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Abstract: In this article, we present the sufficient and necessary conditions for Hélder’s inequality in
weighted Orlicz spaces and in their weak type. One of the keys to prove our results is to estimate the norms
of characteristic function in R"™.
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1. Introduction

The Orlicz spaces were first introduced by Orlicz in [1] are generalizations of Lebesgue spaces. Recently,
Osancliol [2] also introduced weighted Orlicz spaces as generalization of Orlicz spaces and weighted
Lebesgue spaces. Many researchers have been studying intensively about Orlicz spaces (see [3]-[9], etc.).

Holder’s inequality was first studied by L.C Rogers in 1888 and was reproved by O. Holder in 1889. The
sufficient and necessary conditions for generalized Holder’s inequality in Lebesgue spaces may be found in
[3], [10], [11]. In 2018, Ifronika et al. [10] obtained the sufficient and necessary conditions for generalized
Holder’s inequality in Morrey spaces, in generalized Morrey spaces, and in their weak type. Recently,
Ifronika et al. [11] also obtained the sufficient and necessary conditions for generalized Holder’s inequality
in Orlicz spaces. In 2019, Masta et al. [9] also discussed the sufficient condition for Hélder’s inequality in
weighted Orlicz spaces. Motivated by these results, we would like to discuss the Hoélder’s inequality in
weighted Orlicz spaces and in weighted weak Orlicz spaces.

The novelty of this paper is a necessary condition of Holder’s inequality in weighted Orlicz spaces and in
their weak type. From our results, we can also see what parameters are significant in the Holder’s
inequality in weighted Orlicz spaces.

First we recall the definition of Young functions. A function &:[0, ) — [0, o) is called a Young function
if @ is a convey, left-continuous, lti_r)r(}cb(t) =0 = $(0), and glrgcb(t) = oo, For @ is a Young function, we

define ®~1(s): = inf{r = 0: ®(r) > s} for every s = 0. For ® is a Young function, the Orlicz space
Lo (R™) is the set of functions f: R™ = R such that

I f L@y = inf {b > 0: f]R" ()] (@) dx < 1} < o0, (1)

Meanwhile, for @ is a Young function, the weak Orlicz space wL4(R™) is the set of all measurable
functions f:IR™ - R such that
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I f g @my: = inf{b > 0:supd(t)u (fx € R > 13) < 1} < . 2)
t>0

Now, we come to the definition of weighted Orlicz spaces and weighted weak Orlicz spaces. Let ® be
a Young function and u is a weight on R" (i.e u:R™ — (0,00) is a measurable function), the
weighted Orlicz space L4 (R™) is the set of all functions f: R™ - R such that

I f W gy =N f Nl gmy=inf{b > 0: [y, & (ML) 4y < 1} < oo (3)

Note that, if u(x) =1 forevery x € R", then L% (R™) = Lo (R™) is Orlicz space.
Analog with weighted Orlicz spaces, for a Young function ® and a weight u on R", the weighted
weak Orlicz space wL4,(R™) is the set of all measurable functions f:R™ - R such that

I My ey =1 U gy < 0. 4)

As well as the Orlicz space and the weak Orlicz space, the relation between weighted weak Orlicz
spaces and (strong) weighted Orlicz spaces is

L (R™) € wLk (RM)

with || f s wny<Il f llwny forevery f € L% (R™).

The rest of this paper is organized as follows. In Section 2, we presented some lemmas which useful for
obtain our results. The main results are presented in Section 3. In Section 3, we state the sufficient and
necessary conditions for Holder’s inequality in weighted Orlicz spaces and in their weak type.

2. Methods

To obtain the sufficient and necessary conditions for Holder’s inequality in weighted Orlicz spaces, we
use the norms of the characteristic function in R™ and some lemmas as in the following.
Lemma 2.1 [3], [4], [11], [12] Suppose that @ is a Young function and ®~1(s):= inf{r = 0: d(r) > s}.
We have
1) &7 10) =o0.
2) O 71(s)) < d7I(sy) for s, < sy
3) (@7 1(s) <s <P (@(s)) for 0 < s < oo,
Lemma 2.2 [2], [11], [12] Let u: R™ — (0,0) be a measurable function such that u(x +y) < u(x) - u(y)
for every x,y € R™ If @ is a Young function, T,f(y) = f(y —x), for f € L4 (R™) and f # 0, then there
exists a constant C > 0 (dependson f) such that

u (x)

<N Lf Type ey <I Tof Nl gy < Cu(x). (5)

Lemma 2.3 [12] Let @ be a Young function. If f € wL%(R™), then for arbitrary € > 0 we have

sup®(t)

t>0

<1. (6)

{x c g, HEI®1 t}

1y ey
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3. Main Results

First, we present the sufficient and necessary conditions for Holder’s inequality in weighted Orlicz
spaces in the following theorem.

