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Abstract—Numerical techniques was used to solve the 

Laplace’s equation in Dow electrolytic cell, the computation of 

voltage distribution in anode was carried out by using the 

method of successive over relaxation finite difference method. 

The developed finite difference program is constructed to study 

the effect of various design parameters or operate change on the 

performance on the anode; performance is judged from the 

dissipated energy, life time of anode, quantity of magnesium 

produce. A novel anode design is suggested to minimize the 

dissipated energy increase the lifetime, and relativity large 

quantity of magnesium produce. 

 
Index Terms—Dow cell, finite difference, dissipated energy, 

magnesium produce.  

 

I. INTRODUCTION 

The knowledge of the consumption energy in every part of 

the Dow cell is very important in both scientific and 

economical points of view. There are some physical 

phenomena which happen during the cell operation as a result 

of passing high electric current [1],[2], which is followed by 

many other physical occurrences like thermal effects. The 

electric and magnetic fields have direct effect on the cell 

efficiency, so the calculation and analysis of potential and 

electric field distribution represent an important stage in the 

design of anode in the Dow cell. 

Thus comprehension should be taken into account to 

understand the physical phenomena for cell constituent, in 

order to obtain the best designs available for these constituent 

[3,4]. In view of amount of electric energy consumed in the 

production of pure Mg there is considerable incentive for 

improvement of the Dow cell. 

The work discussed here begins after some difficulties 

process had been experienced with many of the anodes in the 

cells, after the commissioning of the plat it was found that the 

voltage drop across the anode was higher and more variable 

than had been expected. Although this high voltage drop 

means that increased ohmic heat generation could also impair 

the anode performance in the cell [5]. At the outset it was 

realized that the poor and variable characteristics of the cost 

iron joint were the principal causes of the trouble and it was 

decided therefore, to quantify the voltage distributions 

throughout the anode, using a mathematical model, as a 

function of the degree of electrical contact at the joint, as a 

result, a better understanding of the physics of the system was 

expected to emerge and form this it would be possible to 

make constructive criticism of the existing joint making 

 
 

procedures and to recommend ways of improving them. 

To quantify the voltage distributions the anode, which 

measured (62×46×150) cm high, was approximated to a 

uniform solid cylinder of equivalent base area. This enabled 

it to be simplified to a two dimensional system with 

cylindrical symmetry without it was felt, significantly the 

validity of the model. 

Laplace’s equation was used to define the steady state 

voltage distributions throughout the system with appropriate 

constraints placed on the equation of the boundaries. Actual 

values of carbon/cost iron contact resistance required to 

define conditions of this boundary, were measured in the 

laboratory. 

Simulation were carried out to reproduce existing 

conditions on the plant and also to observe the benefits of 

modifying the joint design and taken different dimensions of 

anode and stub. 

 

II. MODEL CONSTRUCTION 

A half section of the simplified anode geometry is shown 

in Fig. 1. In the model the cavity was assumed to have a 

smooth vertical side. The carbon cast iron interface regions 

are shown along line E and F, and carbon electrolyte interface 

region was postulated along line D. current was assumed to 

flow normally across any interface area and its direction is 

shown by the arrows. For cavity the interface are shown to 

have a finite thickness, while in practice, it is infinitesimally 

thin. The dimensions of the anode were considered to be 

variables in the model so different geometry could be 

explored. 

 

Fig. 1. Half section of simulated anode, arrows show current direction. 

