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Contingent Claim Pricing Using the Cauchy Probability
Distortion Operator under Simple Transformation
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Abstract—The problem of pricing contingent claims has been
extensively studied for non-Gaussian models, and in particular,
Black- Scholes formula has been derived for the NIG asset
pricing model. This approach was first developed in insurance
pricing where the original distortion function was defined in
terms of the normal distribution.

This approach was later studied to compare the standard
Black-Scholes contingent pricing and distortion based
contingent pricing. In this paper, we aim at using distortion
operators by Cauchy distribution under a simple
transformation to price contingent claim. We also show that we
can recuperate the Black-Sholes formula using the distribution.

Index Terms—Wang transformation, NIG and cauchy
distribution under a simple transformation, distortion operator,
contingent pricing.

I. INTRODUCTION

It is a well-known fact that the returns of most financial
assets have semi-heavy tails and the actual kurtosis is higher
than that of a normal distribution. A form of insurance risk
pricing based on a normal-based distortion operator has been
proposed [1]. This pricing principle is consistent with the
financial theory of Gaussian option pricing as shown in [2]. It
is shown that the celebrated Black Scholes formula can be
recuperated through the distortions operator under the
assumption of a normal model for asset prices [3]. The Wang
not only possesses various desirable properties as a pricing
method but also has a sound economic interpretation. Among
them the most striking result in the transform, is that it is
consistent with Buhlmann’s economic premium principle.
The pricing principle approach of Wang must be somehow
modified in order for it to capture the non- Gaussian feature
of market prices. In recent years, several non-Gaussian
distributions have been proposed in order to better the model
asset prices. One of such models is the NIG process. Under
non-Gaussian assumptions for asset returns, markets are
incomplete and there are many equivalent martingale
measures. This implies that the arbitrage —free price of
contingent claims is not unique. Among this family of
equivalent measures, one can find subclasses for which
explicit formulae can work. One of such subclasses is the so
called mean-correcting equivalent martingale [4]. Moreover,
a Black—Scholes type formula can be worked out in this case.
This is an interesting analogue to the situation found in the
Brownian model for which the celebrated Black-Scholes
formula for contingent claims was first developed, Instead, in
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this paper we aim at pricing contingent, using the Cauchy
distribution operators (under a transformation). We also
recover Black-Scholes formula. This paper is organized as
follows:

In section 2, we present a brief summary of results about
the Wang and NIG family distribution and the corresponding
non-Gaussian financial theory. In section 3 we introduce the
Cauchy [under a simple transformation] distortion operator
and discuss some of their properties and features. In section 4,
we show how this new operator is consistent with standard
non-Gaussian  financial theory by recuperating the
Black-Scholes type formula. Section 5 finally concludes.

Il. SUMMARY OF RESULT OF WANG DISTORTION AND NIG
FAMILY OF DISTRIBUTION AND THE CORRESPONDING
NON-GAUSSIAN FINANCIAL THEORY.

Let X be a random variable representing a financial
(insurance) risk and let Fy and Sy be its distribution and
survival function respectively. The premium (price)
associated with this position is

m(X) = [ g(Sx (0))dx, 1)

where g is an increasing differentiable function with
0<g<1, for all x [5].

Moreover, this function is such that g (0) =0and g (1) = 1.
Equation (1) shows that the premium function © can be seen
as a corrected mean under a new density measure given by;

n(X) = j xg (5¢(O)dFy () = E*X],  (2)

where the E* denotes expectation under the density
measure . Wang [6] Proposed S the following class of
distortion function based on the normal distribution in order
to price insurance and financial risks

9. = (¢ (W) + ), ©)

where ¢, is the standard normal cumulative distribution
function. Hamada and Sherris [2] shows that the distortion (3)
is consistent with Black-Sholes formula. Let us consider the
following price Kernel associated with distortion in (3).

H[X = h(2),a] = [ ga(Sx(x))dx,

where h is a continuous, positive and increasing function. For
a normal random variable Z,

H[X = h(x),a] = E[h(z + a)].



