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 

Abstract—This investigation aims to establish the importance 

of weak reciprocal continuity of the maps in deriving the 

common fixed point theorems. The existence and uniqueness of 

the common fixed points are obtained under generalized 

contractive conditions in the setting of complete metric spaces. 

That the rate of convergence is duly addressed is manifest in the 

proofs. 

 

Index Terms—Complete metric space, fixed point, weak 

reciprocal continuity, compatibility. 

 

I. INTRODUCTION 

There are a large number of generalizations of the Banach 

contractive principle, popularly known as Banach fixed point 

theorem. This fixed point theorem was investigated under 

certain generalized contractions on a complete metric space. 

Also, the results were improved and extended in various 

directions, i.e., with different contraction conditions on map 

and with some different types of spaces. One of 

generalization of the Banach contraction principle finds a 

place in Jungck [1]. 

In fact, the aim of the above mentioned investigation was 

to represent commuting mappings as a tool for generalization. 

A variety of extensions, generalizations and applications of 

the above theorem incorporating the commuting map concept 

is to be found in [2], [3]. A key theorem of Meir and Keeler [4] 

has been developed by Park and Bae [2]. 

Jungck [1] has proposed a generalization of commuting 

mapping concept, developed properties of compatible 

functions and demonstrated utility of these functions in the 

context of metric fixed point theory by weakening the 

commutativity requirement. 

Bisht and Joshi [5] obtained the common fixed theorems 

for a pair of weakly reciprocal continuous self-maps 

satisfying generalized contractions of Lipschitztype 

conditions. The problem whether there exists a contractive 

definition which is strong enough to generate a fixed point 

but does not force the map to be continuous had remained 

open for more than three decades. It may be observed in this 

context that it is known since the paper of Kannan [6], [7] that 

there exist maps that have discontinuity in their domain but 

which have fixed point. However, in all the known cases, 

earlier to the paper of Pant, Bisht and Arora [8], the maps 

involved were continuous at the fixed point. These papers 

generated unprecedented interest in the fixed point theory of 

contractive maps which in turn, resulted in intensive research 

on the existence of fixed points of contractive maps and the 
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question of continuity of contractive maps at their fixed 

points turned into a vigorous dimension of research, which 

was settled in the affirmative by Pant, Bisht and Arora [8]. 

In the sequel, it is worthwhile to note that Pant and Bisht [9] 

introduced the notion of reciprocal continuity and as an 

application of this concept obtained the first result that 

established a situation in which a collection of mapping has a 

fixed point which is a point of discontinuity for all the 

mappings. 

The paper of Bisht and Joshi [5] dealt with reciprocal 

continuity in diverse setting to establish fixed point theorems 

which may admit discontinuity at the fixed point. They 

observed that the notion of reciprocal continuity was mainly 

applicable to compatible mappings satisfying contractive 

condition. Later on, this paper became the foundation for 

large number of investigations [Jungck [1], Bisht and Joshi 

[5], Kannan [6], Kannan [7] that employed and discussed 

with reciprocal continuity in diverse setting to prove fixed 

point theorems admitting discontinuity at the fixed points. 

 

II. MATHEMATICAL ANALYSIS 

The method is based on the traditional iteration process 

and convergence there in. Due care has been taken to 

preserve the rate of convergence. Infact, the method adopted 

here is extended and modified version of some of the well 

known classical results on the theory of common fixed point. 

To start with we prove the following: 

Theorem: Let 𝑓 and 𝑔 be weakly reciprocally continuous 

selfmap of a Complete metric space (𝑋, 𝑑) such that 

 

𝑓𝑋 ⊂  𝑔𝑋                                               (1) 

 

 𝑑2 𝑓𝑥 ,  𝑓𝑦 ≤ 𝛼𝑑 𝑓𝑥, 𝑔𝑥 𝑑 𝑓𝑦,𝑔𝑦 +  𝛽𝑑2 𝑓𝑥, 𝑔𝑦  +

 𝛾𝑑 𝑔𝑥, 𝑔𝑦 𝑑  𝑓𝑦, 𝑔𝑥                       (2) 

 

where , ,  0, 0 +  + 2 1 

If either  𝑓 and 𝑔  are compatible or  𝑔  compatible or 𝑓 

compatible then 𝑓 and 𝑔 have a unique common fixed point. 

Proof: Let 𝑥0 be any point in 𝑋.  Then, 

since  𝑓𝑋  𝑔𝑋  there exists a sequence of points 

𝑥0  , 𝑥1, … , 𝑥𝑛 , …  such that 𝑥𝑛+1 is the pre-image under 𝑔 of 

𝑓𝑥𝑛 , that is,   

 

𝑓𝑥0 = 𝑔𝑥1 , 
 

𝑓𝑥1 = 𝑔𝑥2, 
… 

… 

𝑓𝑥𝑛 = 𝑔𝑥𝑛+1 , 
… 
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… 

Also, define a sequence  𝑦𝑛 in 𝑋 by 

 

𝑦𝑛 = 𝑓𝑥𝑛 = 𝑔𝑥𝑛+1 , 𝑛 = 1, 2, ….                 (3) 

 

We claim that  𝑦𝑛 is a Cauchy sequence. Using Equation 

(2) one obtains the inequality 

 

𝑑2 𝑦𝑛 , 𝑦𝑛+1  
=  𝑑2 𝑓𝑥𝑛 , 𝑓𝑥𝑛+1  

≤ 𝛼𝑑 𝑓𝑥𝑛 , 𝑔𝑥𝑛 𝑑 𝑓𝑥𝑛+1, 𝑔𝑥𝑛+1 +  𝛽𝑑2 𝑓𝑥𝑛 , 𝑔𝑥𝑛+1  

  + 𝛾𝑑 𝑔𝑥𝑛 , 𝑔𝑥𝑛+1 𝑑 𝑓𝑥𝑛+1, 𝑔𝑥𝑛  

=  𝛼𝑑 𝑓𝑥𝑛 , 𝑓𝑥𝑛−1 𝑑 𝑓𝑥𝑛+1, 𝑓𝑥𝑛 + 𝛽𝑑2 𝑓𝑥𝑛 , 𝑓𝑥𝑛  

  +𝛾𝑑 𝑓𝑥𝑛−1, 𝑓𝑥𝑛 𝑑 𝑓𝑥𝑛+1, 𝑓𝑥𝑛  

= 𝛼𝑑 𝑦𝑛 , 𝑦𝑛−1 𝑑 𝑦𝑛+1, 𝑦𝑛 +  𝛾 𝑑 𝑦𝑛−1, 𝑦𝑛 𝑑 𝑦𝑛+1, 𝑦𝑛−1  

≤  𝛼𝑑 𝑦𝑛 , 𝑦𝑛−1 𝑑 𝑦𝑛+1, 𝑦𝑛 + 𝛾 𝑑 𝑦𝑛−1, 𝑦𝑛 𝑑 𝑦𝑛+1, 𝑦𝑛  

+ 𝛾𝑑 𝑦𝑛−1, 𝑦𝑛 𝑑 𝑦𝑛 , 𝑦𝑛−1  

≤ 𝛼  
𝑑2 𝑦𝑛 , 𝑦𝑛−1 

2
+ 

𝑑2 𝑦𝑛+1, 𝑦𝑛 

2
  

 

