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Two New Integrable Couplings of Soliton Hierarchies with
Self-consistent Sources

Sixing Tao and Hui Shi

Abstract—A new kind of integrable couplings of soliton
hierarchies with self-consistent sources associated with 3(4)
was presented. Based upon this method, two new integrable
couplings associated with Li soliton hierarchy and BKK soliton
hierarchy with self-consistent sources were obtained by making
use of loop algebra sl(4) respectively. Meanwhile, their
Hamiltonian structures of the integrable couplings of Li and
BKK soliton hierarchies were obtained by making use of
variational identity . The method in this study can be applied to
other soliton hierarchies with self-consistent sources.

Index Terms—Li soliton hierarchy, self-consistent sources,
integrable couplings, BKK soliton hierarchy

I. INTRODUCTION

Soliton equations with self-consistent sources [1]-[4] has
been receiving growing attention in recent years. Physically,
the sources may result in solitary waves with a non-constant
velocity and therefore lead to a variety of dynamics of
physical models. For applications, these kinds of systems are
usually used to describe interactions between different
solitary waves and are relevant to some problems of
hydrodynamics, solid state physics, plasma physics, etc.

Recently, the integrable couplings with self-consistent
sources have been receiving growing attention. Yu [5]-[7]
has derived some integrable couplings of soliton hierarchy
with self-consistent sources such as the Dirac soliton
hierarchy with self-consistent sources, the Yang soliton
hierarchy with self-consistent sources and the C-KdV soliton
hierarchy with self-consistent sources by making use of the
loop algebra si(4), but there are some errors in [5]-[7] . In
this paper, we will correct these errors and construct a new
integrable couplings of soliton hierarchy with self-consistent
sources by making use of loop algebra s1(4).

This paper is organized as follows. In section II, we will
lead to a kind of integrable couplings of soliton hierarchies
with self-consistent sources by making use of si(4). In
section III, integrable couplings of the Li soliton hierarchy
with self-consistent sources is derived by making use of loop
algebra sl(4). In section IV, integrable couplings of the
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Broer-Kaup-Kupershmidt soliton  hierarchy  with
self-consistent sources is derived by making use of loop
algebra s1(4). Finally, some conclusions are given.

II. A NEW INTEGRABLE COUPLINGS OF SOLITON
HIERARCHY WITH SELF-C ONSISTENT SOURCES ASSOCIATED

WITH sl(4)
In the following, we consider a set of matrix Lie algebra
sl(A)[5
1 0 00 01 0 0
{0 -1 0 0 (1000
91_(0 0 1 0)'92_<0 00 1)'
00 0 -1 00 10
0 1 00 001 0
_[-1.0 0 O _{0 0 0 -1
93_(0 0 1 1)'94_<0 0 0 0>' M
00 -1 00 00
00 01 00 0 1
[0 0 1 0 {0 0 -1 0
95_(0 00 0>'96_<0 0 o0 0)
. 0000 00 0O
It is easy to verify that

sl(4) = span {g; 82,83 84 85 86},
sl(4); = span{g;,g2 85},
sl(4); = span {g,,8s, 86}
Construct three Lie algebras, and satisfy
sl(4) = sl(4); @ sl(4),,
[sL(4)1, sL(4)2] = sl(4)151(H)z - sL(H)251(4)1 € 5L(4).
The corresponding loop Lie algebra are defined as follows:
si(4) ={4]A e R[LATY ® sl(#)},
sl(4); ={A|A e R[A AT @ sl(4)4),
si(4), ={A|A e RLATY @ s1(4),)
Consider the auxiliary linear problem