International Journal of Applied Physics and Mathematics, Vol. 3, No. 1, January 2013

In the Standard Black-Scholes model, asset prices follow a
geometric Brownian motion with
dx (t)

S0} = udt + odW,,

Xr = (Xoe(#_é)T+GWT>.

A standard European call option has pay off at maturity T
and we can writef (z),where z is a standard normal random
variable

so that

@) = (Xoe@_é)mm_k) |

Applying the relation (kernel), we have

H(C(T, k); —a) = E[f(z + a)]

oo 02 —22
:j <X06<y—7)T+om+o\/ﬁ—k n 1 o dz)
o V2m

= Xoe" =41 = ¢ (Zpn + 0T)] — k[1 — $(2,)]
= XOeMT_Um(p(_Zmin + O-\/T) —Ko(—2zpin)-

Calibrating Wang’s discounted certainty equivalent to the
underlying security price usinga = (”;—")\/T gives;

(%) + (r. + "Z—Z)T
oVT

o2
— e—Tch¢ (ln (Xk_o)+(r_7))

e~ "TH(C(T, k), —a) = Xo

oVT

The generalized version of the distortion in (3) is based on
a

Normal inverse Gaussian rather than a normal distortion.

Definition 2: Let ¢"'¢ denotes the NIG cumulative

distribution function NIG (,/a&— B.16/ g, \as, 0) . We
define the NIG distortion as

9a B, 8,6(w) = oM (@M (W) + 0) (4)

These can be calibrated just like in Wang’s distortion. One
interesting feature of this new distortion is that since it is
based on a skewed distribution, the underlying probabilities
are distorted asymmetrically at the tails. In Wang’s distortion,
it is the same way because of the symmetry of the normal
distribution.

Proposition 1: consider the NIG distortion g,,8,6,0
defined in (4). Let Z be a random variable with distribution
given by NIG(g,,B,6,1) and let X = h(z) be the
transformation through a continuous, positive, and increasing
function h, then

HIX,01 = [ gapoo(Sx(x))dx = E [h(z + 9,/% ] 5)

For the proof see [6].
Now

~ 1
Se(0) = p|Z2E hl(t)_”‘

Because of the symmetry property of the parameter g in
p=h”t()
/e

Applying the distortion, we have

proposition 1, Sy (t) = ¢N'¢

0!

Gapse(Sx(@®) = N HT +6 |

Considering the following exponential NIG asset price
model

S, = Spe?t,t >0, (6)

where z, iS a (f,p)>?-NIG levy process with
parameters[a, 8, §, u]. Then the (f;, p) random variable S; is
the price of the security at time T and it can be written as
Sy = h(z,) for a function h(u) = Sye* and a random
variable z; with distribution NiG(a, 8, 87, 7).

If we apply proposition 1, we have that

HlSy,—8] = 8,0\ amor -]

where

—r— 2_ 2_ [a2-R32
9=”T5“j‘;7“)v"ﬁ_ )
a

In other words, under the NIG distortion with a value of 9,
the price Sy evolves like a risk-neutral asset [7].
Hence,

H[f(Sr, k): —0]=S, II:(L) e’nig(z,a,B,6T[u + 0*] Tdz

S0

— [* k. nig(z,a,B,6T, [u+ 6*]dz. (8)
ln‘.fzzs—)
0

This implies that the price of a standard European pay-off
evaluated with the pricing kernel associated to the NIG
distortion with a parameter 6~ is given by

e H[f(Sy, k): —6] .
= S,NIG <lnS—,a,[>’ +1,6T[u+ 9*]T)
0
~KeNIG (In+,a, 3, 6T, [u+ 671T). (9)
0

Equation (9) is the Black-Scholes type formula at time
t=0[1].

