fixed point

in P(n). This implies that Equation (3) has a unique solution in P(n).

5. Conclusion
Our main theorem is a real generalization of the Khojasteha's fixed point result and the Gordji's fixed
point result. Moreover, our new fixed point theorem for Z -contraction mappings can be applied to show

that the matrix equation (3) always has a unique positive definite solution.
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