2

[

oM (oM

b2 | _ b2

b =U(u) K (3a)
[V N

[oH (ol

> = V™) 2 , (3b)
3 ¢3

IV [N

where

U, =g + T wgiQ), u=(uy, ..., u5)",
u; = ui(x, t)(l = 1,2, 6), ¢J = ¢j(x, t)(] = 1, 2,3,4)
are field variables defining on x € R, t € R, g;(A) € si(4),
oA
2= O
(3) gives rise to the

sl(4) denotes a infinite Lie algebra over R. When

the compatibility conditions of
well-known zero curvature equation
U= V™ +[U, V@] =0, n =12, @)
The general scheme of searching for the consistent
V (™) and generating a hierarchy of soliton equations was
proposed as follows[8]. First, we solve the stationary zero

curvature equation
V, = UV - VU,
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Vo= ) @ =
m=0
am by +cm dn em + fm
0 bm —Cm —am em — fm _dm -m
Zmeo 0 0 . I ®)
0 0 bm —Cm —Am

Then we search for A, € sl(4) such that V(™ can be

constructed by
V(n) = nm=0 Vm (u)}\‘n_m-'—An ('U., }\4),
AN = Ap1 s + Dnaga + Anzgs + Dnaga + Ansgs + Dnegs (6)
where A,; are linear functions of a,, by, c,, d,, eyand f;.
Under certain conditions, there is a constanty such that

the so-called variational identity holds[9].
e (vE) = 07 @) ) (v D)

where Tr denotes the trace of a matrix. Define a scalar
H = H(u, \) by the equation

(@ W)= ()

(7

H= Yoo Hn(WX ™. ®)
From the variational identity (7), we obtain that
Tneo T2 = Tr (VD) = Tico Tr(Ungh ™ ©)

The sets {Hm} proves the conserved densities of (4). In
[8], Ma proposed the generalized Tu scheme to find a
Hamiltonian function, a recursion operator L and symplectic
operator J of the hierarchy based on stationary zero
stationary equation (5). The Hamiltonian form with H,
can be written as

=J3 n=1,2,.
oHn 1 _ Ln

ou
where == (— —)T

(10)
an

SHy,
Su

=L—) ,n=1,2,.

We consider the aux111ary problem of (3). For N distinct

Aj,j=1,..., N, the following systems result from (3) as
follows
¢11 ¢1J
¢Z] _ iy N ¢2] 12
¢3] (gl( ) + Zl 1ugl( ])) ¢3] ’ ( a)
(1)4] x ¢4_1
b1 b1
P2 | (B2 Vi (WA ™ 4+ Ay (1)) P2 (12b)
¢3j m=0 m j n\ ¢3j
[ . P4
The following equation is presented in Refs.[10, 11].

By 21 =0, (13)
where o are constants —* determines a finite dimensional
invariant sets for the ﬂow (10).

For (12a), it is known (up to a constant factor) that
2= 2 (9 ) = 2 (%00, (14)
wherei=1,2,3.7 =1, ..., Nand

brjp2i DL By —¢3 \

w = | b5 —buydy B by |

! \ 0 0 buydy 0] /

0 0 ¢§] _¢1j¢2j
0 A

For uy,us, ue, if we set g;(3) = (
<¢3j¢4j —¢3;
b —siby

o U)i=4,56 w,=

), we demand that
% 15)

By using of (14) and (15), we present a kind of the
integrable couplings of integrable soliton equation hierarchy

with self-consistent sources

0

1 .
STr(¥i24;)), 1=4, 5, 6.

73

N 8%

SH,
U, =]5_un+]2j:16_
wheren=1,2,....

5Hy N 83

=gy U (6

) 8y . .
Remark The representation of i in [5]-[7] is wrong.
1

In (14) and (15), we correct these errors.

III. THE INTEGRABLE COUPLINGS OF LI SOLITON
HIERARCHY WITH SELF-CONSISTENT SOURCES

In [12], Fan presented the zero curvature representation of
Li soliton hierarchy. In this section,we consider the following

enlarged Li matrix spectral problem

b = U9,
Uw,\) = —g,(1) +u;(g1(0) + g5(0)) + uzgz(O) +u3(94(0) +
96(0)) + u,95(0), (17)

ie.
—Atu;  utu, Us Uz + Uy
| urtuy A—uy —uztu, —U3
U = 0 0 “Atu uptu,
0 0 U tu; A—-1u

where A is the spectral parameter.

