
  
Abstract—The energy eigenvalues and eigenfunctions of 

Schrodinger equation for Hulthen potential plus Eckart 
potential with the centrifugal term are investigated 
approximately in terms of finite Romanovski polynomial. The 
bound state energy eigenvalues are given in a closed form and 
corresponding eigenfunctions are obtained in terms of 
Romanovski polynomials. 
 

Index Terms—Schrodinger equation, hulthen potential plus 
eckart potential, centrifugal term, finite romanovski 
polynomials. 
 

I. INTRODUCTION 
It is well known that the exact solution of one 

dimensional Schrodinger equation for some physical 
potentials are very important since they provide all 
necessary information for quantum system under 
consideration. Recently, conciderably efforts have been paid 
to obtain the exact solution of the central potentials. These 
potentials include Scarf, Manning Rosen, Rosen Morse, 
Hulthen, and Wood Saxon potentials. The bound state 
energy spectra of these potentials have been investigated by 
various techniques such as factorization methods,[1]-[3] 
supersymmetric quantum mechanics, [4]-[6] 
hypergeometric type equation, [7], [8] Nikiforov-Uvarov 
method,[9]-[11] etc. The exact solution of Schrodinger 
equation is obtained if the the angular momentum l=0 . 
However, for ݈ ് 0, the Schrodinger equation can only be 
solved approximately for different suitable approximation 
scheme. One of the suitable approximation scheme is 
conventionally proposed by Greene and Aldrich. [12] 

In this paper we will attempt to solve the Schrodinger 
equation for Hulthen plus Eckart potential [13], [14] 
including the centrifugal term in term of finite Romanovski 
polynomials. The Romanovski polynomials, to be persued 
by us here, consist of reducing Schrodinger equation by an 
appropriate change of the variable to form of generalized 
hypergeometric equation [7]. The polynomial was 
discovered by Sir E.J.Routh[15] and by V. I. Romanovski 
[16]. The notion “finite” refers to the observation that, for 
any given set of parameters (i.e. in any potential) only a 
finite of polynomials appear orthogonal.[17]  

A class of hyperbolic potentials play the essential roles in 
interatomic and intermolecular forces [18] and can be used to 
describe molecular vibrations. The Hulthen plus Eckart 
potential with the centrifugal term is a generalized 
hyperbolic form of Eckart potential, and therefore can be 
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potentially applied in describing the molecular vibration and 
intermolecular forces. 

This paper is organized as follows. In section 1.1, we 
review the finite Romanovski polynomial briefly. In section 
1.2, we find the bound state energy solution and wave 
function. A brief conclusion is presented in section 2. 

A. Review of Formulas for the Polynomial Solution to 
the Generalized Hypergeometric Equation 
The generalized hypergeometric equation is given as [18], 

[19]. 
(ݔሺߪ  ௗమ௬೙ሺ௫)ௗ௫మ + ߬ሺݔ) ௗ௬೙ሺ௫)ௗ௫ + (ݔ௡ሺݕ௡ߣ = 0        (1) 

 
where ߪሺݔ) = ଶݔܽ + ݔܾ + ܿ; ߬ = ݔ݀ + ݁ and  
௡ߣ  = െሼ݊ሺ݊ െ 1) + 2݊ሺ1 െ  ሽ                (2)(݌
 

Equation (1) is described in the textbook by Nikiforov-
Uvarov [9] where it is cast into self adjoint form and its 
weight function, w(x), satisfies the so called Pearson 
differential equation. 

 ௗሺఙሺ௫)௪ሺ௫))ௗ௫ = ߬ሺݓ(ݔሺ(3)                       (ݔ 
 

The weight function obtained by solving the Pearson 
differential equation is 

 
(ݔሺݓ  = exp ሺ׬ ሺௗିଶ௔)௫ାሺ௘ି௕)௔௫మା௕௫ା௖  (4)             ݔ݀

 
The corresponding polynomials to the weight function 

equation (4) are built up from the Rodrigues representation 
that is given as 

௡ݕ  = ଵ௪ሺ௫) ௗ೙ௗ௫೙ ሼሺܽݔଶ + ݔܾ + ܿ)௡ݓሺݔ)ሽ        (5) 
 