   

 

which leads to 

 

2𝑑2 𝑦𝑛 , 𝑦𝑛+1  ≤  𝛼 𝑑2 𝑦𝑛 , 𝑦𝑛−1 + 𝑑2 𝑦𝑛+1, 𝑦𝑛  

+ 𝛾 𝑑2 𝑦𝑛 , 𝑦𝑛−1 + 𝑑2 𝑦𝑛+1, 𝑦𝑛  

+ 3𝛾𝑑2 𝑦𝑛 , 𝑦𝑛−1  

 

 2𝛼𝛾 𝑑2 𝑦𝑛 , 𝑦𝑛+1  ≤   𝛼 + 3𝛾 𝑑2 𝑦𝑛 , 𝑦𝑛−1  

 

Thus 

 

𝑑2 𝑦𝑛 , 𝑦𝑛+1  ≤   
𝛼+3𝛾

2−𝛼−𝛾
 𝑑2 𝑦𝑛 , 𝑦𝑛−1                (5) 

 

where 

 

(𝛼 + 3𝛾)

(2 − 𝛼 − 𝛾)
1 

 

Let 

 

 =  
α + 3γ

2 − α − γ
 

1
2 

, 

 

Then 0 <  1. 
Therefore, we conclude that 

 

𝑑 𝑦𝑛 , 𝑦𝑛+1  ≤   𝑑 𝑦𝑛 , 𝑦𝑛−1  

                              ≤  2 𝑑 𝑦𝑛−1, 𝑦𝑛−2  
… 

… 

… 

≤ 𝑛  𝑑 𝑦1, 𝑦0                         (6) 

 

Consequently, 𝑑 𝑦𝑛 , 𝑦𝑛+1  → 0 𝑎𝑠 𝑛 →  ∞ 

Therefore,  𝑦𝑛 is a Cauchy sequence. Since 𝑋 is complete, 

there exists a point  in 𝑋 such 𝑦𝑛 → 𝑡 as 𝑛 →  ∞. Moreover,  

𝑦𝑛 = 𝑓𝑥𝑛 = 𝑔𝑥𝑛+1  → 𝑡 

Suppose that 𝑓  and 𝑔  are compatible mappings. Now, 

weak reciprocal continuity of 𝑓 and 𝑔 implies that 

 

𝑓𝑔𝑥𝑛  → 𝑓𝑡 or 𝑔𝑓𝑥𝑛  → 𝑔𝑡. 

 

Let 𝑔𝑓𝑥𝑛  → 𝑔𝑡. Then compatibility of 𝑓 and 𝑔 yields  

𝑙𝑖𝑚𝑛→∞ 𝑑 𝑓𝑔𝑥𝑛 , 𝑔𝑓𝑥𝑛  = 0, 

and so   𝑓𝑔𝑥𝑛  → 𝑔𝑡. 
By virtue of Equation (3) this also yields 

 

𝑔𝑓𝑥𝑛 = 𝑔𝑔𝑥𝑛+1  → 𝑔𝑡. 

 

Using equation (2) one gets, 

 

𝑑2 𝑓𝑡, 𝑓𝑔𝑥𝑛   
≤  𝛼𝑑 𝑓𝑡, 𝑔𝑡 𝑑 𝑓𝑔𝑥𝑛 , 𝑔𝑔𝑥𝑛 +  𝛽𝑑2 𝑓𝑡, 𝑔𝑔𝑥𝑛 +

 𝛾𝑑 𝑔𝑡, 𝑔𝑔𝑥𝑛 𝑑 𝑓𝑔𝑥𝑛 , 𝑔𝑡                      (7) 

 

This leads to, 

 

𝑑2 𝑓𝑡, 𝑔𝑡  ≤  𝛼𝑑 𝑓𝑡, 𝑔𝑡 𝑑 𝑔𝑡, 𝑔𝑡 +  𝛽𝑑2 𝑓𝑡, 𝑔𝑡  

+ 𝛾𝑑 𝑔𝑡, 𝑔𝑡 𝑑 𝑔𝑡, 𝑔𝑡  
 
which gives 
 

𝑑2 𝑓𝑡, 𝑔𝑡  ≤  𝛽𝑑2 𝑓𝑡, 𝑔𝑡                       (8) 

 

so 𝑓𝑡 =  𝑔𝑡, since β < 1. 

Again compatibility of f and 𝑔 implies commutativity at 

coincidence points. 

Hence  

 

𝑓𝑔𝑡 =  𝑔𝑓𝑡  𝑎𝑛𝑑 𝑔𝑓𝑡 =  𝑓𝑔𝑡 =  𝑓𝑓𝑡. 
 

Once again, using Equation (2) one finds that 

 

𝑑2 𝑓𝑡, 𝑓𝑓𝑡   
≤  𝛼𝑑 𝑓𝑡, 𝑔𝑡 𝑑 𝑓𝑓𝑡, 𝑔𝑓𝑡 +  𝛽𝑑2 𝑓𝑡, 𝑔𝑓𝑡  

   +𝛾𝑑 𝑔𝑡, 𝑔𝑓𝑡 𝑑 𝑓𝑓𝑡, 𝑔𝑡                              (9) 

 

This means 

 

𝑑2 𝑓𝑡, 𝑓𝑓𝑡  ≤  𝛼𝑑 𝑓𝑡, 𝑓𝑡 𝑑 𝑓𝑓𝑡, 𝑓𝑓𝑡 +  𝛽𝑑2 𝑓𝑡, 𝑓𝑓𝑡    
+  𝛾𝑑 𝑓𝑡, 𝑓𝑓𝑡 𝑑 𝑓𝑓𝑡, 𝑓𝑡  

 

Therefore, 

 

𝑑2 𝑓𝑡, 𝑓𝑓𝑡  ≤   𝛽 + 𝛾 𝑑2 𝑓𝑡, 𝑓𝑓𝑡                  (10) 

 

So 𝑓𝑡 =  𝑓𝑓𝑡, since (𝛽 +   𝛾)  <  1 

Hence, 𝑓𝑡 =  𝑓𝑓𝑡 =  𝑔𝑓𝑡 and 𝑓𝑡 is a common fixed point 

of 𝑓and 𝑔. 