 

III. BOUNDARY CONDITIONS 

Across the boundary line (A) no current was assumed to 

flow. Therefore, this line boundary separates the two 

Laplacean regions one infinitely permeable and flux crosses 

the boundary normally. So the finite differences equation 

corresponding to this line is: 

𝑉𝑖𝑗 =
 1 

4
 2 𝑉 𝑖−1,𝑗  + 𝑉 𝑖,𝑗−1 + 𝑉 𝑖,𝑗+1                 (1) 
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Line boundary (B) represents the line symmetry. If the line 

of symmetry treated as boundary then the number of nodes 

would be greatly reduced. The finite differences equation 

corresponding to this line is[6]: 

𝑉𝑖𝑗 =
 1 

6
 4 𝑉 1,𝑗  + 𝑉 0,𝑗−1 + 𝑉 0,𝑗+1                   (2) 

Along boundary line (C), for no current flow across it, then 

the finite differences equation corresponding to this line is: 

𝑉𝑖𝑗 =
 1 

4
  1 −

1

2𝑖
 𝑉 𝑖−1,𝑗  +  1 +

1

2𝑖
 𝑉 𝑖+1,𝑗  + 𝑉 𝑖,𝑗−1 + 𝑉 𝑖,𝑗+1       (3) 

This equation is also used in the boundary (D), with 

changing 𝑉 𝑖,𝑗+1  to the sink voltage (𝑆𝑁𝐾𝑉)[7]. 

𝑆𝑁𝐾𝑉 = 𝑃𝐻𝐼𝑂 − (𝑆𝐵𝑉𝐷 + 𝐴𝑁𝑉𝐷)                (4) 

where 𝑃𝐻𝐼𝑂 is a voltage at the stub, 𝑆𝐵𝑉𝐷  is stub-anode 

voltage drop, and 𝐴𝑁𝑉𝐷  is the voltage drop across the 

carbon anode. 

 

IV. CONTACT RESISTANCE 

The concept of the contact resistance was used to define 

the interfacial boundary conditions. It is derived from ohm’s 

law, which is valid across an interface, since it is assumed 

that the current flow across it undergoes no divergence.  The 

ohm’s law is given as: 

𝑉 =
 𝐼 

𝐴
(𝜌𝑙)                                      (5) 

where 𝐼 is the current through the interface, 𝜌 is the specific 

resistance of the interface material, 𝑙 is the thickness of the 

interface, and 𝐴 is the area of the interface. In this study the 

value of 0.6186 × 10−2 Ω. 𝑐𝑚2  was used for contact 

resistance between carbon and cast iron [8]. 

 

V. CALCULATION OF ANODE LIFE TIME 

To product one kilogram of Mg, it needs the energy of 

(30.6x106) J. The calculation of the amount of carbon 

consumption to produce one kilogram of pure Mg according 

to reaction [9]: 

𝑀𝑔𝑂 + 𝐶𝑙2 + 𝐶                        𝑀𝑔𝐶𝑙2 + 𝐶𝑂 

𝑀𝑔𝐶𝑙2 + 𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦                        𝑀𝑔 + 𝐶𝑙2 

It is clear from the above equation reaction, a mole of Mg 

as product exile one mole of carbon anode. Since atomic 

weight of Mg equal to (24.305), and atomic weight carbon is 

(12); the mass of carbon consumption 𝑚𝐶  to produce one 

kilogram of pure Mg, is equal to (12/ 24.305=0.4937) Kg. 

So the energy required to consume 𝐸𝑐  one kilogram of 

carbon is: 

𝐸𝑐 =
30.6

0.4937
= 61.98 𝐽/𝐾𝑔                      (6) 

By using the power of the cell, the average life time of each 

anode is determined using the following relation: 

𝑡𝑐 =
 𝐸𝑐  𝜌𝑐   𝜋𝑅𝑐

2 ℎ𝑎   

𝐼 𝑉𝑠
                                       (7) 

where 𝜌𝑐  is the carbon density of the anode, ℎ𝑎  is the active 

length of the anode, 𝑅𝑐  is carbon radius, and 𝑉𝑠  is the sink 

voltage at the electrolyte interface. 

