International Journal of Applied Physics and Mathematics, Vol. 4, No. 3, May 2014

Weak Reciprocal Continuity and Common Fixed Point
Theorems

Ekta H. Patel and G. M. Deheri

Abstract—This investigation aims to establish the importance
of weak reciprocal continuity of the maps in deriving the
common fixed point theorems. The existence and uniqueness of
the common fixed points are obtained under generalized
contractive conditions in the setting of complete metric spaces.
That the rate of convergence is duly addressed is manifest in the
proofs.

Index Terms—Complete metric space, fixed point, weak
reciprocal continuity, compatibility.

I. INTRODUCTION

There are a large number of generalizations of the Banach
contractive principle, popularly known as Banach fixed point
theorem. This fixed point theorem was investigated under
certain generalized contractions on a complete metric space.
Also, the results were improved and extended in various
directions, i.e., with different contraction conditions on map
and with some different types of spaces. One of
generalization of the Banach contraction principle finds a
place in Jungck [1].

In fact, the aim of the above mentioned investigation was
to represent commuting mappings as a tool for generalization.
A variety of extensions, generalizations and applications of
the above theorem incorporating the commuting map concept
is to be found in [2], [3]. A key theorem of Meir and Keeler [4]
has been developed by Park and Bae [2].

Jungck [1] has proposed a generalization of commuting
mapping concept, developed properties of compatible
functions and demonstrated utility of these functions in the
context of metric fixed point theory by weakening the
commutativity requirement.

Bisht and Joshi [5] obtained the common fixed theorems
for a pair of weakly reciprocal continuous self-maps
satisfying generalized contractions of Lipschitztype
conditions. The problem whether there exists a contractive
definition which is strong enough to generate a fixed point
but does not force the map to be continuous had remained
open for more than three decades. It may be observed in this
context that it is known since the paper of Kannan [6], [7] that
there exist maps that have discontinuity in their domain but
which have fixed point. However, in all the known cases,
earlier to the paper of Pant, Bisht and Arora [8], the maps
involved were continuous at the fixed point. These papers
generated unprecedented interest in the fixed point theory of
contractive maps which in turn, resulted in intensive research
on the existence of fixed points of contractive maps and the
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question of continuity of contractive maps at their fixed
points turned into a vigorous dimension of research, which
was settled in the affirmative by Pant, Bisht and Arora [8].

In the sequel, it is worthwhile to note that Pant and Bisht [9]
introduced the notion of reciprocal continuity and as an
application of this concept obtained the first result that
established a situation in which a collection of mapping has a
fixed point which is a point of discontinuity for all the
mappings.

The paper of Bisht and Joshi [5] dealt with reciprocal
continuity in diverse setting to establish fixed point theorems
which may admit discontinuity at the fixed point. They
observed that the notion of reciprocal continuity was mainly
applicable to compatible mappings satisfying contractive
condition. Later on, this paper became the foundation for
large number of investigations [Jungck [1], Bisht and Joshi
[5], Kannan [6], Kannan [7] that employed and discussed
with reciprocal continuity in diverse setting to prove fixed
point theorems admitting discontinuity at the fixed points.

Il. MATHEMATICAL ANALYSIS

The method is based on the traditional iteration process
and convergence there in. Due care has been taken to
preserve the rate of convergence. Infact, the method adopted
here is extended and modified version of some of the well
known classical results on the theory of common fixed point.

To start with we prove the following:

Theorem: Let f and g be weakly reciprocally continuous
selfmap of a Complete metric space (X, d) such that

fX c gXx ()

d*(fo £,) < ad(fy, 9x)d(fy.9y) + Bd*(fy, gy) +
yd(9x, 9y)d (fy, 9x) )

where ¢, 5, 720,0<a+ S+ 2y<1
If either fand g are compatible or g compatible or f
compatible then f and g have a unique common fixed point.

