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Self-Consistent Sources and Conservation Laws for
Super Coupled Burgers Equation Hierarchy

Si-Xing Tao

Abstract—Based upon the basis of Lie super algebra B(0,1),
the super coupled Burgers equation hierarchy with
self-consistent sources was presented. Furthermore, the infinite
conservation laws of above hierarchy were given.

Index Terms—Super coupled Burgers hierarchy, self-consistent
sources, conservation laws, lie super algebras.

I.  INTRODUCTION

Soliton equations with self-consistent sources have been
receiving growing attention in recent years. Physically, the
sources may result in solitary waves with a non-constant
velocity and therefore lead to a variety of dynamics of
physical models. For applications, these kinds of systems are
usually used to describe interactions between different
solitary waves and are relevant to some problems of
hydrodynamics, solid state physics, plasma physics, etc. Ma,
Strampp and Fuchssteiner systematically applied explicit
symmetry constraint and binary nonlinearization of Lax pairs
for generating the solution equation with sources [1], [2].
Furthermore, Ma presented the soliton solutions of the

Schrdinger equation with self-consistent sources [3]. The
discrete case of using variational derivatives in generating
sources was discussed [4].

It is known that conservation laws play an important role
on discussing the integrability for soliton equations. Since the
discovery of infinite conservation laws for KdV equation by
MGK [5], lots of methods have been developed to find them.
This should be mainly due to the contribution of Wadati et al.
[6]. Conservation laws also play an important part in
mathematics as well.

With the development of soliton theory, super integrable
systems associated with fermi variables have been receiving
growing attention. Various methods have been developed to
search for new super integrable systems, Lax pairs, soliton
solutions, symmetries and conservation laws, et al. [7]-[18].
In 1997, Hu proposed the supertrace identity and applied it to
establish the super Hamiltonian structures of super-integrable
systems [7]. Then Professor Ma gave a systematic proof of
super trace identity and presented the super Hamiltonian
structures of super AKNS hierarchy and super Dirac
hierarchy for application [8]. The super coupled Burgers
hierarchy and its super-Hamiltonian structure were
considered [9]. Recently, Yu et al considered the binary
nonlinearization of the super AKNS hierarchy under an
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implicit symmetry constraint [10] and the Bargmann
symmetry constraint and binary nonlinearization of the super
Dirac systems [11]. Meanwhile, various systematic methods
on classical integrable systems have been developed to obtain
exact solutions of the super integrable such as the inverse

transformations, the B® cklund and  Darboux
transformations , the bilinear transformation of Hirota and
others [19]-[21].

This paper is organized as follows. In section 2, the method
for establishing super integrable soliton hierarchy with
self-consistent sources by using Lie super algebra B (0, 1)
was presented. For application, the super coupled Burgers
hierarchy with self-consistent sources was obtained in
Section 111. In Section 1V, the infinite conservation laws of
the super coupled Burgers hierarchy were given.

Il. A KIND OF SUPER INTEGRABLE SOLITON HIERARCHY
WITH SELF-CONSISTENT SOURCES

In the following. Consider a basis of Lie super algebra B(0,

1) [8].

1 0 O 010 0 1
e=/0 -1 0|, e,=|1 0 0|, e,=|-1 0 0},
0 0 O 00O 0 O

0 0 1 0 0O
e,={0 0 0|,e,={0 0 1|
0 -1 0 1 00
D
We introduce the loop algebra B(0, 1) as follows:
B(O, ) ={A| AcR(1)®B(0, 1)}. )

where the loop algebra B(0, 1) is defined by span

{A"|n>0,AeB(0,1)}.
Consider the auxiliary linear problem
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where U = (Uy,---,U;)",U (U, A) =ue +---+u.e,,

u=u(x t)i=1 2,---,p),¢ =a(x, t) are field

variables definingonx e R, t € R, € =g (1) € B(0, 1).
From the spectral problem (3), the compatibility condition

gives rise to the well-known zero curvature equation

U, -V, +[U, V]=0,n=1 2, o)