This shows that the NIG distorted pricing kernel with
parameter 6 reduces to the Black-Scholes type formula
under the mean correcting Martingale measure.
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I11. THE CAUCHY DISTRIBUTION UNDER A SIMPLE

TRANSFORMATION

A random variable S follows a Cauchy distribution under a
simple transformation of dividing through by a constant with
parameter vector (a,b) , in symbolic notation
S~Cauchy (a, b), if its probability density function is

1
b2+(s—a)?

f(Ssab) = 2( ), —1<S, <1, (10)

where o is the stabilization term [8]. The formula for the
stabilization term is given as;

s

e= zbtanfl(—T;“ ) (11)
The pdf (10) can therefore be written as
(s;ab) = ( ! ) 1<8, <1
flsiab)= 2tan-1 (1;‘1) b+ (s —a)?)’ L
b
a<lbz=1. (12)

Note that a and b are ordinary parameter of location and
scales. Under this transformation, the variance S is obtained
by;

X (XX —1,X0,X1,-Xq)

[xm | [xm |

) (13)

t =

by letting |x,|= max|x_r, e X, ...xq|,x ER -1r<x<
q:r,q ER [9]. Ris the real space without the points,
—oo and oo X is a Cauchy random variable.

The first four moments of this probability density function
are obtained as;

. %[ln(l +a? +b% —2a) — In(1 + a? + b? + 2a)] (14)

E(S) = —— 1= - _1- ,
UTEIE e () e ()
1+ a[ln(1 + a® + b? — 2a) — In(a? + b?)]
2y 1 2_p2
R | (Rl ) B
E(s?) =
1 4a+#[ln(1+a2+b2—2a)—ln(1+a2+b2+2a)]
T e () - ()
(16)

and
E(s%)

—
W[ =

+a—b?+3a? + 2a(a® — b*) In(1 + a® + b? — 2a) ]l
|

+b(b? — 6) (tan’1 (1;%)) —2a(a? — b?)In(a® — b?) +

b(b? — 6) (tan™ (_Ta))

1
2tan™! (lb;a)

17

From which we obtain the expression for the skewness and

kurtosis as:

0@ (a,b)+02(a,b)
3
[0 D (ab)+0D (a,b)]?

skew(a,b) = (18)

where

(1+a?+b%—-2a)°
a’ + b2

[tan‘1 (—1 _ a) + tan™! (1 _ a)]
b b
3a27b2
(14 a?+b?>—2a) 2
1+ a%+b%2-2a

oD(a,b)=1+In

a2_b2
b

®D(a,b) =

¢*(a,b) = 4a + |In

5(a.b) _a —3ab2[t _1(1—a)_|_’t (1—a)]

ab) = 5 an 5 an{—
®)(a,b)+03(a,b)

Kurt(a,b) = —2 1
urt(a, b) o Db 0D @] (19)
where
1
®3(a,b) =§+a—b2 + 3a*
2 2 Za(uz—bz)
4 ln(1+a +b*—2a) 2

a? + b?

0@ (a,b) = b(b? — 6) [tan™" (52) + tan™* (2)].

From the above four expressions for the moments of S, we
have ; lim,o po¥1(a,b) = 0and limggp0 v1(a, b) =
0.

Hence the limiting values of the kurtosis as tends to zero
and b tends to infinity are given by lim,_q 0 ¥2(a,b) =
1/3 andlim, o pow¥2(a,b) =—1

. 1

Moreover, given & = m ,

distribution under simple transformation can be written as

C(a,b) =5m= EpP+ (S —a)i3!

- (5
S ; a)z]}
< &b~ 2exp {— (5%‘)2}

where a,b are obtained by applying the maximum
likelihood estimation method as [8]:

then the Cauchy

-1

= &b~ %exp {—log [1 + (

(20)

a=YroSi+ D/ +1D2—4(S +b)?  (2la)

and
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(21b)

b= A - - a).

The NIG distribution as well as the Cauchy distribution are
infinitely divisible and the Cauchy distribution appears as the
opposite limitas a — 0 for the inverse Gaussian distribution;

—ad
NIG Co,a, 1, )~k exp (51| + §X)

when |x]| = 0. We therefore assume herein that a random
variable X ~ (C(a, b).