Proof: Let x, be any point in X. Then,
since fX cgX there exists a sequence of points
Xg , X1, -, Xy, . SUCh that x,,, IS the pre-image under g of
fx,, thatis,

fxo = gx1,
fxlzngJ

fXn = gXns1,
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Also, define a sequence {y, }in X by

Yo =fxXp =9g%xp41,m=1,2, ... 3)

We claim that {y, }is a Cauchy sequence. Using Equation
(2) one obtains the inequality

dz(yn! yn+1)
= dz(fxnﬁfxn+1)
< ad(fxn’ gxn)d(fxn+1: gxn+1) + ﬁdz(fxn:gxn+1)
+ yd(gxn' gxn+1)d(fxn+1' gxn)
= ad(fxn'fxn—l)d(fxn+1tfxn) + ,de(fxn'fxn)
+yd(fxn—11 fxn)d(fxn+ll fxn)
= ad Vo, Yn-1)dWn+1,Y0) + ¥ AWn—1, V) dWs1, Yn—1)
< ad W Yn-1)dWn+1 ) + ¥ AVn-1, Y)dWnt1, Yn)
+yd V-1, Y)dVn, Yn-1)

< dz(yn'yn—l) dz(yn+1'yn)
sSa
2 2
dz()’w)’n—l) dz()’nd’n+l) dz()’n:)’n—l)
R e R A )

which leads to

2d2()’m3’n+1) < a[dz(yn:yn—l) + dz(yn+1:yn)]
+ Y[dz(}/n' .Vn—l) + dz(}/n+1’ yn)]
+3yd* (Yo, Yn-1)

(Z_Q_Y)dz(Yn:yn+1) < ((Z + 3V)d2()/n;Yn—1)

Thus
a+3
dz(yn' yn+1) < (2_-;—_}/]/) dz(yn' yn—l) (5)
where
(a+3y)
2-a-vy)
Let
a+ 3y 2
}\4 = (—> )
2—a—y
Then 0 < A< 1.

Therefore, we conclude that

A d(yn' yn—l)

d(yn'yn+1) < 5
< A dWn-1,Yn-2)

< 1 dOu o) (6)

Consequently, d(y,,, Vn41) = 0asn —» o
Therefore, {y, }is a Cauchy sequence. Since X is complete,
there exists a point in X suchy, - tasn — oo. Moreover,

Yo = fXn = gXp41 Ot

Suppose that f and g are compatible mappings. Now,
weak reciprocal continuity of f and g implies that

fgx, = ftorgfx, - gt.
Let gfx, — gt. Then compatibility of f and g yields
limy, o d(f g%y, 9f %) =0,

andso fgx, — gt.
By virtue of Equation (3) this also yields

9fxn = ggxns1 — gt.

Using equation (2) one gets,

d*(ft, fgx,)
< ad(ft, gt)d(fgx,, ggx,) + Bd*(ft,ggx,) +
yd(gt, 9g9x,)d(f gx,, gt) (7)

This leads to,

d*(ft,gt) < ad(ft,gt)d(gt, gt) + Bd*(ft, gt)
+yd(gt, gt)d(gt, gt)

which gives

d*(ft,gt) < pd*(ft,gt) ®)
S0 ft = gt, since < 1.
Again compatibility of fand g implies commutativity at

coincidence points.
Hence

fgt= gft and gft = fgt = fft.

Once again, using Equation (2) one finds that

d*(ft, fft)
< ad(ft, gt)d(fft, gft) + Bd*(ft, gft)
+yd(gt, gft)d(fft, gt) 9)

This means

d*(ft, fft) < ad(ft, fOAfL ffO) + Bd*(ft, fft)
+ vd(ft, ffOd(fft, ft)

Therefore,
d*(ft,fft) < (B +y)d*(ft, fft)

Soft = fft,since(f+ y) <1

Hence, ft = fft = gftand ft isacommon fixed point
of fand g.

