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On Improving the Semi-Local Convergence of
Newton-Type Projection Method for IllI-Posed
Hammerstein Type Operator Equations

Monnanda Erappa Shobha

Abstract—A Two Step Newton-Tikhonov Projection method
is presented for obtaining a stable approximate solution of
nonlinear ill-posed Hammerstein type operator equations KF(x)
=f. The regularization parameter is chosen according to the
adaptive parameter choice strategy suggested by Perverzev and
Schock (2005). The error estimates obtained with respect to the
general source conditions are of optimal order. We also give the
numerical example which confirms the efficiency of the
proposed method.

Index Terms—Adaptive method, discretized newton tikhonov
method, hammerstein  operators, monotone operator,
regularization.

I. INTRODUCTION

This paper deals with the finite dimensional realization of
a method considered in [1] for (nonlinear) Hammerstein-type
equation ([2]-[4])

KF(x) = f o)

Here F:D(f) < X — X is nonlinear, K: X —>VY is a
bounded linear operator ([2], [3]) and X(real), Y are Hilbert
spaces with inner product <> and norm ||| respectively. It is
assumed that f¢cy are the available noisy data with
Je-t]<s:

The aim is to approximate the x,-minimum norm solution
(x,-MNS) x of (1). Recall that [3], [4], xis said to be an
Xo -MNS if

HF(;) = F(%,)| = min{||F (x) — F (%,)] : KF(x) = f,x e D(F)}

In [1] we considered two cases of F ; in the first case we
assume that F'(x)*exist and in the second case we assume

F is a monotone operator (ie.,
(F(9—F(y)x—y)>0,vxy < D(F)) and F'(x)*does not
exist. The derived error estimates in [1] was of optimal order
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and we obtained quartic convergence. In this paper we
consider the finite dimensional realization of the second case

i.e., F is monotone but F'(x) ™ doesnot exist.

The organization of this paper is as follows. Preliminaries
are given in Section II. In Section Il we investigate the
semi-local convergence (i.e., convergence of the iterations in
a ball of radius r centered at x,) of the proposed Discretized

Two Step Newton Tikhonov Method(DTSNTM). Section VI
gives the algorithm and Section V deals with the
implementation of the method and a numerical example
which confirms the efficiency of the proposed method. And
finally paper ends with a conclusion in Section 6.

Il. PRELIMINARIES

In this section we state the results of Section Il in [5],
needed for this paper. As in [5] we assume that F possess a
uniformly bounded Frechet derivative for each x e D(F),

F'(x)| < M, ¥x € D(F) for some M.
Let {P, },.., be a family of orthogonal projections on X.

i.e.,

Let ¢, =|K(I-PR)|. 7, =|F'()(1-P,)|, ¥xeD(F)
and {b, :h>0} is such that

jim [ =PI [0 =POFOO)] _ and jim b, =0-

h—0 h h—0 h h—0

We assume that &, —0 and 7, >0as h—0.

The above assumption is satisfied if, P, — | point wise

and if K and F'(x) are compact operators. Further we assume
that ¢ <&, , 7,<7, , b,<h, and &e(0,6,] where

2
Go+8 < (m)\/aj

Further as in [1], we solve (1) for x by first solving
Kz=f 2
for z and then solving the non-linear problem
F(x)=z ®)

The discretized Tikhonov regularization method for the
regularized equation (2) with f ° in place of f , consists of
solving the equation

(RK'KR, +aR (2" ~RF () =R K[ ~KF ()] @)
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The following assumption is used as in [1], [3] to obtain
the error estimate.

Assumption 2.1: There exists a continuous, strictly
monotonically increasing function ¢:(0,a] — (0,00) with

a>|| K | satisfying;
* limp(2)=0

e supZ?P) < () vie(0.a], and
>0 +a

o there exists ve X, || v|i<1 such that

F(X)—F(x)=o(K'K)v .
Theorem 2.2: (see [5], Theorem 2.4) Suppose
Assumption 2.1 holds. Let 22'5 be as in (4) and b, < S+é
S

Then

S+¢,

Q)
Ja

Il F(R)— 2z lI< C(p(a) +(

),

where ¢ =%max{M P A3+1-

A. A Priori Choice of the Parameter

Note that the estimate (s,) +% in Theorem 2.2 is of
o

optimal order for the choice ¢ :=/(s,h) which satisfies

__9t&  Let w(A)=AJo (1),0<Ai<a
p(a(s,h)) o
Then we have
5 +&, =Ja(d,h)p(a(d,h)) =y (p(a(s,h))) and

a(d,h) = (™ (5+s,)). So the relation (1.5) leads to
IF(R) -2 I 2Cy (S +¢,).