IV. PROBABILITY DISTORTION APPROACH AND CHANGE OF
MEASURE

Let w = {w,,t = 0} be a standard Brownian motion and let
I=1,t >0 be an IG process with parameters =1,b=
sJa?z—p2, with a >0,—a <g<aand § >0; then it can be
shown that the stochastic processx, = ps21, + sw;,is an NIG
process with parameters «, 8 and § [10].

Let F(t,x) = e*~"/2¢ be the future price and let x, = B,.
Then we formally obtain

dF(t,x) = oF dt +zd:6F dXt + Zd: adeXide
) Z G T L M T L a2 A4
i=1 ij=1
=eBt_1/2t'
This implies that
dF(t,B,) = F(t,B,)dB,.

Consider the stochastic exponential

e(B), = eB /2t (22)
We see that it has the stochastic exponential
de(B), = €(B).dB, (23)

This relation can be treated as a stochastic differential
equation with a solution delivered by (22). Thus

1
e(X)p = £(0)eP S e +Wi 5t (24)

Putting (24) in a broader context we consider now the
process

Z, = exp{J; b(t,w)dB, — 1/, [} b*(s,w)ds},  (25)
where b = (b(t, W))t>0 is a non-anticipating process with

P(b?%(s,w)ds < ©) =1,t > 0.

Setting

Y, = [ b(s,w)dB, — 1/, [ b*(s,w)ds  (26)

and F(y) = e”, we can use ito’s formula to see that that

process Z = (Z,);> (the Girsanov exponential) has the
stochastic differential
dZ, = Z,b(t,w)dB, 27

Lemma 1: Let {X,},5 be a drifting Brownian motion
process where X, = B&2I, + 6W,, and (W}, is a P-
Brownian motion and 8 and § are constants. Then a measure
under which {X,},, is a martingale is given as

W =W, + pal, (28)

2
Proof : Taking 9 = %, under the probability measure
P® of Girsonov’s theorem we have that the process

@ ;
{W,t }Ogth, defined by

W = W, + [0, ds, (29)

is a standard Brownian motion [11]. Thus

Iy

W = w, + [ psd
0
= Wlt + ﬁSIt,

is a Brownian motion and X, = W), is a scaled Brownian.
Notice that

EF[x?] = EP[B26*17 + 2B8%1, + 52 W/
= B28*12 + 821,

where as

ErIx] = 70 [s2 (W) ] = 8%

If we apply the kernel, the distortion g, » on g,, we have

1
e(X)r = £(0)ef* W, (30)
a standard European call option has pay-off at maturity
Ce(M,K)=((Sr)—K)y, 0t<T. (31)

where Sy is the price of the security at maturity and we can
write this as f(Z) where Z is a Cauchy random variable and

1
f(2) = (e(0)ef T2 _ ) | (32)
+
Theorem 1: LetS = x — %T, where x = B8%1, + 6VTZ
and let €: R — R satisfy fora > 0

[ e=a5%|E(8)|dS < oo.

Then

™

H(S(e(T), K)) = PP 7=(0T) (5 — p26yT) -
KC (g).(33)
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Proof : Applying the relation to Wang distortion formula
on (32)given a = b~2, we have:

+o0

H(C((T),K)) = fb—zf <£(0)eﬂ521t+6\/72—%r
” N2
- K)+exp{— (Z 5 a) }dZ

=¢&b2 fjm(e(O)es_“ —K)exp {— (%)2} az

772

S
- fb—zf s~ (7) dZ—be‘ZJb e 2’47
S z
= gb—zf e5==(5)

S 2
= fb‘ze’”ZIT‘%Tf () az - ke (%)

—00

"4z—KC (S)
- \b

—00

S
— £p2eP Iy f e 2@V 47 e (%)

—00

s . 2
e I L

—00

()

gyt |

o)

= P ¢ (s — p28yT) - KC ()

(S—b26T)

2

1 7. —_
e v dZ

Remark: if b = /2 the result is as in [2].