The general scheme of searching for the consistent V® and
generating a hierarchy of nonlinear equations was proposed
as follows [8]. We solve the equation

Aﬂ Bm + Cm pm
V,=UVIV=YVi"=Y1"B -C, -A 4, O
m=0 m=0
d, -0, 0

and search forA (U, 1) € B(0, 1), such that V™ can be
constructed by

V(n) — vaﬂn—m +An (u’ﬂ), (6)
m=0
and
Anl An2+An3 An4
AUA=A,-A, A, Al @
A —A 0

n5

where A ;(L<i<5) are linear functionsof A ,B C,_,

pm 1 5m :
We consider the super trace identity of super integrable
—V
u

systems [8]
Str| Vv . (8
s+ %) ) o

Defining ascalar H = H(u, A) by the equation

1)

ou

ouU

oA

=17 i/VStr
oA

ouU

H =Str(va—U
0

3

The sets {H,,} prove the conserved densities of (4). The

,H =iHm(u,i)ﬂfm. 9)

m=0

Hmailtonian form with H_,, can be written as

t :J%,nzlz,..., (10)
" ou
oH, :L%:...:L” 5H°,n:1,2,---. (11)
Su ou ou
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where L is a recursion operator and J is a symplectic

T
J
operator, and S5y — ( ) .
According to (3) and (5), we consider the auxiliary linear
problem. For N distinct /1j, j=1---,N, the following

< ..
ou !

)
’5up

systems result from (1)

¢1j ¢11 i ¢1j
by | =UWUA)| by [= 2 uE ()| 5 |,
b X s = b5
¢1] ¢lj
b =V(”)(u,/1j) #;
&s; L &s; W)
n ¢1j
{va(u,zj)ﬂﬁ"m+An(u,/1j)} b, |
4,

Based on the results in [8], we show that the following
equations

N

oH, 5’1] _

Su +Zaj su _O’
j=1

(13)

where «; are constants. Equation (13) determines a finite

dimensional invariant set for the flows (11).
For (12a), it is known that

OA. oU(u, 1) .
5—UJ=Str{y/j = : j:Str(y/jei(/ij)),l:1,---,5. (14)
where Str denotes the super trace of a matrix and
¢11¢2j _¢121 ¢1]¢3j
V= ¢221 _¢1j¢2j ¢2j¢3j ,J=1---,N. (1)
¢2j¢3j _¢1j¢3j 0

According to (13), for a specific k0 2 N,, we demand that

N 5/1 N
u‘=ZStr(l//jei(ﬂj)). (16)
ii=t

oH,
su. =3

From (10) and (13), a kind of super integrable hierarchy
with self-consistent sources can be present as follows

N oA,
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I1l.  THE SUPER COUPLED BURGERS HIERARCHY WITH B,=C,=p,=6,=0 A =1
0 0 0 0 1 )
SELF-CONSISTENT SOURCES

The super Tu spectral problem associated with Lie super | other A,B.,C., p., 5 (i =1) can be worked out by the
algebra B(0,1)is given by [9 PO -
J (0.Disg Y] recurrence relations (22). The first few sets are as follows:

q r-iA+l «a c: & 18 A=-9,B,=0,C,=-1p =-a,6,=-5,A, =-
6-UgU=|r-2-1 —-q  plu=|"|s=|g | @® B,=—30"~af,C,=—30,T, /J2=/5’ ~ra, 52=ax—rﬂ,
a
B o 0) ) A ==0r’ +30° +qaf - 50, — 3T, +30B, — o p,
=%qx+r—q2r+aax—ﬂﬂx—2raﬁ,
where A isaspectral parameter, ¢ and I are even variables, C,=-qr-iqr,+iq°+af-r’-iaa, -1 BB,
a and [ are odd variables [9]. Py =—0y +30 a——qxa B, —r’a—qa, +rp+2rp,
Taking 53 :_ﬂxx +%q2ﬂ+quﬁ+rxa+2rax +qﬁx =r ﬂ+ax'
A B+C p Let us associate the problem (18) with the following
V=B-C -A &/ auxiliary problem
o -p 0 ¢tn =V(n)¢, (24)
the co-adjoint equation associated with (18) V_=[U,V]gives  with
0 4= 90
A =2B-2rC+24C + fip+ad, oo ARGy
B, = 2qC —2A—ap+ f35, v :Zol Bi(;ci A (;i e 000
C, = 2qB —2rA+ 2AA—ap— 36, (19) A 0 00
p,=—aA-pBB-pC+qp-A6+r5+0, The compatible conditions of the spectral problem (18)
S, =BA-aB+aC—p+rp—Ilp-0qd. and the auxiliary problem (24) are
If we set u, -V +u,v®]=o, (25)