Next suppose that 𝑓𝑔𝑥𝑛  → 𝑓𝑡.Then  

𝑓𝑋 ⊆  𝑔𝑋 ⇒  𝑓𝑡 =  𝑔𝑢 for some 𝑢 ∈  𝑋 

and 𝑓𝑔𝑥𝑛  →  𝑔𝑢. 

Compatibility of 𝑓 and 𝑔 implies, 𝑔𝑓𝑥𝑛  →  𝑔𝑢. By virtue 

of Equation (3) this yields  

+ 𝛾  
𝑑2 𝑦𝑛 ,𝑦𝑛−1 

2
+

𝑑2 𝑦𝑛 ,𝑦𝑛+1 

2
+ 2𝛾

𝑑2 𝑦𝑛 ,𝑦𝑛−1 

2
            (4)
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𝑔𝑔𝑥𝑛+1 =  𝑔𝑓𝑥𝑛  → 𝑔𝑢. 

Using Equation (2) one gets, 

 

𝑑2 𝑓𝑢, 𝑓𝑔𝑥𝑛  
 ≤  𝛼𝑑 𝑓𝑢, 𝑔𝑢 𝑑 𝑓𝑔𝑥𝑛 , 𝑔𝑔𝑥𝑛 +  𝛽𝑑2 𝑓𝑢, 𝑔𝑔𝑥𝑛  

+ 𝛾𝑑 𝑔𝑢, 𝑔𝑔𝑥𝑛 𝑑 𝑓𝑔𝑥𝑛 , 𝑔𝑢                   (11) 

 

Consequently, 

 

𝑑2 𝑓𝑢, 𝑔𝑢  ≤  𝛼𝑑 𝑓𝑢, 𝑔𝑢 𝑑 𝑔𝑢, 𝑔𝑢 +  𝛽𝑑2 𝑓𝑢, 𝑔𝑢     
+  𝛾𝑑 𝑔𝑢, 𝑔𝑢 𝑑 𝑔𝑢, 𝑔𝑢  

 

which yields 

 

𝑑2 𝑓𝑢, 𝑔𝑢  ≤  𝛽𝑑2 𝑓𝑢, 𝑔𝑢                             (12) 

 

Therefore, 𝑓𝑢 =  𝑔𝑢, as 𝛽 <  1. 

Compatibility of 𝑓  and 𝑔 implies that 𝑓𝑔𝑢 =  𝑔𝑓𝑢  and 

hence,  

 

𝑔𝑔𝑢 =  𝑔𝑓𝑢 =  𝑓𝑔𝑢 =  𝑓𝑓𝑢. 

 

Finally, using Equation (2) one obtains the inequality 

 

𝑑2 𝑓𝑢, 𝑓𝑓𝑢   
≤  𝛼𝑑 𝑓𝑢, 𝑔𝑢 𝑑 𝑓𝑓𝑢, 𝑔𝑓𝑢 +  𝛽𝑑2 𝑓𝑢, 𝑔𝑓𝑢  

+ 𝛾𝑑 𝑔𝑢, 𝑔𝑓𝑢 𝑑 𝑓𝑓𝑢, 𝑔𝑢                      (13) 

 

This provides, 

 

𝑑2 𝑓𝑢, 𝑓𝑓𝑢   
≤  𝛼𝑑 𝑓𝑢, 𝑓𝑢 𝑑 𝑓𝑓𝑢, 𝑓𝑓𝑢 +  𝛽𝑑2 𝑓𝑢, 𝑓𝑓𝑢  

+ 𝛾𝑑 𝑓𝑢, 𝑓𝑓𝑢 𝑑 𝑓𝑓𝑢, 𝑓𝑢  
 

Thus, 

 

𝑑2 𝑓𝑢, 𝑓𝑓𝑢  ≤   𝛽 + 𝛾 𝑑2 𝑓𝑢, 𝑓𝑓𝑢                (14) 

 

And so, 𝑓𝑢 =  𝑓𝑓𝑢, since  𝛽 +   𝛾 < 1. 
Hence 𝑓𝑢 =  𝑓𝑓𝑢 =  𝑔𝑓𝑢  and  𝑓𝑢  is a common fixed 

point of 𝑓 and 𝑔. 

Now, suppose that 𝑓 and 𝑔 are 𝑔- compatible. Then weak 

reciprocal continuity of 𝑓 and 𝑔 implies that  

 

𝑓𝑔𝑥𝑛  → 𝑓𝑡 or 𝑔𝑓𝑥𝑛  → 𝑔𝑡. 

 

Let 𝑔𝑓𝑥𝑛  → 𝑔𝑡. Then 𝑔- compatibility of 𝑓 and 𝑔 yields  

 

lim
𝑛→∞

𝑑 𝑓𝑓𝑥𝑛 , 𝑔𝑓𝑥𝑛 = 0 

⇒ 𝑓𝑓𝑥𝑛  → 𝑔𝑡 . 
 

Using Equation (2).one gets 

 

𝑑2 𝑓𝑡, 𝑓𝑓𝑥𝑛  

≤  𝛼𝑑 𝑓𝑡, 𝑔𝑡 𝑑 𝑓𝑓𝑥𝑛 , 𝑔𝑓𝑥𝑛 +  𝛽𝑑2 𝑓𝑡, 𝑔𝑓𝑥𝑛   

                     + 𝛾𝑑 𝑔𝑡, 𝑔𝑓𝑥𝑛 𝑑 𝑓𝑓𝑥𝑛 , 𝑔𝑡                        (15) 

 

This result in, 

𝑑2 𝑓𝑡, 𝑔𝑡  ≤  𝛼𝑑 𝑓𝑡, 𝑔𝑡 𝑑 𝑔𝑡, 𝑔𝑡 +  𝛽𝑑2 𝑓𝑡, 𝑔𝑡 

+  𝛾𝑑 𝑔𝑡, 𝑔𝑡 𝑑 𝑔𝑡, 𝑔𝑡  

 

which gives 

 

𝑑2 𝑓𝑡, 𝑔𝑡  ≤  𝛽𝑑2 𝑓𝑡, 𝑔𝑡                            (16) 

 

so =  𝑔𝑡 , since β <  1. 

Since 𝑔 - compatibility implies commutativity at 

coincidence points, one concludes that  

 

𝑓𝑔𝑡 =  𝑔𝑓𝑡   
 

and  

 

𝑔𝑔𝑡 =  𝑔𝑓𝑡 =  𝑓𝑔𝑡 =  𝑓𝑓𝑡. 
 

