
 

Abstract—In this paper, we show that the approximate 

Connes-amenability and approximate amenability of weighted 

group algebra  ,1 G are the same, where G  is a discrete 

group and   is a weight function on G . 
 

Index Terms—Connes-amenability, approximate amenability, 

beurling algebras.  

 

I. INTRODUCTION 

The notion of approximate amenability was introduced by 

F. Ghahramani and R. J. Loy in [3]. The class of 

approximately amenable Banach algebras is clearly larger 

than that for the classical amenable Banach algebras 

introduced by B. E. Johnson in [5], (see [3] and [4]). 

A weaker notion of amenability that is called 

Connes-amenability, which has a natural generalization  to 

the case of dual Banach algebras, was introduced by V. 

Runde in [6,7]. 

With above notions in hands, it is normal to think of the 

concept of approximate Connes-amenability for dual Banach 

algebras, [2]. There are examples to show that this new 

notion is not coincide with the mentioned concepts earlier, [2, 

Example 2.1]. 

In this short note, we investigate the notion of approximate 

Connes-amenability for weighted group algebras. We include 

only the proof of our main Theorem.  

Our work is based on [1]. For a discrete group G we show 

that  ,1 G  is approximately Connes-  amenable if and 

only if it is approximately amenable.  

A Banach A -bimodule E  is  called  dual if there is a 

closed submodule *E  of  
*E  such that  **EE  . The 

dual Banach A -bimodule E  is called  normal if the module 

actions of A  on E are 
 -continuous. A Banach algebra 

A  is dual if it is dual as a Banach A -bimodule. A dual 

Banach algebra A  is  Connes-amenable if for every normal, 

dual Banach A -bimodule E , all bounded, 
 -continuous 

derivations EAD :  are inner. Let  **AA  be a dual 

Banach algebra and let AAA ̂:  be the diagonal 

operator induced by abba  .  Let E be a  Banach A

-bimodule. We write  Ewc  for the set of all elements 

Ex such that the maps  xaa . and axa .  from 

A into E  are 
 -weak continuous. The space  Ewc  is 
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a closed submodule of E .It is shown that 

 **

* ˆ AAwcA  ,  [8, Corollary 4.6]. Taking adjoint, 

we can extend   to an A -bimodule homomorphism wc

from  
*

*
ˆ 





  AAwc  to A . A derivation EAD :  is 

approximately inner if there exists a net   Ex 
 ,  not 

necessary bounded, such that for every Aa ,

axxaDa ..lim    , the limit being in norm. A dual 

Banach algebra A  is  approximately Connes- amenable if 

for every normal, dual Banach A -bimodule E , every 


-continuous derivation EAD : , is approximately inner. 

 

II. THE MAIN RESULT 

For a Banach algebra A , we define the bilinear maps 
**** AAA   and 

**** AAA   by 

 .,,,..,,,.., *** AAfAafafaaffa   

Then we have two algebra products on 
**A , called  the 

first  and  second  Arens product respectively.  When they are 

equal, we say that A  is Arens regular. In this case 
**A is a 

dual Banach algebra with predual 
*A . 

Let G  be a group. A function   ,0:G  is called a 

weight if       tsst    , for each Gts , . Without 

loss of generality, we may put   1e , where e  is the 

identity of G . 

 For a weight   on a group G , the Banach space 

 ,1 G  is called a  Beurling  algebra. Following [1], we 

consider  ,1 G  as the Banach space  G1  with the 

product  hgghhg ,   where

       hgghhg  , , for Ghg , , and extend 

  to  G1  by linearity and continuity. 

For a group G , the spaces  Gc0
 and  G  are known. 

We write  
Gssu


  for the standard unit vector basis of 

 Gc0
, so that tstsu ,,    , the  Kronecker delta, for 

Gts , . It is known that   ,1 G  is a dual Banach algebra 

with predual  Gc0
. 

Theorem 1.1. Let G  be discrete group, let   be a weight 

on G  and let  ,1 GA  . Then the following are 

equivalent: 
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  Ai
 is approximately amenable. 

 ii There is a net      *
**

ˆ GGAAM  
  

such that 

        
 ,

, , , , , 0 ,
g h G G

f hk g h k f h kg k g M 
    (1) 

for each Gk , uniformly for all  GGballf   , 

and  

 

 iii There is a net      *
**

' ˆ GGAAM  


 

such that 
                     

        
 

'

,
, , , , , 0 ,

g h G G
f hk g h k f h kg k g M 

    (1)
 

for each Gk , uniformly for all  GGballf   , 
 

and                       

 
       '

,
, , , .gh e gg h G G g G

f g h M f f f G



  
    (2) 

Proposition 1.2. Let G  be a discrete group, let   be a 

weight on G  and let
 

 ,1 GA  . Then the following are 

equivalent: 