Theorem 3.1. Let &,,®,, ®; be Young functions and uq,u,,u;: R® - R be measurable functions such
that ®71(t)@;1(t) < ®31(t) forevery t > 0. Then the following statements are equivalent:
1) There exists a constant C > 0 such that uz(x) < Cuq(x)u,(x) forevery x € R™
2) For f; € Llé,ll (R™) and f, € L’;,Zz (R™), there exists a constant M > 0 such that

" f1f2 "LI;,?;(]RH')S M " f1 "Lghll(Rn)” fz ”Li‘pZZ(Rn)

forevery f, € Lill(]l%") and f, € LZ,ZZ (R™).
Proof.

((1) = (2)). The proof of (1) implies (2) can be found in [11] and it goes as follows. Suppose that (1)
holds. Since & is a convex function, we have

[us (x) f1(x) f2(x)] 1 lus (x) f1(x) f2 ()|
fRncD3( 30X S )deEIR"q)3< 3X)f1(X) 2 )dx

2073l 1 gy 2l 22 oy sl gy V21,22

1 [uq (0)uz () f1(x) (X))
SEfan)?)(ulxuzx 1(X)J2(X )dx_ (7)

Il g2l 2 (o)
Without loss of generality, suppose that ®,(s) < ®,(t) for s,t = 0. By Lemma 2.1(3), we obtain
st < 07 (@1() P71 (P2(D) < DT (D2(D) P77 (P2(D) < P37 (D2(8)).

Hence, we have

D3(st) < P3(P31(P,(1))) < P2(t) < Py(8) + P1(5). (8)

On the other hand, by using inequality (8), we obtain

f @, [uq () ug () f1 () fr (X)) dx < f LD, lug () f1 ()] dx +f @, [uz () f2 ()] dx <2, 9)
R Wfal s gy 2l 22 oy R K
1 2

173l 1 g 172052 g

whenever f; € Lﬁ}l(Rn) and f, € L’f;z (R™). From inequality (7) and (9) we have,

f o, lus () f1 () ()]
RTL

dx < 1.
2 ” fl ”Lz)ll(]Rn)" fz "LIC;ZZ(]RTL)

By definition of [I-]| Llé33(mn),we have || f1f; |l L‘;)33(Rn)g A L4 (R™) I foll 142 (R)-

((2) = (1)). Assume that (2) holds. Take arbitrary f; € L’é}l (R™) and f, € L’:DZZ (R™). By Lemma 2.2, we
have
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uz(x)
S ST\ Tefy W Gy € Tefy i gl T Ntz gy < Cota ()12(0),

for every x € R™. So, we obtain uz(x) < Mu,(x)u,(x), for M = C2.
Corollary 3.2. (Holder’s inequality in weighted Lebesgue spaces) Let 1 < pq,p;,p3 < % such that

1,1 1 . .

St = and uq, Uy, u3: R®™ > R be measurable functions. Then the following statements are
1 2 3

equivalent:

1) There exists a constant C > 0 such that uz(x) < Cuqy(x)u,(x) forevery x € R™
2) For f; € Lgi (R™) and f, € L;i (R™), there exists a constant M > 0 such that

I i s gy MO0 Fo i gl f M ey

for every f; € Lgi (R™) and f, € L;Z (R™).

Proof.

Let @, (t): = tPr, D, (t): = tP2, Og4(t): = tP3 for every t = 0. Since 1 < pq,p,p3 < o, we have @, D,,
and ®; are Young functions. Observe that, using the definition of ®~1, we also obtain

1

dri(t) = tﬁ, b 1(t) = ti and ®31(t) = ts.
1 1 1

Moreover, ®;1(t)®;1(t) = tritrz = tps = d31(t). By using Theorem 3.1, we have (1) and (2) are
equivalent.

Now we come to the sufficient and necessary conditions for Holder’s inequality in weighted weak Orlicz
spaces as the following theorem.

Theorem 3.3 Let &, P,, ®; be Young functions and uq,u,,us: R® - R be measurable functions such
that ®71(t)@51(t) < @31(t) forevery t > 0. Then the following statements are equivalent:

1) There exists a constant C > 0 such that uz(x) < Cuq(x)uy(x) forevery x € R™.
2) There exists a constant M > 0 such that

” flfz IleI;Z;(Rn)S M " f1 “WL‘L;)ll(Rn) ” fz ||WL1<;22(Rn)

for every f; € WLZ)ZZ (R™) and f, € WLZ;2 (R™).

Proof.

((1) = (2)). The proof of (1) implies (2) can be found in [12] and it goes as follows. Suppose that (1)
holds. Let f; be elements of ngi(R”), i = 1,2. By Lemma 2.3, for every k € N we have

@, () | x € R DAL 5 3 < 1 and @, (1) [{x € R — 2RO 14 < 4

. 1 . 1
(1+E)"f1"sz)11(]R") (1+E)"f2"WL;22(]Rn)
for every t > 0.