Using Equation (2) one arrives at 

 

𝑑2 𝑓𝑡, 𝑓𝑓𝑡  ≤ 

 𝛼𝑑 𝑓𝑡, 𝑔𝑡 𝑑 𝑓𝑓𝑡, 𝑔𝑓𝑡 +  𝛽𝑑2 𝑓𝑡, 𝑔𝑓𝑡  + 

 𝛾𝑑 𝑔𝑡, 𝑔𝑓𝑡 𝑑 𝑓𝑓𝑡, 𝑔𝑡                           (17) 

 

This suggests that 

 

𝑑2 𝑓𝑡, 𝑓𝑓𝑡  ≤  𝛼𝑑 𝑓𝑡, 𝑓𝑡 𝑑 𝑓𝑓𝑡, 𝑓𝑓𝑡 +  𝛽𝑑2 𝑓𝑡, 𝑓𝑓𝑡  
+  𝛾𝑑 𝑓𝑡, 𝑓𝑓𝑡 𝑑 𝑓𝑓𝑡, 𝑓𝑡  

 

which means 

 

𝑑2 𝑓𝑡, 𝑓𝑓𝑡  ≤   𝛽 + 𝛾 𝑑2 𝑓𝑡, 𝑓𝑓𝑡                    (18) 

 

so, 𝑓𝑡 =  𝑓𝑓𝑡 , since 𝛽 +   𝛾 < 1. 
Hence, 

 

𝑓𝑡 =  𝑓𝑓𝑡 =  𝑔𝑓𝑡 
 

and 𝑓𝑡 is a common fixed point of 𝑓and 𝑔. 

Next suppose that𝑓𝑔𝑥𝑛  →  𝑓𝑡. Then 

 

𝑓𝑋 ⊆  𝑔𝑋 ⇒ 𝑓𝑡 =  𝑔𝑢 for some 𝑢 ∈  𝑋 

 

and 

 

𝑓𝑔𝑥𝑛  →  𝑔𝑢. 

 

𝑔 -compatibility of 𝑓  and  𝑔  implies, 𝑔𝑓𝑥𝑛  → 𝑔𝑢 . By 

virtue of Equation (3) this yields  

𝑓𝑓𝑥𝑛  → 𝑔𝑢. 

Using Equation (2) one derives 

𝑑2 𝑓𝑢, 𝑓𝑓𝑥𝑛   
≤  𝛼𝑑 𝑓𝑢, 𝑔𝑢 𝑑 𝑓𝑓𝑥𝑛 , 𝑔𝑓𝑥𝑛 +  𝛽𝑑2 𝑓𝑢, 𝑔𝑓𝑥𝑛 + 

 𝛾𝑑 𝑔𝑢, 𝑔𝑓𝑥𝑛 𝑑 𝑓𝑓𝑥𝑛 , 𝑔𝑢                       (19) 

 

which yields  
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𝑑2 𝑓𝑢, 𝑔𝑢  ≤  𝛼𝑑 𝑓𝑢, 𝑔𝑢 𝑑 𝑔𝑢, 𝑔𝑢 +  𝛽𝑑2 𝑓𝑢, 𝑔𝑢 

+  𝛾𝑑 𝑔𝑢, 𝑔𝑢 𝑑 𝑔𝑢, 𝑔𝑢  

 

leading to 

 

𝑑2 𝑓𝑢, 𝑔𝑢  ≤  𝛽𝑑2 𝑓𝑢, 𝑔𝑢                            (20) 

 
and so 𝑓𝑢 =  𝑔𝑢 , since 𝛽 <  1. 

Again  𝑔 - compatibility implies commutativity at 

coincidence points. Thus, 

 

𝑓𝑔𝑢 =  𝑔𝑓𝑢 

 

and hence, 

 

𝑔𝑔𝑢 =  𝑔𝑓𝑢 =  𝑓𝑔𝑢 =  𝑓𝑓𝑢. 

 

Using Equation (2) one finds that 

 

𝑑2 𝑓𝑢, 𝑓𝑓𝑢  ≤  𝛼𝑑 𝑓𝑢, 𝑔𝑢 𝑑 𝑓𝑓𝑢, 𝑔𝑓𝑢 + 

 𝛽𝑑2 𝑓𝑢, 𝑔𝑓𝑢 +  𝛾𝑑 𝑔𝑢, 𝑔𝑓𝑢 𝑑 𝑓𝑓𝑢, 𝑔𝑢              (21) 

 

which results in 

 

𝑑2 𝑓𝑢, 𝑓𝑓𝑢  ≤  𝛼𝑑 𝑓𝑢, 𝑓𝑢 𝑑 𝑓𝑓𝑢, 𝑓𝑓𝑢 +  𝛽𝑑2 𝑓𝑢, 𝑓𝑓𝑢 

+  𝛾𝑑 𝑓𝑢, 𝑓𝑓𝑢 𝑑 𝑓𝑓𝑢, 𝑓𝑢  
 

leading to 

 

𝑑2 𝑓𝑢, 𝑓𝑓𝑢  ≤   𝛽 + 𝛾 𝑑2 𝑓𝑢, 𝑓𝑓𝑢               (22) 

 

This says that, 

 

𝑓𝑢 =  𝑓𝑓𝑢, 𝑠𝑖𝑛𝑐𝑒  𝛽 +   𝛾 < 1. 
 

Hence, 

 

𝑓𝑢 =  𝑓𝑓𝑢 =  𝑔𝑓𝑢 

 

and 

𝑓𝑢 is a common fixed point of 𝑓 and 𝑔. 

Finally, suppose that 𝑓  and  𝑔  are 𝑓  - compatible. Now, 

weak reciprocal continuity of 𝑓and g implies that 

 

𝑓𝑔𝑥𝑛  → 𝑓𝑡 or 𝑔𝑓𝑥𝑛  → 𝑔𝑡. 

 

Let 𝑔𝑓𝑥𝑛  → 𝑔𝑡. Then 𝑓 -compatibility of 𝑓 and 𝑔 and in 

view of 𝑔𝑓𝑥𝑛 =  𝑔𝑔𝑥𝑛+1, one conclude that 

 

𝑙𝑖𝑚
𝑛→∞

𝑑 𝑓𝑔𝑥𝑛 , 𝑔𝑔𝑥𝑛 = 0,       

 

Thus, 

 

𝑓𝑔𝑥𝑛  → 𝑔𝑡.   