  Ai  is approximately Connes-amenable, with respect to 

the predual  Gc0
. 

 ii There is a net      *
**

ˆ GGAAM  
  

such that 

                     

        
 ,

, , , , , 0 ,
g h G G

f hk g h k f h kg k g M 
    (1) 

for each Gk , uniformly for all  GGballf    , 

which are such that the maps  *, AALT   defined by 

   hgfT gh ,,   for Ghg , , satisfy the 

conclusions of Theorem 1.1,  

and   

 
  ,

, , , ,gh g h G G
f g h M f e 
  (2) 

uniformly for all  Gcballf 0 . 

 iii There is a net      *
**

' ˆ GGAAM  
  

such that 

                     

        
 

'

,
, , , , , 0 ,

g h G G
f hk g h k f h kg k g M 

    (1) 

for each Gk , uniformly for all  GGballf    , 

which are such that the maps  *, AALT   defined by 

   hgfT gh ,,   for Ghg , , satisfy the 

conclusions of Theorem 1.1,  

and  

 
       '

0,
, , , , .gh gg h G G g G

f g h M f e f f c G  
    (2) 

 

Let G  be a discrete group and let Gh . Following 

Daws as in [1], we define    GGJh

  :  by 

                     

               GffhhghghffJ
ggGghgh





  ,,, 111 

 

It is clear that   |||||||| ffJh  , so that hJ  is bounded. 

Theorem 1.3. Let G  be a discrete group, let   be a 

weight on G  and let  ,1 GA  . Consider the following: 

  Ai  is approximately Connes-amenable, with respect to 

the predual  Gc0
. 

  Aii  is approximately amenable. 

 iii  There is a net     *GN  
  such that 

                     
  1, , 1 ,

g
g g N

 
          

(1) 

and 

                     

   * 0 , .kJ N N k G   
   

(2) 

 iv  There is a net     *' GN  
  such that 

                      
  1 ', , 1 ,

g
g g N

 
        

(1) 

and 

                     

   * ' ' 0 , .kJ N N k G   
   

(2) 

  **Av  is approximately Connes-amenable. 

Then,        iviiiiii  . 

Moreover, if
 

A  is Arens regular, then    iv  . 

Proof.     iii    and    iiiiv   are  clear. If A  is 

Arens regular, we have the implication    iv  .  

   ivi  : Suppose that the net    *' GGM  
  

are given as in part  iii  of Proposition 1.2. Define 

   GGG   :  by putting  

    ghg ff  ,,  for  
1 hg , and otherwise equals 

zero.Let  '*'

  MN  . Then we have  

                           
  GGhgeghg hggg



 
,,

1 ,,   

where   is the  Kronecker delta. So that 
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( )( )( )
( ) ( )( ) ( ) ( ) ( ) ( )( )( )

,

,

, , ,

. , , , , , 0,

gh eg h G G

g g h G Gg G

f g h M f

f f G f hk g h k f h kg k g M

α

α

∈ ×

∞

∈ ×∈

Ω →

= ∈ Ω − Ω →



     
 

 
 

,1,,,,, ,,,

'

,,

'1 




eeeGGhgeghGGhgeghg MhgNgg  
 

 

by condition  2 of part  iii  of  Proposition 1.2. 

Fix Gk and   Gf   . Define  CGGF :  

by 

                     

         GhghhkkfhgF gkgh 
 ,,

11

, 

  

It is clear that F is bounded and 

   1|||||||| 

  kkfF  .  Let T  be the operator 

associated with  F . It is easy to check that F satisfies the 

conditions of Proposition 1.2.  Notice that 

                       

             11111

,, ,


 gkggkgffJ kgeghkhg 

 

thus we have 

 

              GballfMgkkghFkhghkFNNJ
hgk

 :|,,,,,|sup|||| '

,

''*

  

 

so that   0''*   NNJk
,  by condition  1  of part  iii  

of Proposition 1.2. 

   iiiii  : To show that A  is approximately 

amenable, we show that part  ii  of Theorem 1.1 is satisfied. 

Define    GGG   :  by 

   1,,  ggFFg   , for each  GGF    and 

Gg . Let  
N  be as part  iii . Let    NM * .             

For    Gff
gg

  , we have 

                     

  
 

   egehggh fNggfMhgf  

 ,,,, 1

,

 

so that the condition  2  part   ii  of  Theorem 1.1 holds. 

Let CGGf :  be a bounded function and let Gk . 

Then 

 

                   
ghg

gkkggfkggkgfgkkghfkhghkf ,,,,,,,, 111

,
   

 

Define  CGGF :  by 

     khghkfhgF ,,,   , for each  Ghg , . So F  

is bounded and   |||||||| fF . Then 

               NJNfMgkkghfkhghkf khg

*

,
,,,,,,   

Consequently, using condition  2  part  iii , we have 

established condition  1  part  ii  of Theorem 1.1. 
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