A=Y A1 B=YBA'.C=YCAlp=) pat6=Y 51", (20)  which refer the super coupled Burgers soliton hierarchy

i~0 i>0 i>0 i>0 i>0

then (19) is equivalent to

A, =TA-0B +3C, +3ap +3 B0,
Cii=3Ax—B+rC—3pp —3ad,
Pin=PA-aB +aC —p +rp -6 -0, (21) Here U, =K in (26) is called the n-th coupled Burgers

K,
( AM n+l+ Awl’ pn+1+ AHI)'
(26)

=-aA - pB - pBC - p , +Up, +10 + 6, flow of this hierarchy.
Using the super trace identi
Bi+1x - 2A+1+2qcl+l Olp|+1+ﬂ |+1’I >0' g p ty
S ou 0 ou
i i i Str|V=—_||=27—A"Str ) (27)
which results in the recurrence relations U [ ( Y D EY) [ 2u j

(AH, WIONY Pm)T = L(A, B, o, —p )T ' (22) where Str means the super trace[7,8], we have
B =07 (-2A +2qC, —ap, + 35,),i > 0. A,

B.
where 5”1 :é‘iHi,Hi:I%dx,izo. (28)
i+1 u
107 i0a0-q —305+if —i0i-ia ~Pra

_|oto-k oo-4o dladrf  oporg (29

Therefore, the super coupled Burgers soliton hierarchy (26
—a-£  -p-L£0 r+l 0-q-2 per toup g y (26)

2q can be written as the following super Hamiltonian form:
-f-%  a-£0  0+0+% r-1 SH
. o - . = o (29)
Upon choosing the initial conditions n Su
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where
0 10 —ip -ta
,_[o8 0 0 0
ip 0 -1 0
%a 0 0 1

is a super symplectic operator, and H is given by (28).

The first non-trivial nonlinear of super coupled Burgers
hierarchy is given by its second flow

G, =3 Qo= 20,7 =0, — @@, — B, + ¢ =+ 5,

L =-2T,+00, +a,f+af, —(F+5-%+%),
atz:ﬂxx—iqxﬂ—rxa—Zrax—qﬂx—ax—%—%—%&,
B, =a, +i0.a+ B +0a, ~1f-2rf - - 2L,

(30)

which possesses a Lax pair of U defined in
V @ defined by

(18) and

R L
VO<| R4 itlg -1 -ap Q+0r -pita,-rp |
i+, -1p a1 0

Next we will establish the super coupled Burgers hierarchy
with self-consistent sources. Consider the linear system

% 4, q r-a+l a4,
b | =U|dy|=|r-2-1 -q B|4¢,| Gl
¢3j X ¢3j ﬂ - 0 ¢3j
¢lj ¢1j A B+C p ¢1j
4, | =V|4,|=|B-C -A 5|4, G0
¢3j ', ¢3i ) -p 0 ¢3j

P SH
For the system (31), we consider the <

N 5.
:ZJ 1Wlnthe

Lie super algebra B(0, 1) and obtain

Str(\¥; & 2(®,,@,)

OA _|Sr(W; %) | (D,, D,)—(D,,D,) | (32)
Su | Str(¥, )| —2{®,,d,) '
Str(\¥; & 2(D,, ;)

where @, = (4,, -+, )" (i=12,3).