 

Using Equation (2) one arrives at 

 

𝑑2 𝑓𝑡, 𝑓𝑔𝑥𝑛  
 ≤  𝛼𝑑 𝑓𝑡, 𝑔𝑡 𝑑 𝑓𝑔𝑥𝑛 , 𝑔𝑔𝑥𝑛 +  𝛽𝑑2 𝑓𝑡, 𝑔𝑔𝑥𝑛 + 

 𝛾𝑑 𝑔𝑡, 𝑔𝑔𝑥𝑛 𝑑 𝑓𝑔𝑥𝑛 , 𝑔𝑡                          (23) 

So, 

 

𝑑2 𝑓𝑡, 𝑔𝑡  ≤  𝛼𝑑 𝑓𝑡, 𝑔𝑡 𝑑 𝑔𝑡, 𝑔𝑡 +  𝛽𝑑2 𝑓𝑡, 𝑔𝑡  
+  𝛾𝑑 𝑔𝑡, 𝑔𝑡 𝑑 𝑔𝑡, 𝑔𝑡  

which gives 

 

𝑑2 𝑓𝑡, 𝑔𝑡  ≤  𝛽𝑑2 𝑓𝑡, 𝑔𝑡                        (24) 

 

Hence, 

 

𝑓𝑡 =  𝑔𝑡, since 𝛽 <  1. 

 

Since 𝑓 - compatibility implies commutativity at 

coincidence points, we have 

𝑓𝑔𝑡 =  𝑔𝑓𝑡 𝑎𝑛𝑑 𝑔𝑔𝑡 =  𝑔𝑓𝑡 =  𝑓𝑔𝑡 =  𝑓𝑓𝑡. 

Using Equation (2) one derives 

 

𝑑2 𝑓𝑡, 𝑓𝑓𝑡  ≤ 

 𝛼𝑑 𝑓𝑡, 𝑔𝑡 𝑑 𝑓𝑓𝑡, 𝑔𝑓𝑡 +  𝛽𝑑2 𝑓𝑡, 𝑔𝑓𝑡  + 

 𝛾𝑑 𝑔𝑡, 𝑔𝑓𝑡 𝑑 𝑓𝑓𝑡, 𝑔𝑡                           (25) 

 

leading to 

 

 𝑑2 𝑓𝑡, 𝑓𝑓𝑡   
≤  𝛼𝑑 𝑓𝑡, 𝑓𝑡 𝑑 𝑓𝑓𝑡, 𝑓𝑓𝑡 +  𝛽𝑑2 𝑓𝑡, 𝑓𝑓𝑡  

 + 𝛾𝑑 𝑓𝑡, 𝑓𝑓𝑡 𝑑 𝑓𝑓𝑡, 𝑓𝑡  

 

resulting in 

 

𝑑2 𝑓𝑡, 𝑓𝑓𝑡  ≤   𝛽 + 𝛾 𝑑2 𝑓𝑡, 𝑓𝑓𝑡                 (26) 

 

Therefore,𝑓𝑡 =  𝑓𝑓𝑡 , since 𝛽 +   𝛾 < 1. 
Hence 𝑓𝑡 =  𝑓𝑓𝑡 =  𝑔𝑓𝑡 and ft is a comman fixed point 

of 𝑓and 𝑔. 

Next suppose that 𝑓𝑔𝑥𝑛  →  𝑓𝑡. 
Then 𝑓𝑋 ⊆  𝑔𝑋  implies that 𝑓𝑡 =  𝑔𝑢  for some  𝑢 ∈

 𝑋and 𝑓𝑔𝑥𝑛  →  𝑔𝑢. 

𝑓-compatibility of 𝑓 and 𝑔 implies, 𝑔𝑔𝑥𝑛  → 𝑔𝑢.         

Using Equation (2), one finds that 

𝑑2 𝑓𝑢, 𝑓𝑔𝑥𝑛   
≤  𝛼𝑑 𝑓𝑢, 𝑔𝑢 𝑑 𝑓𝑔𝑥𝑛 , 𝑔𝑔𝑥𝑛 +  𝛽𝑑2 𝑓𝑢, 𝑔𝑔𝑥𝑛 + 

 𝛾𝑑 𝑔𝑢, 𝑔𝑔𝑥𝑛 𝑑 𝑓𝑔𝑥𝑛 , 𝑔𝑢                     (27) 

 

which gives 

 

𝑑2 𝑓𝑢, 𝑔𝑢  ≤  𝛼𝑑 𝑓𝑢, 𝑔𝑢 𝑑 𝑔𝑢, 𝑔𝑢 +  𝛽𝑑2 𝑓𝑢, 𝑔𝑢    
+  𝛾𝑑 𝑔𝑢, 𝑔𝑢 𝑑 𝑔𝑢, 𝑔𝑢  

 

This leads to 

 

𝑑2 𝑓𝑢, 𝑔𝑢  ≤  𝛽𝑑2 𝑓𝑢, 𝑔𝑢                        (28) 
 
so =  𝑔𝑢 , since 𝛽 <  1. 

Again 𝑓- compatibility of 𝑓 and 𝑔 yields  

 

𝑓𝑔𝑢 =  𝑔𝑓𝑢 

 

and hence,  
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𝑔𝑔𝑢 =  𝑔𝑓𝑢 =  𝑓𝑔𝑢 =  𝑓𝑓𝑢. 

Using (2) One conclude that 

𝑑2 𝑓𝑢, 𝑓𝑓𝑢  ≤  𝛼𝑑 𝑓𝑢, 𝑔𝑢 𝑑 𝑓𝑓𝑢, 𝑔𝑓𝑢 + 

 𝛽𝑑2 𝑓𝑢, 𝑔𝑓𝑢 +  𝛾𝑑 𝑔𝑢, 𝑔𝑓𝑢 𝑑 𝑓𝑓𝑢, 𝑔𝑢           (29) 

 

which means 

 

𝑑2 𝑓𝑢, 𝑓𝑓𝑢  ≤  𝛼𝑑 𝑓𝑢, 𝑓𝑢 𝑑 𝑓𝑓𝑢, 𝑓𝑓𝑢 +  𝛽𝑑2 𝑓𝑢, 𝑓𝑓𝑢 

+  𝛾𝑑 𝑓𝑢, 𝑓𝑓𝑢 𝑑 𝑓𝑓𝑢, 𝑓𝑢  
 

resulting in 

 

 𝑑2 𝑓𝑢, 𝑓𝑓𝑢  ≤   𝛽 + 𝛾 𝑑2 𝑓𝑢, 𝑓𝑓𝑢                 (30) 

 

That is, 𝑓𝑢 =  𝑓𝑓𝑢, since  𝛽 +   𝛾 < 1. 
Hence, 𝑓𝑢 =  𝑓𝑓𝑢 =  𝑔𝑓𝑢  and  𝑓𝑢  is a common fixed 

point of 𝑓and 𝑔. 

For uniqueness of common fixed point, let 𝑡1, 𝑡2be two 

distinct points such that 

𝑓𝑡1  =  𝑡1 =  𝑔𝑡1, and  𝑓𝑡2  =  𝑡2 =  𝑔𝑡2 . 