Foreach x € R™ and k € N, let M (x, k): = max {d)l (M)d)z <M>}

1 1
(1+E)"f1 ||WL1&L>11 (R (1+E)"f2 ||WL1;>22 (R™)
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[ui () fi(x)]

From &; < M(x,k) and Lemma 2.1 (3), we have

1
(1+;)||fi||wL$ii(Rn)
W@ o 1| @, | —HOAOL ) ) < 1M (x, k), (10)
(1+E)"fi"WLz)i_(]Rn) (1+E)”fi"sz)i_(an)

where i =1,2.
Since inequality (9) is true for i = 1,2, we have

2 WONOL o r1(M(x, k)7L (M(x, k) < D31 (M(x, K)). (11)

=1 1
DIl
a+pis ‘"wLi{(Rn)
l

By using inequality (11) and @ is increasing function, we obtain

2
s 1_[ lf (/) < Oy (D3 (M(x, k))) < M(x, k).
i=1 1+ I f; 2 (geny

[ui () fi(2)]

On the other hand, we have M(x, k) < Y2, &, T
@+pIfil

u
WLd)li(]Rn)

Therefore

2 2
. t .
®,(t) [{ x € R™ | | hf(x) LS | (S 1_[ °1|u3(x)fl(x)| lx € R™: 1> 6}
i=1 (1 +F) Il f; "WLI‘;’ii(Rn) i=1 (1 +F) I f; IleI(;ii(]Rn)

2
to|u; (0 f; (x
< o, 1_[ °1| AQIAC] {x € R™1 > )|
i=t A+ N fill, 2 gn)
<) @ )

2
Z tolu; () f; ()| [{x € R™: 1 > t,}|

1
f(1+z)||f1 ||WLZ.)11 (]Rn) ”fz"sz)zz (]Rn)

[uz () f1(x)f2 ()|
Next, we also have

where ty: =

tolui(x)f;(x w: () f:(x
@, °1| ACUACY l{x € R*:1 > ty}| = @;(t;) [{ x € R™ lll( JAC > t;
(L+g) s s cemy (L+g) s 12
<1
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tolui () fi(2)] [uz () fi(0)|

where t; = —3 ,for i = 1,2. S0, we obtain ®5(t) [{x € R™ ]2, —3 >t <2
a+plif i”ng,ii(Rn) A+lf i”sz)ii(an)
On the other hand, we have
Do(t) [{x e R, =200 o b < supd,(6) [{x € R [12, —Re@NOL o oy
\/E(1+E)||fille;i.(Rn) t>0 (1+E)"fi”ng;i'(JRn)
L L

2
s us(x)fi(x
:supCD3(E) xE]R":l | |13( JAQI >s
>0 i=t (L+p) I f; i gy

1 Uz (x) f; (x
< sup> Py(s) [ x € R™ |13( UGG
§>0 i=1 (1 +F) Il f; "wL’;j_(u@n)

Since s > 0 is an arbitrary positive real number, we get

[us () f1 ()2 ()|

1
2(1+E)||f1||WL1$11(Rn)"lele1$22(Rn)

sup®;(t) [{x € R™ >t <1
£>0

This shows that

1
At Mg S 2 (1 2) 1A i ol o i
and this is true for every k € N. We can conclude that
” flfz "WLZ%(IR”)S 2 " fl |IWL7;)11(R11)” fz Ile’;)ZZ(Rn).

((2) = (1)). Assume that (2) holds. Take arbitrary f; € ngl (R™) and f;, € L’;fz (R™). By Lemma 2.2,

we have

us (%)
B8 N Tof | Tuf, lhz2s gy S €1 Tefy Mgas oyl Tefy gz gy < Ctta (12 (),

for every x € R™. So, we obtain u;(x) < Cuy(x)u,(x), for every x € R™.
Corollary 3.4. (Holder’s inequality in weighted weak Lebesgue spaces) Let 1 < p;,p,,p3 < o such that

pi+pi=pi and uq,u,,uz3: R®* > R be measurable functions. Then the following statements are
1 2 3
equivalent:

1) There exists a constant C > 0 such that uz(x) < Cuy(x)u,(x) forevery x € R™
2) For f; € ngi (R™) and f, € szz (R™), there exists a constant M > 0 such that

I fuf sy < M Fo s gyl i T2 e
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for every f; € WLE(IR{") and f, € ngi (R™).

Proof.

Let @, (t): = tPr, D, (t): = tP2, O4(t): = tP3 for every t = 0. Since 1 < py,p,p3 < o, we have @, D,,
and ®; are Young functions. Observe that, using the definition of ®~1, we also obtain

1

1 1
d7L(t) = tr1, dFI(t) = trz,and P3L(t) = tes.
1 1 N
Moreover, ®;1(t)®51(t) = tritrz = tps = d31(t). By using Theorem 3.3, we have (1) and (2) are
equivalent.

4. Conclusions

We have shown the sufficient and necessary conditions for generalized Holder’s inequality in L, (R™)
space and in wL%(R™) space. From Theorems 3.1 and 3.3, we see that both Hélder’s inequality in
weighted Orlicz spaces and in weighted weak Orlicz spaces are equivalent to the same condition, namely
uz(x) < Cuy (X)uz(x).
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