B. An Adaptive Choice of the Parameter

In this subsection, we consider the adaptive method
introduced by Pereverzev and Shock [6] for choosing the
parameter o . Let

Dy ={¢,:0<a, <y <, <+
possible values of the parameter .

< ay} be the set of

Let
| = max{i: p(er) < S 803 < N, (6)
Ve
k=max{i:a, € D;} ()
where
Dy ={e; €D, 20 - 2] 1 3C0*8) 1_g1a i,

a;

Theorem 2.3: (cf. [5] , Theorem 2.5) Let | be as in (6)
k be as in (7) and 22;5 be as in (4) with ¢ = ¢,. Then | <K

and || £ () - 2" II< C(2+4—”1)W‘1(6+sh)-
.

I1l. CONVERGENCE ANALYSIS OF DTSNTM

Let B(x,,r) denotes the ball of radius I' with center X;.

162

Assumption 3.1 (cf. [7], Assumption 3 (A3)) There exists

a constant k20 such that
X,u e B(X,,r)UB(X,r) c D(F)

for every

and V€ X there exists an
element LUV € X gy0n that

[F'(x) = F'(u)]v = F'(u)@(x,u, V), | d(x,u,v) Ik, IV I x—u ll.

The DTSNTM is defined as:

y:,gk =X:§ —R(X:,’ik)flph[F(X:j;i) Z +7k( nak Oak)]
©)
And
Xota = e ~ROna ) "RIF(yne )~ 2 (ymk Xo0 )]
)
where x;0 =PBX, is the initial guess, c<a, |
R(x):=P,F'(X)P, + % P. First we show that (x)
c e
converges to the zero x> of
B (F(0)+ 2 (x= %)) = R22? (10)
C k

and then we show that x:;fk is an approximation to the

solution X of (1.1). Let

ers =lyne —xre I, vn>0. (12)
and let K, be such that k <min{L )} Let
+7
g:(0,2) = (0,1) be the function defined by

3

g(t) = 27k, 1+7,)°t® vte(0,1). (12)

Further let || R —x, lI< p, with 1. 3 8, +¢,, and

0 p<ﬁ(1 (§+M) \/070)
fMp+( M) 0y,
\/_

Theorem 3.2: Let e 0 % and g be asinequation (11) and

(12) 'jk

respectively withd € (0,5,], a=¢, and ¢, €(0,,].
Then the following hold:

respectively, X and yr':"(fk be as in (9) and (8)

h,s

h, h,& 0™~n-1, h, h, .
8) Xy, — Yo, IS @+ To) Y, =X,
eh 0
h.s 0~n-1, h.s .
b) ” Xn,ak - —1a "< (1+ (1+ To)iak) " —1 a M-l "’
h,o h 5 .
C) ” yn,ak "< g(en -1, )" yn Loy n 1oy "’
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d  g(er)<g(y,)", vn=0

e) er <g(r,)* "y, vn>0.

Proof. Proofs of a), b) and c) are analogous to the proof of
corresponding results of Theorem 3.4 in [5]. Further, since

for 11€(0,2), g(ut)<lg(t), for all te (0, 1) by c) we
have, g(ens, ) < g(efs )" andeys <g*(ers,, Jens.,

< g (en Zak)g (en 3ak)en Zak

4241 S
< g(eOak)

eO 0
6 \(4"-1)/2 oh,S
< g (eO,ork ) eO \Q

g (eo 4 )eo i
(13)

provided e:,’;i <1,v¥n>0. From (13) itis clear that, e:ﬁk <1

if eo <1. Now since g is monotonic increasing and

e’ <y, (e [5], equation (328) we have
g(eO ' )<g(y,). This proves d) and e).
Theorem 3.3: Letrz( 1 L ) 7,
1-9(r,) e 9(r,)’ Yo
the assumptions of Theorem 3.2 hold. Then
X22k1yna € B, (P,x,), forall n>0.

Proof. Analogous to the proof of Theorem 3.5 in [5]. The
main result of this section is the following Theorem.

Theorem 3.4: Let y” and x“" be as in (8) and (9)
respectively and assumptions of Theorem 3.3 hold. Then

g
(G

is a Cauchy sequence in B (B,x,) and converges to

X' B, (Rx,). Further P[F(x”)+ o

h,o
-X)]=Rz;
and ), x5 I Ce

where

P~ 1 3k0}/ 1 U

Co= (g + (L) =~ 9(7,)")y, and
T R T R O T Ll
n=-logg(y,).