VI. FINITE DUFFERENCE AND COMPUTER PROGRAM 

The calculation and analysis of potential represent an 

important stage in the design of anode in the Dow cell. The 

familiar analytic methods (Separation of variables, the 

methods of images, etc.) are suitable for an extremely 

restricted group of problem [10]. Therefore, numerical 

methods, such as finite element and finite difference must be 

carry out for calculating voltage distribution in carbon anode 

cell [11]. The advantage of the finite element method is its 

simplicity in treating problems with inhomogeneous media 

and with very complicated boundary [12], but the problem 

concerned is a homogeneous and very complicated boundary, 

therefore, the finite difference method is used. In this study, 

the Laplace’s equation takes the familiar central difference 

form as: 

𝑉𝑖𝑗 =
 1 

4
 𝑉 𝑖−1,𝑗  + 𝑉 𝑖+1,𝑗  + 𝑉 𝑖,𝑗−1 + 𝑉 𝑖,𝑗+1           (8) 

The numerical interactive successive over relaxation 

method [13] was used to solve this equation with suitable 

boundary conditions. The advantage of this method in this 

application gives a simple and compact program textually 

and uses relatively little computer store. 

The stub region is assumed to be at uniform potential. To 

run the program it is first necessary to specify the appropriate 

anode geometry, carbon resistivity, current, and contact 

resistance values. It is also necessary to specify an arbitrary 

starting potential drop, line boundary conditions, and 

re-entrant corner point. A distribution voltage is then 

calculated by solving the system of equations. Many efforts 

are devoted to manipulating and finding the optimum 

successive over relaxation factor during solution of the 

equation, iterations are carried out to a residual error. 

 

VII. CONVERGENCE RAT FACTOR 

Fig. 2 shows the effect of various convergence rate factor 

on the iteration number (with supposing the maximum value 

of iteration was 500). This figure clearly indicates the most 

suitable value for obtaining the minimum iteration number 

was (1.93), thus its value is fixed in the program. 

 

Fig. 2. The number of iterations of the program required for convergence of 

the convergence of the convergence factor. 

 

VIII. EFFECT OF RESISTIVITY CONTACT OF ANODE AND 

STUB 

Two main simulation have been carried out, the first was 

based on the assumption the good electrical contact existed 

down the vertical side of the cavity (region E in Fig. 1) but 

poor electrical contact was assumed to exist in the region G. 

in the second existed we assume an equal good contact in two 
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regions. The results of first simulation are shown in Fig. 3(a); 

iso-potential line have been drawn in (20 𝑚𝑉)  steps and 

current at any point normal to these lines, it can be seen from 

the high concentration of lines at the side of the cavity that 

current predominately enters the block in this region, it then 

diverges to give a fairly uniform distribution at the bottom of 

the anode. The mean anode voltage drop was found to be 

(363 𝑚𝑉)  the mean baseline voltage of (3.637 𝑉) 

represented the voltage drop through the electrolyte. 

 

Fig. 3. The potential distribution as a function of (r,z) for: (a) poor electrical 

contact. (b) good electrical contact, in the region G. 

Results from the second simulation are shown in Fig. 3(b). 

The benefit of improving the electrical contacts all around the 

stub can be seen by much more uniform flow into the anode. 

The voltage drop across the anode in this case was (257 𝑚𝑉), 

representing a save of (106 𝑚𝑉)  compared with first 

simulation. This self-saving dies not appear large, but when it 

is realized that (7200 𝐴)  is passing through each of the 

anodes then the total power saving is appreciable 

(763.2 𝑊𝑎𝑡𝑡). 

 

IX. THE FIRST CONFIGURATION OF ANODE 

The anode configuration is chosen as a cylindrical shape 

with radius (30 cm), and height (60 cm), while the stub is 

made of iron in the form of cylindrical shape with radius (12 

cm), and height (15 cm). 

The symmetry is taken into consideration when solving 

equations by finite difference to reduce the computational 

work. Due to symmetry of anode around 𝜑-direction, only 

one half of it is considered. Square mesh (20,40) system was 

imposed on the anode, with intervals (1.5 cm) in both r and z 

directions. The voltage at the stub was assumed to be (4 V) 

with current (7200 A). 