For Romanovski polynomial, the values of parameters in 
equation (4) are: 

 ܽ = 1, ܾ = 0, ܿ = 1, ݀ = 2ሺ1 െ ݁ and ,(݌ = ݌ with ݍ ൐ 0 (6) 
 

By inserting equation (6) into equation (4) we obtain the 
weight function as 

(ݔሺݓ  = ሺ1 +  ଶ)ି௣݁௤௧௔௡షభሺ௫)                    (7)ݔ
 

This weight function was first reported by Routh and then 
by Romanovski. The polynomials associated with equation 
(7) are Romanovski polynomials and denoted by ܴ௡ሺ௣,௤)ሺݔ) . 
As long the weight function decreases by ିݔଶ௣ , integral of 
the type 
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׬  ∞ି∞(ሺ௣,௤ݓ ܴ௠ሺ௣,௤)ሺݔ)ܴ௠′
ሺ௣,௤)ሺ(8)               ݔ݀(ݔ 

 
will be convergent only if 
 

 ݉′ + ݉ ൏ ݌2 െ 1                           (9) 
 

This means that there are only a finite number of 
Romanovski polynomials that are orthogonal. The 
differential equation satisfied by Romanovski Polynomial is 

 ሺ1 + (ଶݔ డమோ೙ሺ೛,೜)ሺ௫)డ௫మ + ሼ2ݔሺെ݌ + 1) + ሽݍ డோ೙ሺ೛,೜)ሺ௫)డ௦ െሼ݊ሺ݊ െ 1) + 2݊ሺ1 െ  (10)          0= (ݔሽܴ௡ሺ௣,௤)ሺ(݌
 
which is hypergeometric type equation with parameters 
expressed in equation (6).The Romanovski polynomials 
obtained from equations (5) and (7) are 
 ܴ௡ሺ௣,௤)ሺݔ) = ଵሺଵା௫మ)ష೛௘೜೟ೌ೙షభሺೣ) ௗ೙ௗ௫೙ ሼሺ1 + ଶ)௡ሺ1ݔ  ଶ)ି௣݁௤௧௔௡షభሺ௫)ሽ                         (11)ݔ+

 

B. The Eigenvalues and Eigenfuction of Hulthen Plus 
Eckart Potentials with Centrifugal Term in terms of 
Romanovski Polynomials 
The Schrodinger equation for Hulthen [14] potential plus 

Eckart [13] potential with centrifugal term is 
 െ ԰మଶ௠ ሼ ௗమோሺ௥)ௗ௥మ + ଶ௥ ௗோሺ௥)ௗ௥ െ ௟ሺ௟ାଵ)ோሺ௥)௥మ ሽ + ԰మଶ௠ ቊ ଴ܸ ௘షೝೌ

ሺଵି௘షೝೌ)మ െ
ଵܸ ଵା௘షೝೌ

ଵି௘షೝೌ െ ଶܸ ௘షೝೌ
ଵି௘షೝೌቋ ܴሺݎ) =  (12)            (ݎሺܴܧ

 
where 0 ൏ ௥௔ ൏ ∞ , ଴ܸ ൏ ଵܸ , ଴ܸ, ଵܸ , and ଶܸ  are positive 
constants. 
 

If ሺݎ) = ఞሺ௥)௥  , ଶ௠԰మ ܧ = െ߳ଶ, and ଵ௥మ ؆ ଵସ௔మ௦௜௡௛మ ೝమೌ, [12]   (13) 

 
then equation (12) can be rewritten as 
 ௗమఞሺ௥)ௗ௥మ  െ ൜௏బ௔మା௟ሺ௟ାଵ)ସ௔మ௦௜௡௛మ ೝమೌ െ ሺ ଵܸ + ௏మଶ ݄ݐ݋ܿ( ௥ଶ௔ + ௏మଶ + ߳ଶൠ ߯ሺݎ) =0                              (14) 