Proof. Analogous to the proof of Theorem 3.6 in [5]
The following Assumption is used in the further analysis.
Assumption 3.5: There exists a continuous, strictly

(0.6] > (0,%9) yiep

monotonically increasing function P
b >l F'(x,) Il satisfying;
o lim
15 0401(/1) =0,
sup ag,(4)
120 A+a

e Thereexists Ve X with ||V |[[<1 (cf. [8]) such that
X =X =@ (F'(%))V.

e Foreach X € B (X,) ={X Il X=X, ll< r} there exists a
bounded linear operator G(X, X,) (cf. [9]) such that

<¢(a),VAe(0,b]and

F'(x) = F'(%,)G(X, X,) with | G(X, x,) lI< K,.

1-k,r
l1-c

Hereafter we assume that r <i and K, <=—%
0

Theorem 3.6 (see [5]}, Theorem 3.7) Suppose Xjak is

the solution ofF(x)+ and Assumption 3.1

(x— x)_z

and 3.5 hold. Then

4 _
o)+ @+ ) uy (5 +é,)
1R=x° Il p-1
€ 1-(@-c)K, —k,r

Theorem 3.7 (see [5], Theorem 3.8) Suppose X:"jk is the
solution of (10) and Assumption 2.1 and Theorem 3.6 hold.

In addition if 7, <1, then

1 —x0 < 2 (5+€h
1-7, Je

A
The following Theorem is a consequence of Theorem 3.4,
Theorem 3.6 and Theorem 3.7.

Theorem 3.8: Let X:jik be as in (9), assumptions in
Theorem 3.4, Theorem 3.6 and Theorem 3.7 hold. Then

).

A o - _ n —~ 2 5+8
I%—xyo ll< Ce +C1+l—( h
\ %

—_ TO

)

4 _
a@)+ @+ Duy 6+ a)
1-(A-c)K, —k,r

as in Theorem 3.4.
Theorem 3.9: Let X:;i

where ¢ _ and C, &y, are

be as in (9) and assumptions in

Theorem 3.8 hold. Further let ¢ (¢, ) < (e, ) and

. n_O0+¢
n =min{n:e”* <——="}
20

Then I R—xyo II=O(y (6 +&,)).

IV. ALGORITHM

Note that for i,je{0, 1, 2, ---, N},
ZZ,'()‘_Z:(;J:(O!]-—OQ)(RIK*KR] +aj|)_l(PhK*KPh+0€i|)_1PhK*(f5
—KF (%))

Therefore the balancing principle algorithm associated
with the choice of the parameter specified in Section Il
involves the following steps.

e Choose 4, such that 5 e < 22’\%0?03 and £ >1,

® G Zﬂz'aoi
e solve for w,

(RK'KR, +a )W =R K" (f*—KF(x,)); (14)
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Solve for j <1,

2 RKCKR + )2} =y —aws (1)

I |z ||>m, then take K =1—1;

Ja

Otherwise, repeat with i +1 in place of I.

Choose n,_ =min{n:e " < m}

NA

using the iteration (9).

Solve X:"S
1

Ok

V. IMPLEMENTATION OF THE METHOD

In this section we present an example for implementing the
algorithm mentioned in above section. We take an example
(see [7], section 4.3.) satisfying the assumptions made in this

paper. We consider the operator KF :12(0,1) — L*(0,1)
where K :1*(0,1) » L*(0,1) defined by 4 - [kt 9x(s)ds

F:D(F)c 2(0,) »12(0,1) defined by
F(u) = jolk(t, S)U3(s)ds,

where

and

k(t,s) :{(l_t)S,OS s<t<1

1-9)t,0<t<s<1

Then for all x(t), y(t): x(t) > y(t):

(FO-Fx=y) = [} [k.s)0¢ - y)(s)ds ix-y)pyt 0.

Thus the operator F is monotone. The Frechet derivative
of F isgiven by

F’(u)w=3_[:k(t,s)(u(s))2w(s)ds.

So for any u e B, (X,), %, (s) >k, >0,Vs e (0,1), we
have F'(u)w=F'(x,)G(u, X,)w,
where

u
G(u, %) = (=)
XO
Further observe that

[F'(v) - F'(u)]w(s) = 3f01 k(t,$)[v*(s) —u*(s)]w(s)ds

=F'(u)®(u,v,w),
where

CD(u,v,w):[Z—Z—l]w.

Thus F satisfies the Assumption 3.1 (cf. [10], Example
2.7).