Then, from Equation (2) it follows that 

 

𝑑2 𝑡1, 𝑡2  
=  𝑑2 𝑓𝑡1, 𝑓𝑡2  

≤  𝛼𝑑 𝑓𝑡1, 𝑔𝑡1 𝑑 𝑓𝑡2, 𝑔𝑡2  +  𝛽𝑑2 𝑓𝑡1, 𝑔𝑡2  
 + 𝛾𝑑 𝑔𝑡1, 𝑔𝑡2 𝑑 𝑓𝑡2, 𝑔𝑡1  

=  𝛼𝑑 𝑡1, 𝑡1 𝑑 𝑡2, 𝑡2  +  𝛽𝑑2 𝑡1, 𝑡2  +  𝛾𝑑 𝑡1, 𝑡2 𝑑 𝑡2, 𝑡1  
=   𝛽 + 𝛾 𝑑2 𝑡1, 𝑡2                                    (31) 

 

which is a contradiction as (𝛽 +   𝛾)   <  1. 
Hence, 𝑡1 =  𝑡2 . That means, 𝑓  and 𝑔  have a unique 

common fixed point in 𝑋. 

    

 

 

 

              

 

      

         

 

  

   

 

      
   

    

𝑓𝑥0 = 𝑔𝑥1 𝑎𝑛𝑑 𝑓𝑥0 = 𝑕𝑥1,   
𝑓𝑥1 = 𝑔𝑥2 𝑎𝑛𝑑 𝑓𝑥1 = 𝑕𝑥2, 

… 

… 

… 

𝑓𝑥𝑛 = 𝑔𝑥𝑛+1  𝑎𝑛𝑑 𝑓𝑥𝑛 = 𝑕𝑥𝑛+1 , 
… 

… 

… 

 

Also, define a sequence  𝑦𝑛 in 𝑋 by 

𝑦𝑛 = 𝑓𝑥𝑛 = 𝑔𝑥𝑛+1 = 𝑕𝑥𝑛+1 , 𝑛 = 1,2, ….                 (34) 

We claim that  𝑦𝑛 is a Cauchy sequence. Using Equation 

(33) one obtains the inequality 

 

𝑑2 𝑦𝑛 , 𝑦𝑛+1  
=  𝑑2 𝑓𝑥𝑛 , 𝑓𝑥𝑛+1  

≤ 𝛼𝑑 𝑓𝑥𝑛 , 𝑔𝑥𝑛 𝑑 𝑓𝑥𝑛+1, 𝑔𝑥𝑛+1 +  𝛽𝑑2 𝑔𝑥𝑛 , 𝑕𝑥𝑛  

  + 𝛾𝑑 𝑓𝑥𝑛 , 𝑕𝑥𝑛 𝑑 𝑓𝑥𝑛+1, 𝑕𝑥𝑛+1  
=  𝛼𝑑 𝑓𝑥𝑛 , 𝑓𝑥𝑛−1 𝑑 𝑓𝑥𝑛+1, 𝑓𝑥𝑛 +  𝛽𝑑2 𝑓𝑥𝑛−1, 𝑓𝑥𝑛−1  

 + 𝛾𝑑 𝑓𝑥𝑛 , 𝑓𝑥𝑛−1 𝑑 𝑓𝑥𝑛+1, 𝑓𝑥𝑛  

 = 𝛼𝑑 𝑦𝑛 , 𝑦𝑛−1 𝑑 𝑦𝑛+1, 𝑦𝑛 +  𝛾𝑑 𝑦𝑛 , 𝑦𝑛−1 𝑑 𝑦𝑛+1, 𝑦𝑛  

 

≤ 𝛼  
𝑑2 𝑦𝑛 , 𝑦𝑛−1 

2
+ 

𝑑2 𝑦𝑛+1, 𝑦𝑛 

2
  

  + 𝛾  
𝑑2 𝑦𝑛 ,𝑦𝑛−1 

2
+ 

𝑑2 𝑦𝑛 ,𝑦𝑛+1 

2
                        (35) 

 

which leads to 

 

2𝑑2 𝑦𝑛 , 𝑦𝑛+1  ≤  𝛼 𝑑2 𝑦𝑛 , 𝑦𝑛−1 + 𝑑2 𝑦𝑛+1, 𝑦𝑛  

+  𝛾 𝑑2 𝑦𝑛 , 𝑦𝑛−1 + 𝑑2 𝑦𝑛 , 𝑦𝑛+1   
 2𝛼𝛾 𝑑2 𝑦𝑛 , 𝑦𝑛+1  ≤   𝛼 + 𝛾 𝑑2 𝑦𝑛 , 𝑦𝑛−1  

 

Thus, 

 

 𝑑2 𝑦𝑛 , 𝑦𝑛+1  ≤   
𝛼+𝛾

2−𝛼−𝛾
 𝑑2 𝑦𝑛 , 𝑦𝑛−1                      (36) 

 

where, 

 
(𝛼 + 𝛾)

(2 − 𝛼 − 𝛾)
  1 

 

Let 

 

 =  
α + γ

2 − α − γ
 

1
2 

, 

 

Then 0 <  1. 
Therefore, we conclude that 

 

𝑑 𝑦𝑛 , 𝑦𝑛+1  ≤   𝑑 𝑦𝑛 , 𝑦𝑛−1  

                              ≤  2𝑑 𝑦𝑛−1, 𝑦𝑛−2  

… 

… 

… 

≤ 𝑛  𝑑 𝑦1, 𝑦0                       (37) 

 

Consequently, 𝑑 𝑦𝑛 ,  𝑦𝑛+1  → 0 𝑎𝑠 𝑛 →  ∞ 

Therefore,  𝑦𝑛 is a Cauchy sequence. Since 𝑋 is complete, 

there exists a point  in 𝑋  such that 𝑦𝑛 → 𝑡 as 𝑛 →  ∞. 

Moreover,  

 

𝑦𝑛 = 𝑓𝑥𝑛 = 𝑔𝑥𝑛+1 = 𝑕𝑥𝑛+1  → 𝑡. 

Theorem: Let 𝑓, 𝑔 𝑎𝑛𝑑 𝑕 be weakly reciprocally 

continuous self maps of a complete metric space  𝑋, 𝑑 such 

that

𝑓𝑋  𝑕𝑋  𝑔𝑋                                      (32)

𝑑2 𝑓𝑥 , 𝑓𝑦 ≤ 𝛼𝑑 𝑓𝑥 , 𝑔𝑥 𝑑 𝑓𝑦 , 𝑔𝑦 + 𝛽𝑑2 𝑔𝑥 , 𝑕𝑥 +

𝛾𝑑 𝑓𝑥 , 𝑕𝑥 𝑑 𝑓𝑦 , 𝑕𝑦                                  (33)

where 𝛼, 𝛽, 𝛾 ≥ 0,0 ≤ 𝛼 + 𝛾 < 1

If 𝑓, 𝑔and 𝑕are compatible then 𝑓, 𝑔 𝑎𝑛𝑑 𝑕 have a unique 

common fixed point.