Next suppose that fgx, — ft.Then

(10)

fX € gX= ft = guforsomeu € X

and fgx, — gu.
Compatibility of f and g implies, gfx, — gu. By virtue
of Equation (3) this yields
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99xns1 = gfxn - gu.

Using Equation (2) one gets,

d*(fu, fgx,)
< ad(fu, gwd(fgx,, gg9x,) + Bd*(fu, ggx,)

+yd(gu, ggx,)d(f gx,, gu) (11)

Consequently,

d*(fu,gu) < ad(fu, gu)d(gu, gu) + Bd*(fu, gu)
+ yd(gu, gwd(gu, gu)

which yields
d*(fu, guw) < Bd*(fu, guw) (12)
Therefore, fu = gu,asf < 1.

Compatibility of f and g implies that fgu = gfu and
hence,

ggu = gfu = fgu = ffu

Finally, using Equation (2) one obtains the inequality

d*(fu, ffu)
< ad(fu, gwd(ffu,gfw) + fd*(fu, gfu)

+vd(gu, gfwd(ffu, gu) (13)
This provides,
d*(fu, ffu)
< ad(fu, fwd(ffu ffw) + pd*(fu, ffw)
+yd(fu, ffwd(ffu, fu)
Thus,
d*(fu, ffw) < (B +y)d*(fu, ffu) (14

Andso, fu = ffu,since f+ y <1

Hence fu = ffu = gfu and fu is a common fixed
point of f and g.

Now, suppose that f and g are g- compatible. Then weak
reciprocal continuity of f and g implies that

fgx, = ftorgfx, — gt.
Let gfx, — gt. Then g- compatibility of f and g yields

111_1;1;10 d(ffxn'gfxn) =0
= ffx, = gt.

Using Equation (2).one gets

d*(ft, ffx,)
< ad(ft, gt)d(ffx,, gfx,) + Bd*(ft, gfx,)

+yd(gt, gfx,)d(ffxn, gt) (15)

This result in,
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d(ft,gt) < ad(ft,gt)d(gt, gt) + Bd*(ft, gt)
+ yd(gt, gt)d(gt, gt)

which gives

d*(ft,gt) < Bd*(ft, gt) (16)

so= gt,sincef < 1.
Since g - compatibility implies commutativity at
coincidence points, one concludes that

fgt = gft
and
g9t = gft = fgt = fft.

Using Equation (2) one arrives at

d*(ft,fft) <
ad(ft, gt)d(fft, gft) + Bd*(ft,gft) +

yd(gt, gft)d(fft, gt) (17)

This suggests that

d*(ft, fft) < ad(ft, fO)d(fft, fft) + Bd*(ft,fft)
+ yd(ft, ffOd(fft, ft)

which means
d*(ft.fft) < (B +y)d*(ft, fft) (18)

so, ft = fft,sincef+ y<1.
Hence,

ft = fft = gft

and ft is a common fixed point of fand g.
Next suppose thatf gx,, — ft. Then

fX € gX=ft = guforsomeu € X
and
f9x, = gu.

g -compatibility of f and g implies, gfx, — gu. By
virtue of Equation (3) this yields

ffxn = gu.

Using Equation (2) one derives
d*(fu, ffx,)

< ad(fu, gWd(ffx, gfx.) + Bd*(fu, gfx,) +

yd(gw, gf x,)d(ffx,, gu) (19)

which yields
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d*(fu,gu) < ad(fu, gwd(gu, gu) + Bd*(fu, gu)
+ yd(gu, gwd(gu, gu)

leading to
d*(fu, gu) < Bd*(fu, gu) (20)
andso fu = gu,sincef < 1.
Again g - compatibility implies commutativity at
coincidence points. Thus,

fgu = gfu
and hence,
ggu = gfu = fgu = ffu.