 
By making an appropriate change of variable, ݎ =݂ሺݔ) =  in equation (14), then equation (14) (ݔଵሺ݅ି݄ݐ݋2ܽܿ

becomes 
 ሺ1 + (ଶݔ డమఞడ௫మ + ݔ2 డఞడ௫ െቊ ଴ܸܽଶ + ݈ሺ݈ + 1) + ሺ௏భାೇమమ )௜௫ସ௔మሺଵା௫మ) െ ೇమమ ାఢమሺଵା௫మ) 4ܽଶቋ ߯ = 0 (15) 

 
To solve equation (15) in terms of Romanovski 

polynomial, equation (7) suggests the substitution in 
equation (15) as [19] ߯ሺ݂ሺݔ)) = ݃௡ሺݔ) = ሺ1 + ଶ)మഁ݁షమഀݔ ௧௔௡షభ௫ܦ௡ሺఉ,ఈ)ሺ(16)  (ݔ 
 
where 0 ൏ ݔ ൏ ∞  

By inserting equation (16) into equation (15) we obtain 
 ሺ1 + (ଶݔ డమ஽డ௫మ + ሼ2ݔሺߚ + 1) െ ሽߙ డ஽డ௫ െቊഀିࢻ࢞ࢼమర ାఉమାቀ௏భାೇమమ ቁ௜௫ସ௔మିሺೇమమ ାఢమ)ସ௔మ૚ା࢞૛ + ଴ܸܽଶ + ݈ሺ݈ + 1) െߚଶ െ ൠߚ ܦ = 0    (17) 

 
By setting the coefficient of ଵ૚ା࢞૛ in equation (18) to be 

zero, that are 
 െ ఈమସ + ଶߚ െ ሺ௏మଶ + ߳ଶ)4ܽଶ = 0 and ߙߚ + ቀ ଵܸ + ௏మଶ ቁ ݅4ܽଶ =0 (18) 

 
then equation (17) reduces to the Romanovski equation 
expressed in equation (10). By comparing the parameters 
between equations (10) and (17) we obtain the following 
relation: 
 ଴ܸܽଶ + ݈ሺ݈ + 1) െ ଶߚ െ ߚ = ݊ሺ݊ െ 1) + 2݊ሺ1 െ  (19a)   (݌

 2ሺߚ + 1) = 2ሺെ݌ + 1) and ߙ = െݍ     (19b) 
 

From equation (19a) and (19b) we have 
ߚ  = െߙ ,݌ = െݍ    (20a) 

 

and ߚ = ࢔ߚ = ට ଴ܸܽଶ + ሺ ݈ + ଵଶ)ଶ െ ݊ െ ଵଶ   (20b) 

 
and also from equation (18) we obtain 
ଶߙ  = െ8ܽଶሺ௏మଶ + ߳ଶ) േ 8ܽଶඥሺ߳ଶ + ଶܸ+ ଵܸ)ሺሺ߳ଶെ ଵܸ) (21a) 

 

ଶߚ  = ିቀ௏భାೇమమ ቁమଶ௔మିሺೇమమ ାఢమ)േඥሺఢమା௏మା௏భ)ሺሺఢమି௏భ)        (21b) 

 
Using equation (18) and (20b) we obtain 
ߙ  = ௡ߙ = െ ቀ௏భାೇమమ ቁ௜ସ௔మට௏బ௔మାሺ ௟ାభమ)మି௡ିభమ    (22) 

 
Finally we obtain the energy spectra by using equations 

(20b) and (21b), that is 
 

௡ܧ = െ ԰మଶ௠ ൞ ቀ௏భାೇమమ ቁమ௔మ
 ቆට௏బ௔మାሺ ௟ାభమ)మି௡ିభమ ቇమ + ቆට௏బ௔మାሺ ௟ାభమ)మି௡ିభమ ቇସ௔మ

ଶ െ
௏మଶ ൢ  (23) 

 
The energy spectra in equation (23) is in agreement with 

the result obtained using NU method.   
To determine the wave function, equations (20a), (20b) 

and (22) are inserted into equations (7) and (11) so that we 
obtain the weight function w(x) and the Romanovski 
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polynomials ܴ௡ሺିఉ,ିఈ)ሺݔ) as  ݓሺିఉ,ିఈ)ሺݔ) = ሺ1 + (ଶ)ఉ೙݁ିఈ೙௧௔௡షభሺ௫ݔ == ሺ1 +
ଶ)ට௏బ௔మାሺ ௟ାభమ)మି௡ିభమexp ൮ݔ ସ௜௔మቀ௏భାೇమమ ቁට௏బ௔మାሺ ௟ାభమ)మି௡ିభమ  ൲(ݔଵሺି݊ܽݐ