The contour potential distribution as a function of 𝑟 and 𝑧 

with accuracy of (10−4), are shown in Fig. 4. It is clear from 

figure that the voltage distribution around the stub is irregular, 

therefore, it caused to a large amount of electric power to 

dissipate. 

 

Fig. 4. The potential distribution as a function of (r,z). 

The parameters of this configuration are presented in 

Table(1), in which the drop voltage and the power dissipation 

are not small, while the life time of the cell is very short 

which are contracted with the aim of this work. Thus 

incentive considered the following design in order to obtain 

the optimum configuration satisfied with increasing the life 

time and decreasing the power dissipation.  

TABLE I: THE MAIN PARAMETER OF THE ANODE WITH RADIUS (30 CM), 

AND HEIGHT (60 CM). 

 

No. Parameter of the Anode Value Unite 

1 Activation height 27 cm 

2 Carbon anode voltage drop 0.94515 Volte 

3 Total voltage drop 1.05076 Volte 

4 Power dissipation 6805.1 Joule 

5 Life time 5.7255 Days 

6 Magnesium produce 83670 Kg 

 

X. THE EFFECT OF ANODE CROSS SECTION 

To determine the optimum dimensions of the Dow cell, the 

effects of various cross section of Carbon anode are 

investigated; All the configuration with the same physical 

properties (resistivity of the carbon= 0.6186 × 10−2 Ω. 𝑐𝑚, 

voltage supply on the stub = 4 𝑉 , total anode current =

7200 𝐴 , and anode stub contact resistance = 0.2322 ×

10−1 Ω. 𝑐𝑚). Nine different anode base areas with equivalent 

highs are examined. The potential distributions for different 

anode cross sections are shown in Fig. 5. It is observed that 

the voltage distributions are regular for both dimensions, and 

the drop voltage decreases with increasing base area of the 

anode. This refers to decrease of the current density within 

the carbon anode by increasing base area. 
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Fig. 5. The potential distribution as a function of (r,z),  for different anode 

radius (a) r=22.5 cm, (b) r=67.5 cm. 

The effect of anode radius on the life time and the power 

dissipation of the cell, was shown in Fig. 6. It was clear that 

the increase of anode radius cause increases of life time of the 

cell, and decreases the power dissipation. So the highs anode 

radius has the best performance. 

  

Fig. 6. Life time and power dissipation of the cell as a function of anodes 

radius. 

 

XI. THE EFFECT OF STUB CROSS SECTION 

It seems from the previous section that the optimum 

configuration is the greatest anode radius, therefore; the 

anode dimension is fixed with radius (75 cm). The different 

stub radius were taking in the range (7.5 – 18) cm, with the 

same physical parameters as the previous section. The 

potential distributions for different stub cross sections are 

shown in Fig. 7. It can be noted that the drop slightly effected 

with increasing base area of the stub.  

The life time and the power dissipation of the cell as a 

function of stub radius are shown in the Fig. 8. The increase 

of stub radius leads to decreases of life time of the cell, while 

the power dissipation remains constant at the minimum. 
 

 

 

Fig. 7. The potential distribution as a function of (r,z), for different stub 

radius (a) r=7.5 cm, (b) r=18 cm. 

 

Fig. 8. Life time and power dissipation of the cell as a function of stub radius. 

 

XII. CONCLUSION 

The finite difference method was used it investigate the 

voltage distribution within the anode Dow cell, and some 

important parameter like life time, power dissipation, and 

magnesium product are considered. The simulations have 

indicated that appreciable power saving could be achieved by 

improving the electrical contact at the base of the stub cavity. 

The increase of carbon anode cross section shows an increase 

of life time and decrease of power dissipation. While the 

increases of stub cross section caused decrease in life time of 

the cell with fixed value of power dissipation.   
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