Proof: Let 𝑥0 be any point in𝑋. Then, since𝑓𝑋  𝑕𝑋  𝑔𝑋, 

there exists a sequence of points 𝑥0, … , 𝑥𝑛 , … such that 𝑥𝑛+1

is the pre-image under 𝑔 and 𝑕 of𝑓𝑥𝑛 , that is,
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Suppose that 𝑓  and 𝑔  are compatible mappings. Now, 

weak reciprocal continuity of 𝑓 and 𝑔 implies that 

𝑓𝑔𝑥𝑛  → 𝑓𝑡 or 𝑔𝑓𝑥𝑛  → 𝑔𝑡. 

Also, 𝑔  and 𝑕 are compatible mappings. Now, weak 

reciprocal continuity of 𝑔 and 𝑕 implies that 

 

𝑔𝑕𝑥𝑛  → 𝑔𝑡 or 𝑕𝑔𝑥𝑛  → 𝑕𝑡. 

 

As well as 𝑕 and 𝑓 are compatible mappings. Now, weak 

reciprocal continuity of 𝑕 and 𝑓 implies that 

 

𝑓𝑕𝑥𝑛  → 𝑓𝑡 or 𝑕𝑓𝑥𝑛  → 𝑕𝑡. 

 

Let 𝑔𝑓𝑥𝑛  → 𝑔𝑡, 𝑔𝑕𝑥𝑛  → 𝑔𝑡 𝑎𝑛𝑑 𝑕𝑓𝑥𝑛  → . Then 

compatibility of 𝑓 and 𝑔 leads to 

 

𝑙𝑖𝑚𝑛→∞ 𝑑 𝑓𝑔𝑥𝑛 , 𝑔𝑓𝑥𝑛  = 0, 

 

So, 𝑓𝑔𝑥𝑛  → 𝑔𝑡. 
Now, compatibility of 𝑔 and gives 

 

𝑙𝑖𝑚𝑛→∞ 𝑑 𝑔𝑕𝑥𝑛 , 𝑕𝑔𝑥𝑛  = 0, 

 

And so, 𝑕𝑔𝑥𝑛  → 𝑔𝑡. 
Again compatibility of 𝑓 and 𝑕 turns in 

𝑙𝑖𝑚𝑛→∞ 𝑑 𝑓𝑕𝑥𝑛 , 𝑕𝑓𝑥𝑛  = 0, 

Thus, 𝑓𝑕𝑥𝑛  → 𝑕𝑡. 
By virtue of Equation (34) this also yields 

 

𝑕𝑕𝑥𝑛+1 = 𝑕𝑓𝑥𝑛  → 𝑕𝑡 𝑎𝑛𝑑 𝑔𝑡 =  𝑙𝑖𝑚
𝑛→∞

 𝑕𝑔𝑥𝑛  = 𝑕𝑡. 

 

Using Equation (33) one gets, 

 

𝑑2 𝑓𝑡, 𝑓𝑕𝑥𝑛  ≤  𝛼𝑑 𝑓𝑡, 𝑔𝑡 𝑑 𝑓𝑕𝑥𝑛 , 𝑔𝑕𝑥𝑛 + 

 𝛽𝑑2 𝑔𝑡, 𝑕𝑡 +  𝛾𝑑 𝑓𝑡, 𝑕𝑡 𝑑 𝑓𝑕𝑥𝑛 , 𝑕𝑕𝑥𝑛              (38) 

   

This leads to 

 

 𝑑2 𝑓𝑡, 𝑕𝑡  ≤  𝛼𝑑 𝑓𝑡, 𝑔𝑡 𝑑 𝑕𝑡, 𝑔𝑡 +  𝛽𝑑2 𝑔𝑡, 𝑕𝑡 

+  𝛾𝑑 𝑓𝑡, 𝑕𝑡 𝑑 𝑕𝑡, 𝑕𝑡  
 

Therefore, 

 

𝑑2 𝑓𝑡, 𝑕𝑡  ≤ 0,                                 (39) 

So we must have 

 

𝑓𝑡 = 𝑕𝑡 = 𝑔𝑡 

 

But then compatibility of f and 𝑔 implies commutativity at 

coincidence points. 

Hence, 

 

𝑓𝑓𝑡 = 𝑓𝑔𝑡 = 𝑔𝑓𝑡. 
 

Again compatibility of g and 𝑕 implies commutativity at 

coincidence points. 

Hence, 

 

𝑔𝑓𝑡 = 𝑔𝑕𝑡 = 𝑕𝑔𝑡. 

Once again compatibility of f and 𝑕 implies commutativity 

at coincidence points. 

Hence, 

 

𝑕𝑔𝑡 = 𝑕𝑓𝑡 = 𝑓𝑕𝑡. 
 

Now, using Equation (33) one finds that 

 

𝑑2 𝑓𝑡, 𝑓𝑓𝑡  
≤  𝛼𝑑 𝑓𝑡, 𝑔𝑡 𝑑 𝑓𝑓𝑡, 𝑔𝑓𝑡 +  𝛽𝑑2 𝑔𝑡, 𝑕𝑡    + 

  𝛾𝑑 𝑓𝑡, 𝑕𝑡 𝑑 𝑓𝑓𝑡, 𝑕𝑓𝑡                         (40) 

 

This means 

 

𝑑2 𝑓𝑡, 𝑓𝑓𝑡  ≤  𝛼𝑑 𝑓𝑡, 𝑓𝑡 𝑑 𝑓𝑓𝑡, 𝑓𝑓𝑡 +  𝛽𝑑2 𝑓𝑡, 𝑓𝑡      
+  𝛾𝑑 𝑓𝑡, 𝑓𝑡 𝑑 𝑓𝑓𝑡, 𝑓𝑓𝑡  

 

Therefore, 

 

𝑑2 𝑓𝑡, 𝑓𝑓𝑡  ≤  0,                               (41) 

 

So we must have  

 

𝑓𝑡 = 𝑓𝑓𝑡 = 𝑔𝑓𝑡 = 𝑕𝑓𝑡 
 

And 𝑓𝑡  is a common fixed point of 𝑓, 𝑔 𝑎𝑛𝑑 𝑕. Next 

suppose that 𝑓𝑔𝑥𝑛 → 𝑓𝑡, 𝑓𝑕𝑥𝑛  → 𝑓𝑡 𝑎𝑛𝑑  𝑕𝑔𝑥𝑛 → 𝑕𝑡. then 

 

𝑓𝑋 ⊆  𝑔𝑋 ⇒  𝑓𝑡 =  𝑔𝑢 for some 𝑢 ∈  𝑋 

and 𝑓𝑔𝑥𝑛  →  𝑔𝑢. 

