
  

 

Abstract—Graph polynomials are important objects of 

research in graph theory. Particularly, the permanental 

polynomials are widely used in Physics and Chemistry. As the 

difficulty to evaluate the permanental polynomials, this paper 

deals with the computation of the permanental polynomials of 

graphs under various operations. Firstly, we give explicit 

expressions for the permanental polynomials of single 

subdivision graphs and bisubdivision graphs in recursive ways, 

respectively. Then we deduce the permanental polynomials of 

degree subdivision graphs by the product of matrices. Based on 

these, the permanental polynomials of those physical graphs 

and chemical graphs which can be generated by subdivision 

operations can be derived. 

 

Index Terms—Permanent, permanental polynomial, 

subdivision graph. 

 

I. INTRODUCTION 

The permanental polynomials of graphs originate from 

Mathematics. Recently, they have attracted some interest in 

Chemistry, Physics and graph theory. For example, the Jones 

polynomial, which has deep connections with statistical 

mechanics, can be expressed as the permanent of a matrix [1]. 

Moreover, the computation of the transition amplitude of a 

quantum circuit can also be encoded as computing the 

permanent of a matrix [2]. In addition, the constant term of 

the permanental polynomial of a chemical graph enumerates 

the close-packed dimers (which is termed as perfect 

matchings in Mathematics) of a graph, and the coefficients 

and zeros of permanental polynomials are related to the 

stability and structure information of chemical graphs [3], [4]. 

Therefore, it is interesting and exciting to evaluate the 

permanental polynomials of graphs. 

As is well known, computing the permanent of a matrix is 

a #P-complete problem [5]. So it is very hard to compute the 

permanents and the permanental polynomials directly. Is 

there an efficient method to deal with the permanental 

polynomials of some interesting and special graphs? Many 

graphs widely used in Chemistry and Physics could be 

generated by a series of subdivision operations. Motivated by 

this, in this paper we provide ways to compute the 

permanental polynomials of subdivision graphs. We 

introduce some definitions and notations. 

 

 

 

u  and v  is denoted by e = (u, v). A cycle is a graph with an 

equal number of vertices and edges whose vertices can be 

placed around a circle so that two vertices are joined by an 

edge if and only if they appear consecutively along the circle.  

Let G be a finite and simple graph on n vertices. The 

permanental polynomial of G   is defined as 
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where I is the identity matrix of order n, A(G) is the adjacency 

matrix of G and  the permanent )(Aper  of a matrix 

nnijaA  )(  is given as [6] 
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with n denoting the set of all the permutations of 

{1, 2, ..., }n . 

In the literatures [7], [8], they proved that the coefficient of 

the permanental polynomial satisfies that 
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where the sum ranges over all subgraphs H  on i  vertices 

whose components are single edges or cycles, and )(H  is 

the number of cycles. Based on this result, Borowiecki and 

Jóźwiak [9] studied the relationship between the permanental 

polynomial of a graph and the permanental polynomials of  

its subgraphs, and they obtained the following results. 

Theorem I.1 [9] Let e = (u, v) be an edge of a graph G and 

)(Ge  the set of cycles containing e . Then 
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where C is a cycle in )(Ge and |)(| CV denotes the number 

of vertices of C . 

Theorem I.2 [9] Let u be a vertex of a graph G and 

)(Gu  the set of cycles containing u . Then 
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where uv ~  means v and u are the end-verices of an edge, 

C is a cycle in )(Gu and |)(| CV is the number of vertices 

of C . 

Theorems I.1 and I.2 provide ways to deduce the 

permanental polynomials, but it is not convenient to use. On 

the purpose to obtain the permanental polynomials easily and 

efficiently, we turn to derive the permanental polynomials of 

graphs in a linear algebra method. Explicitly, we will deduce 

the permanental polynomials of graphs in a recursive way by 

the product of matrices. 

The organization of this paper is as follows. In Section II 

we give the expressions of the permanental polynomials of  a 

single subdivision graph and a bisubdivision graph, 

respectively. In Section III we obtain the permanental 

polynomials of degree subdivision graphs by the product of 

matrices. These theoretical results provide methods to 

compute the permanental polynomial of graphs under 

subdivision operations. 

 

II. THE PERMANENTAL POLYNOMIALS OF GRAPHS BY 

SUBDIVIDING AN EDGE OF A GRAPH 

A. The Permanental Polynomials of Single Subdivision 

Graphs 

Let H  be the graph with m  edges meee ,...,, 21 . If a graph 

G can be obtained from H by breaking up each ie  into 

1ik segments by inserting ik intermediate vertices 

between its two end-vertices, then G  is said to be a 

subdivision graph of H . For a prescribed edge je of graph 

H , if 1jk , then G is said to be a single subdivision of H  

by je ; if 2jk , then G is said to be a bisubdivision of  

H by je , see Fig. 1.   