Let V, be a sequence of finite dimensional subspaces of
X and
s Ve,

dimV, =n+1. We choose the linear splines
-+, V., } in a uniform grid of N+1 points in
[0, 1] as a basis of V,,. Let p = p, denote the orthogonal

n

projection on X with range R(PB,) =V,. We assume that
IPRx—x|>0ash—0 forall xe X.

n+l
Since w, eV, W, can be written as Z/l.Vi for some

i=1

scalars 4, A,,---, A,,, and W, is a solution of (14) if and only

if 1=, 4,4,)" s the unique solution of
(M, +a,B)A=2a where
M, =(Kv,,Kv)),i,j=12,---,n+1

Bn :(<Vilvj>)!i! J =12,---,n+1 and

a=(RK(F7=KFO) %)) =12 n+L
One can see from (15) that ZS“S €V, and hence

n+l

ZiT’5 ZZﬂEVk for some 4, k =1,2,---,n+1. Then, for
k=1

j<i, Zirj‘ﬁ is a solution of
(RK'KR, +a;1)z{* =(a; —a;)w; if and only if
EZ(,LLP,,UE,---”UEAT is the unique solution of
6:(<(aj_ai)V\/i'Vi>)T'

Compute Z{* till | ns . 4C@+4) and fix k =i-1. Now
(1] \/;J

o+g,

V&

Let &" :(fln’fzn""!g:ﬂ)’ n" :(771n'77§""'77:+1)'

(Mn+ajBn);7=5 where

choose n, =min{n:e”* <

n+l n+l
y:"jk :Z§invi and X:"Zk :Zninvi. Then using (8) we
i=1 i=1
get
' h,s ak & n n
(RF (Xn,'ak)+?)z & -V
i=1
n+l n+l a n+l
= Zﬂ’lvi _ZPhF(X:J:; W +TKZ(XO(ti)_77in)vi’
i=1 i=1 i=1
where t, t,, -+, {,; are the grid points.

Observe that (y, — X ) is asolution of (8) if and only
if (&"=n")=(& . & =15 e —Tna)' IS the
unique solution of

(@ + 2B )(E" ") = B,[Z - Fy+ (X, ")), where

Qn :<F!(X:,’gk)viivj>!i! J =1, 2,
Fu =[F O )(0), F (%o ) (&), F (e (&)1

N+

and

164
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Xo =% ) X (), % ()T
Further from (9) it follows that

(l:)h':,(yn,’jk ) + )( n+i|.a.rk —Yn ak) (16)

:Ph[ZE(S F(ynak)+ (XOak _ynak)]

Thus (X725, — Yna, ) is a solution of (16) if and only if

" =&Y = (= =& = )T s the
unique solution of

@, +—B )0 —E" =B [2 - %(xo—?)],
where Qn =(F'(Ymo Wi Vi, j=1,2,-,n+1,

F.,+

=[F (Yoo )W), F(Yno (&) F (Yoo )T

To iIIustrate the above method in our computation, we take
ot
t - (— ——
o 110 (156 6 156
solution R(t) =13 We use %, (t) =t°

) and f%=f+s5. Then the exact
+i(t_t8) as our initial
56

guess, so that the function x,—X satisfies the source

X =@ (F'(x,))L Where ¢ (1) =A. Thus we
1
expect to have an accuracy of order at least O((5 +¢,)?).
=1.3)(5+¢,) =13,

0 +¢,=0.0667 =c, y,=0.8173 and 9(7/p) —054
approximately. For all n the number of iteration n, =1. The

condition  x, —

We choose ¢,

results of the computation are presented in Table I. The plots
of the exact and the approximate solutions obtained are given
in Fig. 1.

TABLE I: ITERATIONS AND CORRESPONDING ERROR ESTIMATES

n k S+e, | & X" =% | Ix =21

(8 +e,)"?
8 4 00682 | 0.0494 | 0.2390 09149
16 4 00671 | 0.0477 | 0.1809 0.6986
32 4 00668 | 0.0473 | 0.1301 05385
64 4 00667 | 0.0472 | 01111 0.4304
128 4 00667 | 0.0471 | 0.0936 03625
256 4 0.0667 | 0.0471 | 0.0833 03227
512 4 00667 | 0.0471 | 00776 0.3007
1024 | 4 00667 | 0.0471 | 0.0746 0.2890

n=512

n=1024

Fig. 1. Curves of the Exact and Approximate solutions.

VI. CONCLUSION

A finite dimensional realization of a Two Step
Newton-Tikhonov Projection Method is considered for
obtaining an approximate solution of a nonlinear ill-posed
Hammerstein type operator equation KF(x) = f. Under

the assumption that the available data is ¢ with
| f —f°|<s and the nonlinear operator F is monotone but

Frechet derivative of F is non-invertible, we obtained the
convergence of the method. The derived error estimates
using an a priori and adaptive method of Perverzev and
Schock(2005) are of optimal order with respect to a general
source condition. Numerical Example presented proves the
reliability of our method.
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