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Abstract—The object of this paper is to introduce the concept 

of a pair of semi-compatible self-maps  and sub compatibility in 

fuzzy metric spaces  In this paper, we also introduce the notion 

of M-maps with respect to a single map and a pair of maps in 

fuzzy metric spaces and obtain common fixed point theorems 

for two pairs of sub compatible  and semi compatible maps 

satisfying implicit relations. 

 

Index Terms—Common fixed point theorem, fuzzy metric 

space, semi-compatibility, sub-compatibility, set valued 

M-maps. 

 

I. INTRODUCTION 

Zadeh  introduced the concept of fuzzy sets in 1965 and [1] 

introduced the concept of fuzzy metric space in 1975. [2] 

modified the concept of fuzzy metric space introduced by [1]. 

Later several authors [3]-[8] etc. obtained fixed and common 

fixed point theorems satisfying various contractive 

conditions in fuzzy metric spaces. 

 

   

  

So, we define a semi compatible pair of self-maps in fuzzy 

metric space by condition (ii) only. and [3] proved some 

interesting fixed point  results using implicit real functions 

and semi compatibility in d-complete topological spaces. 

Recently, Popa in used the family F4 of implicit real 

functions to find the fixed points of two pairs of 

semi-compatible maps in a d-complete topological space. 

Here, F4 denotes the family of all real continuous functions  

Popa introduced the idea of implicit function to prove a 

common fixed point theorem in metric spaces . Recently in 

2009, using the concept of subcompatible maps. [10] proved 

common fixed point theorems. In 2010 and 2011, [1], [4], [8], 

 

 

 

proved fixed point theorems in Fuzzy metric space. 

 

II. PRELIMINARIES 

Definition 2.1. A Fixed point of a function is a point that is 

mapped to itself by the function . 

A set of fixed point  is some time called fixed set, that is to 

say ,c is fixed point of function  xf  if and only if 

  ccf  . If  xf   is defined by real number by  xf  = 

432  xx   then 2  is fixed point of f because   22 f  

Let X  be a set and  let XXT :  be a function that 

maps X into itself. A fixed point T  is an element Xx  for 

which   xxT   

Example Let X  be the two elements set {a, b}.The 

function XXF :  defined by  

  baF   and   abF   has no fixed point , but the 

other three function that maps X into itself each have one or 

two fixed point.  

Definition 2.2. Let X be any non empty set. A fuzzy set 

M  in X  is a function with domain X  and values in 

 0,  1 . 

Definition 2.3. A binary operation :   0,  1  

   0,  1 0,  1   is a continuous t-norm if it satisfy the 

following condition: 

1)   is associative and commutative . 

2)   is continous function. 

3) aa 1  for all   0,  1a  

4) dcba   whenever ca    and db    and 

 1,0,,, dcba  

Examples of t-norms are abba   and  

 min ,  a b a b   

Definition 2.4 . The 3-tuple   ,  ,  X M  is called a fuzzy 

metric space if X is an arbitrary set,   is a continuous t-norm, and 

M  is a fuzzy set in  2 0,  X    satisfying the following 

conditions for all Xzyx ,, and ,  0s t   

1)  ,  ,  0 0M x y   

2)  ,  ,  1M x y t  , for all t > 0 if and only if x = y; 

3)    ,  ,  ,  ,  M x y t M y x t  

4)      ,  ,  ,  ,  ,  ,  M x y t M y z s M x z t s    
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[9] introduced the notion of semi-compatible maps in a 

d-topological space. They define a pair of self-maps  TS,

to be semi-compatible if conditions (i) TySy  implies that 

;TSySTy  (ii) for sequence  nx in X and Xx , 

whenever   xSxn  ,   xTxn  , then   TxSTxn  , 

as n , hold. However, in Fuzzy metric space (ii) 

implies (i), taking yxn  for all n and .syTyx 
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5)  ,  ,  M x y  :    0,  0,  1   is left continuous. 