Using Equation (2) one finds that

d*(fu, ffw) < ad(fu,gwd(ffu,gfuw) +

Bd*(fu, gfu) + yd(gu, gfwd(ffu, gu) (21)

which results in

d*(fu, ffw) < ad(fu, fwd(ffu ffw) + pd*(fu, ffu)
+ vd(fu, ffwd(ffu, fu)

leading to
d*(fu, ffw) < (B +y)d*(fu ffu) (22)
This says that,
fu = ffu,since f+ y <1
Hence,
fu = ffu= gfu

and

fu is a common fixed point of f and g.

Finally, suppose that f and g are f - compatible. Now,
weak reciprocal continuity of fand g implies that

fgx, - ftorgfx, — gt.

Letgfx, — gt. Then f -compatibility of f and g and in
view of gfx,, = ggx,1, 0ne conclude that

lim d(fgx,, 99%,) =0,
n—o0o
Thus,

fgx, - gt.

Using Equation (2) one arrives at

d*(ft, fgx,)
< ad(ft, gt)d(fgx,, ggx,) + Bd*(ft,ggx,) +

yd(gt, ggx,)d(f gx,, gt) (23)

So,

d*(ft,gt) < ad(ft,gt)d(gt, gt) + Bd(ft, gt)
+ yd(gt, gt)d(gt, gt)

which gives
d*(ft,gt) < Bd*(ft, gt) (24)
Hence,
ft= gt,sincef < 1.
Since f - compatibility implies commutativity at

coincidence points, we have
fgt = gftand ggt = gft = fgt = fft.
Using Equation (2) one derives

d*(ft,fft) <
ad(ft, gt)d(fft,gft) + Bd*(ft,gft) +

yd(gt, gf)d(fft, gt) (25)
leading to
d*(ft, fft)
< ad(ft, fOA(fft,ffO) + Bd*(ft, ffO)
+yd(ft, ffOd(fft ft)
resulting in
d*(ft.ffO) < (B +y)d*(ft, fft) (26)

Therefore,ft = fft,sincef+ y <1.

Hence ft = fft = gftand ftis a comman fixed point
of fand g.

Next suppose that fgx, — ft.

Then fX < gX implies that ft = gu for some u €
Xand fgx, — gu.

f-compatibility of f and g implies, ggx, — gu.

Using Equation (2), one finds that

d*(fu, fgx,)
< ad(fu, gwd(fgx,, ggx,) + Bd*(fu, ggx,) +
yd(gu, ggx,)d(fgx,, gu) (27)
which gives

d*(fu,gu) < ad(fu, gud(gu, gu) + Bd*(fu, gu)
+ yd(gu, gwd(gu, gu)

This leads to
d*(fu,gu) < Bd*(fu, gu) (28)

so= gu,sincef < 1.
Again f- compatibility of f and g yields

fgu = gfu

and hence,
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ggu = gfu = fgu = ffu.
Using (2) One conclude that

d*(fu, ffw) < ad(fu,gwd(ffu, gfw) +

pd*(fu, gfw) + yd(gu, gfwd(ffu, gu) (29)

which means

d*(fu ffw < ad(fu, fwd(ffu ffw+ pd*(fu, ffuw
+ vd(fu, ffwd(ffu, fu)

resulting in

d*(fu. ffw) < (B+y)d*(fu, ffuw) (30)

Thatis, fu = ffu,since f+ y < 1.

Hence, fu = ffu = gfu and fu is a common fixed
point of fand g.

For uniqueness of common fixed point, let t;,t,be two
distinct points such that

fti = t1 = g4, and ft; = t, = gt,.

Then, from Equation (2) it follows that

dz(tlltZ)
= d*(fty, fty)
< ad(fty, gt)d(fty, gty) + Bd*(fty, gty)
+yd(gty, gt)d(ft,, gty)
= ad(t;, t)d(ty, ty) + Bd?(ty,ty) + yd(ty, t)d(tz, )
= (B +7)d*(ty, tz) (31)

which is a contradictionas (8 + y) < 1.