V. TIME -VARYING DRIFT AND VOLATILITY FOR THE
SECURITY PRICE

Consider the Cauchy distortion under a transformation
defined in [2]. Let Z be the random variable with distribution
given by C(a,b) and let X = h(Z) be a transformation
through a continuous, positive and increasing function h.

We now have to study how this distortion affects an
exponential Levy model for assets prices and in particular if
there is a value of 6 such that discounted asset prices behave
like risk-neutral prices.

Let us consider the following exponential Cauchy (under a
transformation) asset price model

S, = Spe?, t>0 (34)
where Z, is a (f;,p) Cauchy-Levy (under transformation)
process with parameters (a, b).

Then the (f;,p) —random variable S, is the price of the
security at time T and it can be written as S = h(Zr).

For a function h(U) = Sye* and a random variable Z;
with distribution C(a, b), then we have;

H[S7,—6] = E[f(Z+6)]

= (0?1075 ) |
+

Definition 2 : Let(e, F(F,),p) be a filtered probability
space. An adapted cadlag R-valued process, X = {X(t)}:>o
with x(0) =0 is a Cauchy-levy process under
transformation if x(t) has independent and stationary
increment distributed as Cauchy (; a, b)

Now we choose 6 such that the discounted price process

{exp(=(r — )t) s, t 2 0}

is martingale ie

So = exp(—(r — ) E°[S,], (35)

where expectation is taken with respect to the law with

density ft(")(x), q is the rate of yield of compound dividends
per annum and r the interest rate. Let @(u) = E[exp(uiX;)]
denote the characteristics function of X;. Then from (35), in
order to let the discounted prices process be a Martingale, we
need to have as in [10];

N 8(=i(6+1)
exp(r —q) = arvarat (36)
It is easy to see that
_ (u-r+q—2(a—b)
6= ( 2(a—b) ) (37)
such that
_ q+u-r—2(a=b)
Sp =W, + (—2 — ) (38)
and so
» 4%
¢ = 18 = expl2(a— b)X, — 2(a — b)e}.
Now,

E, = Eyexp{2(a — b)S, — 2(a — b)t + (r — wt}.
The pay-off of the contract will be C, = E, — K .
Expressing E, as a function of X, gives (36) and so using that
{X:}¢>0 Is a Q- Brownian motion gives the fair value of K as

K = EQE,] = e"ME,.

Hence calibrating Cauchy discounted certainty equivalent
to the underlying security price using (37) gives

e TH(C(e(T),K)) = £(0)C (m(‘%‘))

+u-r+q+2 (a—b)T
2(a—bVT -

KCeT 1n(570)+u—r+q—2 (a—b)T
€ 2(a—bWT !

which is the Black-Scholes price of the call option at time 0 .
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This demonstrates that Cauchy’s distortion function approach
recovers the Black-Scholes price of a European call options.

VI.

The most common way to estimate the value of options is
to use the Black-Sholes formula. If the price changes of a
security are log normally distributed, the Black-Sholes
formula provides the theoretical price of the so called
European options on that security. Unfortunately, there is
overwhelming evidence that price changes are not
log-normally distributed. Instead, security price changes have
what is often called fat-tails. They also exhibit skewness.
Fat-tails can be modelled with so called stable distribution
which is also referred to as Levy distributions and
Levy-Pareto distribution. A Gaussian distribution is a special
case of stable distribution. The Cauchy distribution is another
well-known example of a stable distribution. In fact, the
Gaussian and Cauchy distribution are the only two stable
distributions for which closed form mathematical formula
exist and it is consistent with the behaviour we observe in real
capital markets. Hence equation (35) demonstrates that
Cauchy distortion function approach under a transformation
recovers the Black-Scholes price of a European call option.

CONCLUSION
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