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Common Fixed Point Theorem for Semi-Compatible and
Sub Compatible Maps in Fuzzy Metric Space

Sonal Dani and Sanjay Sharma

Abstract—The object of this paper is to introduce the concept
of a pair of semi-compatible self-maps and sub compatibility in
fuzzy metric spaces In this paper, we also introduce the notion
of M-maps with respect to a single map and a pair of maps in
fuzzy metric spaces and obtain common fixed point theorems
for two pairs of sub compatible and semi compatible maps
satisfying implicit relations.

Index Terms—Common fixed point theorem, fuzzy metric
space, semi-compatibility, sub-compatibility, set valued
M-maps.

I. INTRODUCTION

Zadeh introduced the concept of fuzzy sets in 1965 and [1]
introduced the concept of fuzzy metric space in 1975. [2]
modified the concept of fuzzy metric space introduced by [1].
Later several authors [3]-[8] etc. obtained fixed and common
fixed point theorems satisfying various contractive
conditions in fuzzy metric spaces.

[9] introduced the notion of semi-compatible maps in a

d-topological space. They define a pair of self-maps (S,T)
to be semi-compatible if conditions (i) Sy =Ty implies that
STy =TSy, (ii) for sequence {Xn} in X and Xe X ,
whenever {Sx.}— x, {Tx,}— X, then {STx }—>Tx,
as N — oo, hold. However, in Fuzzy metric space (ii)
implies (i), taking X, =Y forall n and X =Ty =sy.

So, we define a semi compatible pair of self-maps in fuzzy
metric space by condition (ii) only. and [3] proved some
interesting fixed point results using implicit real functions
and semi compatibility in d-complete topological spaces.
Recently, Popa in used the family F4 of implicit real
functions to find the fixed points of two pairs of
semi-compatible maps in a d-complete topological space.
Here, F4 denotes the family of all real continuous functions
Popa introduced the idea of implicit function to prove a
common fixed point theorem in metric spaces . Recently in
20009, using the concept of subcompatible maps. [10] proved
common fixed point theorems. In 2010 and 2011, [1], [4], [8],
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proved fixed point theorems in Fuzzy metric space.

Il. PRELIMINARIES

Definition 2.1. A Fixed point of a function is a point that is
mapped to itself by the function .
A set of fixed point is some time called fixed set, that is to

say ,c is fixed point of function f(X) if and only if
f(c)=c.1f f(x) is defined by real number by f(x) =
X2 —3x+4 then 2 is fixed point of f because f(2)=2

Let X beasetand let T : X — X be a function that
maps X into itself. A fixed point T isanelement X € X for
which T (x) = x

Example Let X be the two elements set {a, b}.The
function F : X — X defined by

F(a)=b and F(b)=a has no fixed point , but the

other three function that maps X into itself each have one or
two fixed point.
Definition 2.2. Let X be any non empty set. A fuzzy set

M in X is a function with domain X and values in
[0, 1].
Definition 2.3. A binary operation [0, 1]

><[O, 1] —)[O, 1] is a continuous t-norm if it satisfy the

following condition:
1) * isassociative and commutative .
2) * iscontinous function.

3) axl=a forall

4) ax*b<cxd whenever a<CcC
a,b,c,d €[01]
Examples  of

axb=min{a, b}

ae[O, 1]
and b<d and

t-norms are ax*b=ab and

Definition 2.4 . The 3-tuple (X, M, *) is called a fuzzy
metric space if X is an arbitrary set, * is a continuous t-norm, and
M is a fuzzy set in XZX[O, OO[ satisfying the following
conditions forall X,y,Z€ X and S, t >0
1) M(xy,0)=0
2 M(

3 M(xy, t)=M(y, x t)
M(X, Yy, t)*M(y, z, )>M(X, z, t+s)

X, Y, t)=1,forallt>0ifand only ifx=vy;

4)
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5 M (X, Y, ) [0, oo[—)[O, l] is left continuous.

Definition 2.5. A sequence {Xn} in a Fuzzy metric space
(x, M, *) is said to be a Cauchy sequence if and only if for
each >0, t>0, there exists np € N such that
M (X,, X, t))1—¢ forall n,m>n,.

The sequence is said to converge to a point X in X if
and only if for each £>0, t >0, there exists Ny, € N
such that M (Xn, Xy, t)H1—€ foralln=n, .

(X, M, *) is said to be

complete if every Cauchy sequence in it converges to a point
init.
Definition 2.6.

A Fuzzy metric space

Two maps A and S from a fuzzy

metric space (X, M, *) into itself are said to be
R-weakly commuting if there exists a positive real number R
such that for each X € X

lim M (ASx,SAx,Rt)> M (Ax,Sx,t)

n—o
forallt>0.
Definition 2.7. Two maps A and B from a fuzzy metric
space(X, M, *) into itself are said to be compatible if

lim M (ABX,,BAX,,t)=1forallt>0 whenever {X,}

n— oo

is a sequence such that lim Ax, = lim BXx, for some
n—o n— o

XxeX.

Definition 2.8. Let A and S be mappings from a fuzzy
metric space (X, M, *) into itself.

Then the mappings are said to be semi compatible if
rI]iLnoo M (ASx, S, t)=1 for all t>0 whenever {x_}

is A(X) asequencein X suchthat lim Ax_=lim Sx = x

n—ow n—o

It follows thatif (A,S) is semicompatible and Ay = Sy,
then ASy = ASy Thus if the pair (AS) is
semicompatible.