Hence, t; = t,.That means, f and g have a unique
common fixed point in X.

Theorem: Let f,gandh be weakly reciprocally
continuous self maps of a complete metric space (X, d) such
that

fX chX c gX (32)
d*(fo f,) < ad(f,, g)d(f,. gy) + Bd* (g, he) +
yd(fe, h)d(fy, hy) (33)

wherea,B,y =200<a+y<1

If £, gand hare compatible then f, g and h have a unique
common fixed point.

Proof: Let x, be any point inX. Then, sincefX chX cgX,
there exists a sequence of points x, ..., X, ... such that x,, .
is the pre-image under g and h offx,,, that is,

fxo = gx; and fxy = hxq,
fx1 = gx; and fx; = hx,,

fxn = 09Xn+1 and fxn = hxn+1 ’
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there exists a point
Moreover,

Also, define a sequence {y, }in X by

In = fxn =9X%n+1 = hxn+1 m=12, .. (34)
We claim that {y, }is a Cauchy sequence. Using Equation
(33) one obtains the inequality

dz(yn'yn+1)
= d*(fxy, fxns1)
< ad(fxn'gxn)d(fxn+1ﬂgxn+1) + ,de(gxn'hxn)
+ yd(fxn' hxn)d(fxn+1' hxn+1)
= ad(fxy, fxp-1)d(fxXp41, fX,) + ﬁdz(fxn—l'fxn—l)
+ yd(fxn' fxn—l)d(fxn+1'fxn)
= ad (Yo, Yn-1)dWn+1,Yn) + YA, Yn-1)dWn 41, V)

[dZ(Yn'Yn—l) dZ(Yn+1'yn)]
2 + 2

<a

d?Gnyn-1) | d*Onynt1)
+y[ yzy v y2y+1] (35)

which leads to

ZdZ(Yn'yn+1) < a[dz(yn'.’)}n—l) + dz(yn+1'yn)]
+ Y[d* O Yu-1) + 2O, Vi)
(Z_Q_Y)dz(ynﬂyn+1) < (05+}/)d2(Yn'3’n—1)

Thus,

dz(yntyn+1) < (ﬂ) dz(Yn'Yn—l) (36)

2—a—y
where,

(a+7v) -
2-a-vy)

Let

a+y 2

()"

2—a-—y
Then 0 < A< 1.

Therefore, we conclude that

d(yn'Yn+1) < )“d(ynryn—l)
< izd(yn—l'yn—z)

< 2" d(y1, o) (37)
Consequently, d(y,,, ¥41) 2 0asn - oo

Therefore, {y, }is a Cauchy sequence. Since X is complete,
in X such thaty, -t asn — oo.

Yn = fxn =09Xn+1 = hxn+1 -t
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Suppose that f and g are compatible mappings. Now,
weak reciprocal continuity of f and g implies that

fgx, = ftorgfx, - gt.

Also, g and hare compatible mappings. Now, weak
reciprocal continuity of g and h implies that
ghx, — gtorhgx, — ht.

As well as h and f are compatible mappings. Now, weak
reciprocal continuity of h and f implies that

fhx, — ftorhfx, — ht.

Let gfx, — gt,ghx, — gtand hfx, — Then

compatibility of f and g leads to
limy oo d(f g%y, 9f %) =0,

So, fgx, — gt.
Now, compatibility of g and gives

lim, ., d(ghx,, hgx,) =0,
And so, hgx,, — gt.
Again compatibility of f and h turns in
lim,_, d(fhx,, hfx,) =0,
Thus, fhx, - ht.
By virtue of Equation (34) this also yields

hhx,,1 = hfx, — htand gt = lim(hgx,) = ht.
n—oo

Using Equation (33) one gets,

d?(ft, fhx,) < ad(ft,gt)d(fhx,, ghx,) +

Bd%(gt, ht) + yd(ft, ht)d(fhx,, hhx,) (38)
This leads to
d*(ft,ht) < ad(ft,gt)d(ht, gt) + Bd?(gt, ht)
+ yd(ft, ht)d(ht, ht)
Therefore,
d*(ft,ht) <0, (39)