Also 𝑓𝑋 ⊆ 𝑕𝑋 ⇒  𝑓𝑡 = 𝑕𝑢 for some 𝑢 ∈  𝑋 

and 𝑓𝑕𝑥𝑛  → 𝑕𝑢. 

Clearly 𝑕𝑋 ⊆ 𝑔𝑋 ⇒ 𝑕𝑡 = 𝑔𝑢 for some 𝑢 ∈  𝑋 

and 𝑕𝑔𝑥𝑛  → 𝑔𝑢. 

 

Compatibility of 𝑓 and 𝑔 implies, 𝑔𝑓𝑥𝑛  →  𝑔𝑢. By virtue 

of Equation (34) this yields  

 

𝑔𝑔𝑥𝑛+1 =  𝑔𝑓𝑥𝑛  → 𝑔𝑢. 

 

Again compatibility of 𝑕 and 𝑔 implies, 𝑔𝑕𝑥𝑛  →  𝑔𝑢. By 

virtue of Equation (34) this results in  

 

𝑕𝑕𝑥𝑛+1 = 𝑕𝑔𝑥𝑛+1  → 𝑔𝑢. 

 

since  𝑓𝑡 = 𝑔𝑢 𝑎𝑛𝑑 𝑕𝑢 = 𝑓𝑡. 
Hence, 

 

𝑔𝑢 = 𝑓𝑡 = 𝑕𝑢. 
 

Using Equation (33) one gets, 

 

𝑑2 𝑓𝑢, 𝑓𝑕𝑥𝑛  ≤  𝛼𝑑 𝑓𝑢, 𝑔𝑢 𝑑 𝑓𝑕𝑥𝑛 , 𝑔𝑕𝑥𝑛 + 

 𝛽𝑑2 𝑔𝑢, 𝑕𝑢 +  𝛾𝑑 𝑓𝑢, 𝑕𝑢 𝑑 𝑓𝑕𝑥𝑛 , 𝑕𝑕𝑥𝑛            (42) 

 

Consequently, 

 

 𝑑2 𝑓𝑢, 𝑕𝑢  ≤  𝛼𝑑 𝑓𝑢, 𝑔𝑢 𝑑 𝑕𝑢, 𝑔𝑢 +  𝛽𝑑2 𝑔𝑢, 𝑕𝑢     
+  𝛾𝑑 𝑓𝑢, 𝑕𝑢 𝑑 𝑕𝑢, 𝑔𝑢  

which gives 
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𝑑2 𝑓𝑢, 𝑕𝑢  ≤ 0                              (43) 

 

So we must have  

 

𝑓𝑢 = 𝑕𝑢 = 𝑔𝑢. 
 

Compatibility of 𝑓  and 𝑔 implies that 𝑓𝑔𝑢 =  𝑔𝑓𝑢  and 

hence,  

 

𝑔𝑔𝑢 =  𝑔𝑓𝑢 =  𝑓𝑔𝑢 =  𝑓𝑓𝑢. 

 

Again compatibility of 𝑓 and 𝑕 implies that 𝑕𝑓𝑢 =  𝑓𝑕𝑢  

and hence,  

 

𝑓𝑓𝑢 = 𝑓𝑕𝑢 = 𝑕𝑓𝑢. 

 

Finally, using Equation (33) one obtains the inequality 

 

𝑑2 𝑓𝑢, 𝑓𝑓𝑢  ≤  𝛼𝑑 𝑓𝑢, 𝑔𝑢 𝑑 𝑓𝑓𝑢, 𝑔𝑓𝑢 + 

 𝛽𝑑2 𝑔𝑢, 𝑕𝑢 +  𝛾𝑑 𝑓𝑢, 𝑕𝑢 𝑑 𝑓𝑓𝑢, 𝑕𝑓𝑢            (44) 

 

This provides 

 

 𝑑2 𝑓𝑢, 𝑓𝑓𝑢  ≤  𝛼𝑑 𝑓𝑢, 𝑓𝑢 𝑑 𝑓𝑓𝑢, 𝑓𝑓𝑢 +  𝛽𝑑2 𝑓𝑢, 𝑓𝑢 

+  𝛾𝑑 𝑓𝑢, 𝑓𝑢 𝑑 𝑓𝑓𝑢, 𝑓𝑓𝑢  
𝑑2 𝑓𝑢, 𝑓𝑓𝑢  ≤  0                             (45) 

 

So we conclude that 

 

𝑓𝑢 = 𝑓𝑓𝑢 = 𝑔𝑓𝑢 = 𝑕𝑓𝑢. 
 

Therefore, 𝑓𝑢 is a common fixed point of 𝑓, 𝑔 𝑎𝑛𝑑 𝑕. 
For uniqueness of common fixed point, let 𝑡1, 𝑡2be two 

distinct points such that 

 

𝑓𝑡1  =  𝑡1 =  𝑔𝑡1 = 𝑕𝑡1, and  𝑓𝑡2  =  𝑡2 =  𝑔𝑡2 = 𝑕𝑡2.  
 

Then, from Equation (33) it follows that 

 

𝑑2 𝑡1, 𝑡2  
=  𝑑2 𝑓𝑡1, 𝑓𝑡2  

≤  𝛼𝑑 𝑓𝑡1, 𝑔𝑡1 𝑑 𝑓𝑡2, 𝑔𝑡2  +  𝛽𝑑2 𝑔𝑡1, 𝑕𝑡1  
+ 𝛾𝑑 𝑓𝑡1, 𝑕𝑡1 𝑑 𝑓𝑡2, 𝑕𝑡2  

= 𝛼𝑑 𝑡1, 𝑡1 𝑑 𝑡2, 𝑡2  +  𝛽𝑑2 𝑡1, 𝑡1  +  𝛾𝑑 𝑡1, 𝑡1 𝑑 𝑡2, 𝑡2  
 

That is, 

 

𝑑2 𝑡1, 𝑡2  ≤ 0                                 (46) 

 

So we must have  

𝑡1 =  𝑡2. 
 

That means𝑓, 𝑔 𝑎𝑛𝑑 𝑕 have a unique common fixed point 

in 𝑋. 
 

III. CONCLUSION 

Although our results are more sharp and strengthened, the 

rate of convergence is a little bit slow. Probably, this may be 

due to the fact that the condition on the maps and the space 

are not that strong to increase the rate of convergence. Here 

we observe that our results are obtained in the most 

generalized settings. 
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