Definition 2.9: Let be a fuzzy metric space(X, M, *)

and f : X — X and F: X — B(X). . Then (f,F)is
said to be a pair of M-maps with respect f to if there exists a

sequence {Xn} in X such that for every t >0,

M(fx,,z,t)—1 and 3, (Fx,{z};t)>1
ash — oo for some Z € f(x)

Definition 2.10: Let be a fuzzy metric space(X , M, *)
and f,g: X = X andF : X — B(X). . Then(f, F)
is said to be a pair of M-maps with respect to (f, F) if

there exists a sequence {Xn } in X such that for every t >0,

M (fx,, z, t)—>1 and am(Fx, {z}, t)—>1

asn — oo forsome z € f(x)n g(x).
Definition 2.11. Self mappings A and S of a Fuzzy
metric space (X, M, *) said to be sub compatible if there

exists a sequence {Xn} in X such that that
lim Ax,= lim Sx, ,xeX and satisfy
n— o N—o0
lim M(ASx,, SAx , t)=1.
n—o

I1l. MAIN RESULT

Theorem : Let A B,S, T be self maps on complete fuzzy
metric space (X, M, *) satisfying

0, (Sx, Ty, Kt),M (Ax, By, t),0, (A, Sx, t) g
{8m(By, Ty, t),0,(Ax, Ty, t),0,(By, Sx, t) }_

forall, y € X, t>0and k €(0, 1) where ¢ € ©

1) (A, S) is a pair of M-maps with respect to A and
Sx < B(x) forall x € X

2) (B, T) is a pair of M-maps with respect to B and
Bx < A(X) forall X € X

3) (A, S) is semi compatible and

compatible.

4) (A, S)and (B, T) is sub compatible.

Then A, B, S, and T have a unique common fixed

(B, T) is weak

point Z € X such that
Sz=Tz={z}={Az}={Bz}

Proof: Suppose (1) is holds.

Since (A, S) is a pair of M-maps with respectto A and
(A, S) is semi compatible, there exists a sequence {Xn} in
X such that for every t >0, !Ian M (AX,, z, t) =1and
r!iinoo 8m(AXn,{Z},'[) =1 forsome Z € A(X)

Hence there exists W € X such that Z = Aw.

since Sx < B(x) for all X € X there exist 4, € SX,
and Yy, € X suchthat 4, = By, forall n.

Also M(By,, z, )= M(u,, 2, t)20,(Sx,, {z}, t)

—1 N—>o
Hence lim M(By,, z, t)=1

O (SX,, Ty,, Kt),M(Ax,, By,, t),8, (Ax,, S, t) .
O (BYn: TV, 1),0,(AX,, TY,, 1),8,(BY,, SX,, t) |
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Letting N — oo we have,

>

¢(6m({z}, imTy,, Kt).112, ({z}, limTy,, t).3, ({z}, limTy,, t), 1) 0

Hence
am({z}, limTy,, Kt)
property of @€ @

We have if {G,} and {
which is non empty bounded subset of fuzzy metric space

zam({z}, limTy,, t) from

F

n} are sequences in H(x)

(X, M, *) converging to G and F in H(x),
respectively. Then 9, (G,, F,, t)—>2,(G, F, t) as
n— oo for all t>0 And if

0, (G, F,, 1)—0,(G, F, t).Forall G,F e H(X)

and for all t>0, O0<k <1 thenG = F = { singleton}
provided M (X, y,t) —las t »> oo forall X,y € X

={z}.

= lim Ax,

n—oo

From above condition we have lim Tyn
n—oo

Thus lim Sx, =

n—oo

lim Ty,

n—o

lim By, =

{Z} (A, S ) is semi compatible)
Now,

00 (SW, Ty,,Kt),M (Aw,By,, t),0, (Aw, Sw, t)
0 (BY,, Ty, 1).0,,(Aw, Ty,, t),8,(BY,, Sw, t)|

Letting N — oo we have,
(0 (Sw, {z}, Kt),1,8,({z}, Sw, 1),11,8,({z}, Sw, t))=0
On(SW, {z}, Kt) 20, (Sw, {z}, Kt)

Hence SW = {z}Thus Sw = {z} = {Aw}
Since {Z}: Swc B(X ) there exist » € X such that

z=By
Now,

A 8, (S%,, Ty, Kt),M (Ax,, By, t),0,, (AX,, SX,, t) “o
0 (BY, Tv, 1),0,(AX,, Ty, t),0,(By, Sx,, t) |

Letting N — oo we have,

0(0n({z}, Ty, Kt), 1.1, 8, ({z}, Ty, t).0,({z}, Ty, 1), 1)=0

on({z}, Ty, Kt) 20, ({2}, Tv. t)

Hence Ty = {Z} Thus Ty = {Z}: {B)/}. (B, T) is
weak compatible.
Since the pair (A, S) and (B, T) are sub compatible, we

have

Sz ={Az} and Tz = {Bz}

190

0n(Sz, Ty, Kt),M (Az, By, t),0,(Az, Sz, t)
On(BY, Ty, 1),0,(Az, Ty, 1),0,(By, Sz, t)

o(M (Az, z, Kt),M(Az, z, t),LIM (Az, 7, t)M(z, Az, 1)) =0

M(Az, z, kt)>M (Az, z, t).

}

Hence Az =z Thus Sz = {AZ}
Also,

O (SW,TZ,Kt),M (Aw,Bz,t),0,, (Aw, Sw, t)

>0
o.(Bz, Tz, t), 8, (Aw, Tz, t), 0,,(Bz, Sw, t)

®(M(z, Bz, Kt),M(z, Bz, t), 1, IM(z, Bz, t)M(Bz, z, 1)) >0
M (z, Bz, kt)>M(z, Bz, t).

Hence Bz =z Thus Tz = {Bz}={z}
Thus z is a common fixed point of A,B,S,T such that

Sz=Tz= {Z} {AZ}: {BZ}. Uniqueness of common fixed
point follows from.
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