(24)  

And ܦ௡ሺఉ,ఈ)ሺݔ) = ܴ௡ሺିఉ,ିఈ)ሺݔ) = ଵሺଵା௫మ)ഁ௘షഀ೟ೌ೙షభሺೣ) ௗ೙ௗ௫೙ ሼሺ1  ଶ)ఉା௡݁ିఈ௧௔௡షభሺ௫)ሽ     (25)ݔ+
 
where ߚ௡ and ߙ௡ are expressed in equations (20b) and (22). 
As a result, the wave function of the nth level is 
 ߯௡ሺ݂ሺݔ)) = ݃௡ሺݔ) =ሺ1 + ଶ)ഁ೙మݔ ݁షഀ೙మ ௧௔௡షభ௫ܴ௡ሺିఉ,ିఈ)ሺݔ) ଵට೏೑ሺೣ)೏ೣ        (26) 

 
with ௗ௙ሺ௫)ௗ௫ = ଶ௔௜ଵା௫మ  

Since the ߚ௡  and ߙ௡  parameters are n-dependence then 
equation (26) may not be valid [19], and the orthogonality of 
the wave functions may not be the amount to the 
orthogonality integral of the polynomials.  The 
orthogonality integral of the wave functions is given as 

׬  ߯௡ሺݎ)߯௡′ሺݎ)∞଴ ݎ݀ =  ௡௡′                 (27a)ߜ
 

The implication of the orthogonality of wave functions 
equation (27a) is the orthogonality of the ܴ௡ሺିఉ,ିఈ)ሺݔ) 
polynomials which is given as 

׬  ሺ1 + ଶ)ഁ೙మݔ ݁షഀ೙మ ௧௔௡షభ௫ሺ1  (27b)  ′݊݊ߜ=2ݔ+1ݔ2ܽ݅݀ݔߙ−,ߚ−′ܴ݊ݔߙ−,ߚ−ܴ݊ݔ1−݊ܽݐ′2݊ߙ−′2݁݊ߚ(2ݔ∞ି∞+

 
which is not finite. 

By carrying out the differentiations of equation (11), we 
find the lowest three unnormalized polynomials to be 

 
 ܴ଴ሺିఉబ,ିఈబ)ሺݔ) = 1      (28a) 

 ܴଵሺିఉభ,ିఈభ)ሺݔ) == ሺߚଵ + ݔ2(1 െ  ଵ (28b)ߙ
 

 ܴଶሺିఉమ,ିఈమ)ሺݔ) = 2ሺߚଶ + 2)ሺ2ߚଶ + ଶݔ(3 െ ଶߚଶሺ2ߙ2 ݔ(3+ + ଶଶߙ + ଶߚ2 + 4    (28c) 
 

ܴଷሺିఉయ,ିఈయ)ሺݔ) = ଷߚଷሺݔ4 + 3)ሺ2ߚଷ + 5)ሺߚଷ + 2) െ6ߙଷݔଶሺ2ߚଷ + 5)ሺߚଷ + 2) + ଷଶߚሺ6ݔ2 + ଷߚଷଶߙ3 + ଷߚ28 ଷଶߙ6+ + 34) െ ߚሺ2ߙ2 + 5) െ ଶߙሼߙ + ߚ2 + 6ሽ   (28d) 
 

where ߚ௡ and ߙ௡ are expressed in equations (20b) and (22). 
 

II. CONCLUSION 
In this work we present the approximate solution of one 

dimensional Schrodinger equation for Hulthen potential plus 
Eckart potential including centrifugal term in terms of 
Romanovski polynomial. The energy spectrum is obtained 
in the closed form and the wave function obtained is 
expressed in terms of Romanovski polynomials. Due to n-
dependence of the weight function parameters, the 
Romanovski polynomials that are orthogonal are not finite. 
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