A subdivision graph of H  can be obtained from H  by a 

series of single subdivisions or bisubdivisions. In the 

following, we will deduce the permanental polynomials of 

the single subdivision of H and the bisubdivision of H , 

respectively. 
 

                              
                 a)                                                b)  

                              
                                             c) 

Fig. 1. a) H, b) the single subdivision of  H and c) the  bisubdivision of H. 

 

Theorem II.1 Let e = (u, v) be an edge of H and G  the 

single subdivision of H by inserting one intermediate vertex 

1u  between u  and v . Denote the edge 1( , )u u  in G by 1e . 

Let ( , , , )H e u v  be the column vector ( ( , ),H x          

.)),(),,(),,(),,( TxvuHxvHxuHxeH    

Then 
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where 1A is a 55 matrix whose i-th row vector is ir  for 

.51  i  Explicitly, 1 ( 1, 1, 1, 1, 1)r x   ; 

2 (0, , 0, 1, 0)r x ; 
3 (0, 0, , 0, 1)r x ;

4 (0, 1, 0, 0, 0)r  ; 

5 (0, 0, 1, 0, 0)r  .  

Proof: According to Theorem I.2, 
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Following Theorem I.1, it holds that 
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Combining (1), we obtain that 
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Applying Theorem I.1, we get that 
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and 

),(),(),( 11111 xvueGxueGxxeG    

).,(),( xvHxeHx    

It is easy to see that 

),(),( 1 xeHxuG   and

).,(),( 1 xuHxuuG    
Thus

 

),,,(),,,( 111 vueHAuueG  
 
follows.  

 

B.
 

The Permanental Polynomials of Bisubdivision Graphs
 

Theorem II.2 Let ),( vue 
 
be an edge of H and

 
G the 

bisubdivision of H by inserting two intermediate vertices 1u
 

and 1v
 
between u and .v

 
Denote the edge ),( 11 vu

 
in G

 
by 

1e . Let ),,,( vueH be the column vector ),,(( xH  
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.)),(),,(),,(),,( TxvuHxvHxuHxeH    

Then
 

 

1 1 1 2( , , , ) ( , , , ),G e u v A H e u v    

 

 where 2A  is a 55 matrix whose i -th row vector is 

ic for .51  i  Explicitly, 
2

1 (1, , , , 0)c x x x ; 

2

2 (0, , , , 1)c x x x ;
3 (0, , 0, 1, 0)c x ; 

4 (0, , 1, 0, 0)c x ; 
5 (0, 1, 0, 0, 0)c  . 

Proof: By Theorem I.1, it holds that 
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Similarly, 

 

),( 1 xeG   

),()),,(( 1111 xuueGxuueG         

),(),( 11 xuuGxuGx    

)],(),([ 1111 xvvuGxvuGxx    

),(),( 1111 xvvuuGxvuuGx    
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In the same way, we can get that 

);,(),(),( 1 xvHxeHxxuG    

);,(),(),( 1 xuHxeHxxvG    

).,(),( 11 xeHxvuG                              (3) 

 

Substituting )),(()1(2
)|(|

)(
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  in (2) 

for ),(),(),( xvuHxeHxH   and combining 

(3), we obtain that 

 

),(),(),( 2 xeHxxHxG    

[ ( , ) ( , )].x H u x H v x      

Thus we derive that ).,,,(),,,( 2111 vueHAvueG    

Remark II.3 Based on Theorems II.1 and II.2, if G is a 

subdivision of H by subdividing some edge e , then the 

permanental polynomials of G and its subgraphs can be 

derived by the permanental polynomials of H and its 

subgraphs in a recursive way. 

C. Examples 

Fig. 2 (a) is the complete bipartite graph 
2, 3K  and e  is 

the edge joining 1u  and 1v . 1G is the graph obtained from 

3,2K  by inserting two vertices 1w  and 2w between 1u and 

1v  and the edge ),( 21 ww  is denoted by 1e . 2G is the graph 

obtained from 1G  by inserting one vertex 1z  between 

1w and 2w . Let ),( 112 zwe   (see Fig. 2 (b) and Fig. 2 (c) ). 

Since

,3,65,126(),,,( 243535
113,2 xxxxxxxxvueK 

),2,44 324 xxxx  the permanental polynomials of 

1G , 2G  and their subgraphs can be derived as below. 