Accordlng to the results in (17), the super coupled Burgers
hierarchy with self-consistent sources is present

q -q 2(0,@,)
o = S T R <d)2,(l)2>—<(l)1,(l)1>. (33)
T|e -p -2(®,,®,)

B, B 2(0, @,)

The first nontrivial integrable super coupled Burgers
hierarchy with self-consistent sources is its second flow
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0, =40, —20,F -0, —aa, — BB, + -2+

L(@,,0,)~(0,,0,)) +2{®, 0;)-2 (0, ),

T+, +2( ®1‘®3>)X,

a, =By —348-ra-2ra,—qp, a_M_i_%
+ (0, 0,)-2(0,,0;)

B, =, +10.a+p, + 0, ~1f-2rp -4t 2L
(0, 0,)+2(D,Dy).

r==20T, 400, +a f+af, - (Gt -

q

when ¢ =£=0, it is the well known nonlinear coupled

Burgers equation with self-consistent sources. So system (33)
is a novel super integrable equation hierarchy.

IV. CONSERVATION LAWS FOR THE SUPER COUPLED
BURGERS HIERARCHY

In what follows, we will construct conservation laws of the
super coupled Burgers equation. Introduce the variables:

K b

) )
where p(K) =0, p(G) =1. From (12), we have

(35)

K, =r—A-1-2gK + G — (r—A+1)K* - aKG,
G, =fB-aK—0G-(r-A+1)KG-aG>.
(36)

as follows

K =ikjw,e =igj/1"',
j=0 j=0

where p(k;)=0, p(g;)=1. Substituting (37) into (36) and

We expand K, G in powers of 1™

@37)

comparing the coefficients of the same powers of A4, we
obtain

ko=1Lk =q+Lk,=1q,+(q+r+1)(q+1),
k,=2qq,+iqr, +iqr+q +ir +iq, +3q°
+3g? +2g+1+3g°r+igr+r+iaq B+iaa,
+3B8B,—32p,9,=0,0,=a- 5,0, =a, - B,
+20a+2a+ra—-qf-rB-B,0;=a,, — B+
2q.0+3qa, + 20, +ra+ra, —rf—rp,—q.5
-2, — B, +39°a +5qa +3qra - 2qr B —q° B
=200 +2ra—rp+2a—-p.

(38)

and a recursion formula for K. and g, ,

k., =ik, +0k

n+1

_%ﬂgn +%(r+l)[zklknlj+%a(zklgnI]’ (
1=0 1=0
gn+1 = gnx +(an +qgn +(r+1)(zklgnl]+a(zglgnIj'n 3.
1=0 1=0

39)
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Because of

O b _ 0 b

ot g ox g

we derive the conservation laws of (30)

(40)

3(q+(r—,1+1)+< +aG)=3(A+(B—C)K +G), (41)
ot OX

where

A=-c,A—c,qr-cg,B=c,A* +cA-1c,q° —c,ap,

C =-CyA—3Cy0, —Cor —C, p = —Coad +C, B, —Cfa—Ca.
Assume that

oc=0+(r—-1+1)K,0=A+(B+C)K + pG, then (41) can

be written as c,=6, which is the right form of conservation

laws. We expand sand ¢ as series in powers of jaccording
with the coefficients, which are called conserved densities
and currents respectively

o= 0,A",0=c,A?+c A+ 6,477, (42)

i=0 j=0

where C,, C, are constants of integration. Then the first two
conserved densities and currents are
oy =1 —0,0,= 30,0’ ~q-ap,
6, =c,(39°+qg+qr)+cgq,
01 = CO(qqx +%qrx +%qxr +%rx +%qxx
+0°—3q+39°r—3ar—r+ja.
_%aax _%ﬂﬁx +%aﬂx + 2raﬂ)
+¢,(39,+9*+qr+q+r—ap).
The recursion relations for , and , are
o,=(r+k, -k ., +ag,,
Hn = CO(kn+2 _%qzkn _aﬂkn _kn+1 _%qun - rkn
_agml +ﬂxgn - ragn) + Cl(kn+1 - kn _agn)'

(43)

where kn and g, can be calculated from (39). The infinitely

conservations laws of (39) can be easily obtained in (35)-(43)
respectively.
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