Definition 2.5. A sequence  nx  in a Fuzzy metric space 

 ,  ,  X M   is said to be a Cauchy sequence if and only if for 

each 0,  0,t  there exists n0 ∈ N such that 

 ,  ,  1n mM x x t     for all ., 0nmn   

The sequence  is said to converge to a point x  in X  if 

and only if for each 0,  t o   , there exists Nn 0  

such that  ,  ,  1n mM x x t     for all 0nn   . 

A Fuzzy metric space   ,  ,  X M   is said to be 

complete if every Cauchy sequence in it converges to a point 

in it. 

Definition 2.6. Two maps A  and S  from a fuzzy 

metric space  ,  ,  X M   into itself are said to be 

R-weakly commuting if there exists a positive real number R 

such that for each Xx  

n
lim    tSxAxMRtSAxASxM ,,,,   

for all t > 0. 

Definition 2.7. Two maps A  and B  from a fuzzy metric 

space  ,  ,  X M   into itself are said to be compatible if 

n
lim 1),,( tBAxABxM nn  for all t > 0  ,when ever  nx  

is a sequence such that 
n

lim nAx  
n

lim nBx  for some 

Xx . 

Definition 2.8. Let A  and S  be mappings from a fuzzy 

metric space  ,  ,  X M   into itself. 

Then the mappings are said to be semi compatible if 

n
lim ( ,  ,  ) 1nM ASx Sx t  ,for all 0t  whenever  nx  

is  xA  a sequence in X such that 
n

lim nAx =
n

lim nSx = x  

It follows thatif  SA,  is semicompatible and SyAy  , 

then ASyASy  . Thus if the pair  SA,  is 

semicompatible. 

Definition 2.9: Let be a fuzzy metric space  ,  ,  X M   

and XXf :  and ).(: XBXF   . Then  Ff ,  is 

said to be a pair of M-maps with respect f to  if there exists a 

sequence  nx   in X  such that for every 0t ,  

 

  1,, tzfxM n   and    1,,  tzFxm  

as n   for some  xfz  

Definition 2.10: Let  be a fuzzy metric space  ,  ,  X M   

and XXgf :,  and ).(: XBXF   . Then  ,  f F   

is said to be a pair of M-maps with respect to  ,  f F  if 

there exists a sequence  nx in X such that for every 0t  , 

 ,  ,  1nM fx z t    and   ,  ,  1m Fx z t   

as n   for some    .xgxfz   

Definition 2.11. Self mappings A  and S  of a Fuzzy 

metric space  ,  ,  X M  said to be sub compatible if there 

exists a sequence  nx  in X  such that that 

n
lim nAx

n
lim nSx Xx, and satisfy 

n
lim ( ,  ,  ) 1n nM ASx SAx t  . 

 

III. MAIN RESULT 

Theorem : Let TSBA ,,,  be self maps on complete fuzzy 

metric space  ,  ,  X M  satisfying 

 

     

     

,  ,  , ,  ,  , ,  ,  
0

,  ,  , ,  ,  , ,  ,  

m m

m m m

Sx Ty Kt M Ax By t Ax Sx t

By Ty t Ax Ty t By Sx t

   
  
    

 

 

for all ,  ,  0x y X t  and  0,  1k  where   

1)  ,  A S  is a pair of M-maps with respect to A  and 

 xBSx    for all  Xx                                                                 

2)  ,  B T  is a pair of M-maps with respect to B  and 

 xABx   for all Xx  

3)  ,  A S  is semi compatible and   ,  B T is weak 

compatible. 

4)  ,  A S and  ,  B T   is sub compatible.                                                                                       

Then ,  ,  ,A B S  and T  have a unique common fixed 

point Xz such that 

     .BzAzzTzSz   

Proof: Suppose (1) is holds.            

Since  ,  A S  is a pair of M-maps with respect to A  and 

 ,  A S  is semi compatible, there exists a sequence  nx   in 

X  such that for every 0t , 
n

lim ( ,  ,  ) 1nM Ax z t  and  

n
lim    1),,(  tzAxnm  for some  XAz  

Hence there exists Xw  such that .Awz   

Since  xBSx   for all Xx there exist nn Sx  

and Xyn   such that nn By for all n . 