 

                
                a)                                              b)        

                            
                                          c) 

Fig. 2. (a) 3,2K , (b) ,1G  and (c) .2G  

  

TABLE I: THE PERMANENTAL POLYNOMIALS OF G1 AND ITS SUBGRAPHS 

),( 1 xG  xxxx 16198 357   

),( 11 xeG   xxxx 6147 357   

),( 11 xuG   4106 246  xxx  

),( 11 xvG   246 96 xxx   

),( 111 xvuG   xxx 65 35   

 

TABLE II: THE PERMANENTAL POLYNOMIALS OF G2 AND ITS SUBGRAPHS 

),( 2 xG  4425269 2468  xxxxx  

),( 22 xeG   2468 15208 xxxx   

),( 12 xwG   xxxx 10157 357   

),( 12 xzG   xxxx 6147 357   

),( 112 xzwG   4106 246  xxx  

 

III. THE PERMANENTAL POLYNOMIALS OF DEGREE 

SUBDIVISION GRAPHS 

There are various subdivision graphs. In this section we 

consider the degree subdivision graph. Let v  be a vertex of 

degree r  in a graph H and ),(),...,,(),,( 21 ruvuvuv the r  

edges incident with .v  The graph obtained by inserting k   

intermediate vertices between the end-vertices v and iu  of  

each edge ),( iuv is said to be a k-degree subdivision graph of 

H with respect to .v  Fig. 3 illustrates the 1-degree 

subdivision graph. The permanental polynomial of the 

1-degree subdivision graph will be deduced as follows. 



  

                         
Fig. 3. The graph and its 1 -degree subdivision graph  with respect to vertex 

.v  

 

Theorem III.1 Let v  be a vertex of degree three in H  

and 1u , 2u  and 3u  the three neighbors of .v  The graph G  

is the 1 -degree subdivision graph of H  by inserting the 

vertex iw  between the end-vertices v  and iu  of each edge 

).,( iuv  Let 

),,,,( 321 uuuvH  be the column vector 

,(),,(( vHxH 

HxuvHxuvHxuvHx (),,(),,(),,(), 321  

),,(),,(),, 213132 xuuvHxuuvHxuuv  

).,( 321 xuuuvH   Then 

 

),,,,,(),,,,( 3213321 uuuvHAwwwvG    

 

where 3A  is a 99 matrix whose i -th row vector is is  for 

.91  i  Explicitly, 
3324

1 ,12,3,1( xxxxxxs   

);1,1,1,1,12,12 2223  xxxxxx ,,,0( 23
2 xxs   

);1,,,,,, 222 xxxxxx );0,0,0,1,,,0,,0( 2
3 xxxs  ,,0( 2

4 xs   

);0,0,1,0,,0, xx );0,1,0,0,0,,,,0( 2
5 xxxs  ,0,0,0,1,,0(6 xs   

);0,0,0 );0,0,0,0,0,1,0,,0(7 xs  );0,0,0,0,1,0,0,,0(8 xs   

).0,0,0,0,0,0,0,1,0(9 s  

Proof: By Theorem I.2, it follows that 
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),(),( 32 xwvGxwvG  
 

).),(()1(2
)|(|

)(

xCVG
CV

GC v

 


              (4) 

 

In the same approach, we can obtain that 

),( xvG   
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),([ 321
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Moreover, 

),( 221 xuwwvG   

),( 3221 xwuwwvGx    

),( 33221 xuwuwwvG   

),(),( 322 xuuvHxuvHx         (6) 

 

and 

),( 11 xuwvG   
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),( 2211 xuwuwvG   
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Combining (5), (6), and (7), we derive that 

).,,,,(),( 3212 uuuvHsxvG                  (8) 

Based on the result of Theorem I.2, we can get that  
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Similarly, 
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Substituting these two equalities into (4) and then 

combining (4), (8) - (11), we can deduce that 

 

).,,,,(),( 3211 uuuvHsxG    

 

It is easy to see that 

).,(),( 321 xHxwwwvG    Thus 

),,,,(),,,,( 3213321 uuuvHAwwwvG   holds. 

Remark III.2 For a graph H  with a vertex v  of degree 

 

).,,,,(),,,,( 3213321 uuuvHAwwwvG
k
   

 

The result of Theorem III.1 can be generalized to the case 

that v  is of degree r ( 3r ), but in this case the order of the 

iterative matrix is larger. 

 

IV. CONCLUSION 

This paper provides methods to compute the permanental 

polynomials of subdivision graphs in a recursive way. These 

methods come from linear algebra, and they are efficient and 

convenient. Except subdivision graphs, such methods can 

also be used to derive the permanental polynomials of graphs 

under other graph operations, such as gluing and splicing 

operations.  
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