So we must have
ft=nht =gt
But then compatibility of fand g implies commutativity at

coincidence points.
Hence,

fft=fgt=gft.
Again compatibility of gand h implies commutativity at

coincidence points.
Hence,

gft = ght = hgt.
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Once again compatibility of f and h implies commutativity
at coincidence points.
Hence,

hgt = hft = fht.
Now, using Equation (33) one finds that

d*(ft, fft)
< ad(ft, gt)d(fft, gft) + Bd*(gt,ht) +

yd(ft, ht)d(fft, hft) (40)

This means

d*(ft, fft) < ad(ft, fOAft, ffO) + Bd*(ft, ft)
+ yd(ft, fO)d(fft, fft)

Therefore,
d*(ft, fft) < 0, (41)

So we must have

ft=fft=gft=nhft

And ft is a common fixed point of f, g and h. Next
suppose that fgx,, — ft, fhx, — ftand hgx, — ht.then

fX € gX= ft = guforsomeu € X
and fgx, — gu.

Also fX € hX = ft = huforsomeu € X
and fhx, — hu.

Clearly hX € gX = ht = guforsomeu € X
and hgx, — gu.

Compatibility of f and g implies, gfx, — gu. By virtue
of Equation (34) this yields

99gxns1 = gfxn > gu.

Again compatibility of h and g implies, ghx,, — gu. By
virtue of Equation (34) this results in

hhXy 41 = hgXp41 = gu.

since ft = gu and hu = ft.
Hence,

gu = ft = hu.
Using Equation (33) one gets,

d*(fu, fhx,) < ad(fu, gu)d(fhx,, ghx,) +

pd?(gu, hu) + yd(fu, hu)d(fhx,, hhx,) (42)

Consequently,

d*(fu,hu) < ad(fu, gu)d(hu, gu) + Bd?(gu, hu)
+ yd(fu, hu)d(hu, gu)

which gives
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d?(fu,hu) <0 (43)
So we must have
fu=hu = gu.

Compatibility of f and g implies that fgu = gfu and
hence,

ggu = gfu = fgu = ffu

Again compatibility of f and h implies that hfu = fhu
and hence,

ffu = fhu = hfu.

Finally, using Equation (33) one obtains the inequality

d*(fu, ffu) < ad(fu,gwd(ffu, gfw) +

Bd?(gu, hu) + yd(fu, hu)d(f fu, hfu) (44)

This provides

d*(fu. ffw) < ad(fu, fwd(ffu ffw) + pd*(fu, fu)
+ vd(fu, fwd(ffu, ffu)

d?(fu, ffu) < 0 (45)

So we conclude that
fu=ffu=gfu=nhfu
Therefore, fu is a common fixed point of f, g and h.
For uniqueness of common fixed point, let ¢;,t,be two
distinct points such that
ftl = tl = gtl = htl, and ftz = tz = th = htz
Then, from Equation (33) it follows that
dz(tll tZ)
= d*(fty, fty)
< ad(fty, gt))d(ft,, gt,) + Bd*(gty, hty)
+ yd(fty, ht))d(fty, hty)
= ad(ty, t;)d(ty, t;) + Bd*(ty,t) + yd(ty, t)d(ty, t5)
That is,
d*(ty,t;) <0 (46)

So we must have

tl = tz.

That meansf, g and h have a uniqgue common fixed point
in X.

I1l. CONCLUSION

Although our results are more sharp and strengthened, the
rate of convergence is a little bit slow. Probably, this may be
due to the fact that the condition on the maps and the space
are not that strong to increase the rate of convergence. Here
we observe that our results are obtained in the most
generalized settings.
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