Also ( ,  ,  )nM By z t    ( ,  ,  ) ,  ,  n m nM z t Sx z t  

1  n   

Hence 
n

lim  ( ,  ,  )nM By z t  1  

     

     

,  ,  , ,  ,  , ,  ,  
0

,  ,  , ,  ,  , ,  ,  

m n n n n m n n

m n n m n n m n n

Sx Ty Kt M Ax By t Ax Sx t

By Ty t Ax Ty t By Sx t

   
  
    
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Letting n  we have, 

         ,  lim ,  ,1,1, ,  lim ,  , ,  lim ,  ,  1 0m n m n m n
n n n

z Ty Kt z Ty t z Ty t
  

      

Hence 

  ,  lim ,  m n
n

z Ty Kt


    ,  lim ,  m n
n

z Ty t


   from 

property of       

We have if  nG  and  nF  are sequences in  xH  

which is non empty bounded subset  of fuzzy metric space 

 ,  ,  X M    converging to G  and F  in  xH , 

respectively. Then    ,  ,  ,  ,  m n n mG F t G F t   as 

n  for all 0t . And if 

   ,  ,  ,  ,  m n n mG F t G F t  . For all  XHFG ,  

and for all 0t  , 10  k  then  FG  { singleton} 

provided 1),,( tyxM as t for all Xyx ,  

From above condition we have  n
n

Ty


lim   z . 

Thus 


n
n

Sxlim n
n

Ty


lim   


n
n

Axlim  


n
n

Bylim   

 z   ,  A S is semi compatible) 

Now, 

     

     

,  , , , ,  , ,  ,  
0

,  ,  , ,  ,  , ,  ,  

m n n m

m n n m n m n

Sw Ty Kt M Aw By t Aw Sw t

By Ty t Aw Ty t By Sw t

   
  
    

 

Letting  n we have, 

         ,  ,  ,1, ,  ,  ,1,1, ,  ,  0m m mSw z Kt z Sw t z Sw t      

  ,  ,  m Sw z Kt   ,  ,  m Sw z Kt   

Hence  zSw  Thus  zSw   Aw  

Since    XBSwz  ,  there exist  X  such that 

Bz   

Now,     

     

     

,  ,  , ,  ,  , ,  ,  
0

,  ,  , ,  ,  , ,  ,  

m n n m n n

m m n m n

Sx T Kt M Ax B t Ax Sx t

B T t Ax T t B Sx t

     
  
        

 

Letting  n   we have, 

         ,  ,  ,  1,  1,  ,  ,  , ,  ,  ,  1 0m m mz T Kt z T t z T t         

  ,  ,  m z T Kt    ,  ,  m z T t    

Hence  zT  .  Thus     . BzT   ,  B T  is 

weak compatible. 

Since the pair  ,  A S  and  ,  B T   are sub compatible, we 

have 

 .AzSz  and  BzTz   

     

     

,  ,  , ,  ,  , ,  ,  
0

,  ,  , ,  ,  , ,  ,  

m m

m m m

Sz T Kt M Az B t Az Sz t

B T t Az T t B Sz t

     
  
        

 

        ,  ,  , ,  ,  ,1,1 ,  ,  ,  ,  0M Az z Kt M Az z t M Az z t M z Az t   

   ,  ,  ,  ,  .M Az z kt M Az z t  

Hence zAz   Thus    zAzSz   

Also, 

     

     

, , , , , , ,  ,  
0

,  ,  ,  ,  ,  ,  ,  ,  

m m

m m m

Sw Tz Kt M Aw Bz t Aw Sw t

Bz Tz t Aw Tz t Bz Sw t

   
  
    

 

        ,  ,  , ,  ,  ,  1,  1 ,  ,  ,  ,  0M z Bz Kt M z Bz t M z Bz t M Bz z t   

   ,  ,  ,  ,  .M z Bz kt M z Bz t  

Hence zBz  Thus      .zBzTz      

Thus z is a common fixed point of TSBA ,,, such that 

     .BzAzzTzSz   Uniqueness of common fixed 

point  follows from.  
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