To establish the integrable coupling system of the
Lisoliton hierarchy, the stationary zero curvature equation Vx
= [U, V'] of the spectral problem (17) through the generalized
Tu scheme [8] is firstly solved. We assume that a solution of
V is given by

Z LA™ Z o
=0
bm —Cm —0am fm _dm
0 0 am b, +c (18)
0 0 by —Cm —a,

Therefore, the condition (5) gives rise to the following
recursion relations:

( Ay = 2U by, — 2uycp,
| bpi1 = —Upam + Uiy — 3 mxr
1
Cms1 = ~U A — gbmx + Ui Gy

dmy = 2Uzby, (19)

Cmy1 = qum

— 2UyCpy + 2use — 2Uy frn,

=2 fno

fn+1 = UsCm - %emx + Uy fn-
If we setag =2,byg =co=dyg=¢ey, = f, =0, we see that
all sets of functions a,,, by, €y Ay €y fin are uniquely

determined. In particular, the first few sets are:
a; =0,by = —2u,,¢;, = —2u,,d; =0,
/e1 = =2uy, fi = —2uz,a, = u?
by = Uyy — 2UUy, € = Uy — 2uf,

— Uypy — Updyy + U €,

—Uzlp — uldm

2
—us,

20
dy, = 2u Uz — 2Ugzly, (20)
e, = —2U Uy — 2UyUsz + Uzy,
fa= —fl-u1u3 T Uy ) ) )
From (19), we can obtain the following recursion relations
for Am+1 — Cmt1 T dm+1 - fm+1ﬁbm+1 + em+1) Am+1 —
Cm+1 and b4,
Ami1 — Cmtr T dm+1 - fm+1 Am — Cp + dm - fm
b1 + €y by +e
=1L m m 21
Am+1 ~ Cm+1 Am — Cm ( )
bm+1 bm
where
! 0—0"'u0 L
( 29~ Uy 12 0 uzd Ly, w
1 0 —U3
L= 2 0 |
0 0 07 'u 0 +u; Ly
0 0 56 — U 0

where Ly, = —6‘1u26 — Uy, Lz =Uzt+, Ly = 6‘1u4 0, L3y =
—07 u,0 — u,.
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Considering
n
ym = Z V(A + 4,
m=0
—a, + ¢, 0 —d, + f 0
_ 0 a, — Cp 0 dn—fa
An = 0 0 —a+ec, o | @
0 0 0 an — Cn

from the zero curvature equationU; — V)En) + [U, V(“)] =
0,
we obtain a new coupling system
Ur = =0 VWA + [U, Xzo Vi A" ™ | —
[U, 4,] =0.
Substituting (22) into (23), we have

Apy +
23)

Vx(n) - [U! V(n)] = (_anx + Cnx)gl + bnxgz + (_anx + Cnx)gs +
(_dnx + fnx)g4 + enxgs + . (_dnx + fnx)g6- .
Thus the zero curvature equation (23) determines the
following system
Uy 0 0 —-ad 0 an_cn+dn_fn
|} (o0 o o b, + ey
¢ Uz -9 0 9 0 an — Cp
Us/ ¢ 0 a 0 -0 b,
ap —Cp + dn - fn 2
_ b, +e _ ol O
=J a’:l _ CZ =]JL <2> (24)
b, 0

In order to construct non-degenerate bilinear forms, we
transform the algebra s/(4) defined by (1) into a vector form.

Define the mapping:

5:sl(4) » RS,
A (ay,ap, 3,04, 05,06)",

where 4 =a,g, + a,g, + - + aggs € sl(4).

This mapping & induces a Lie algebra on R® isomorphic to
the matrix Lie algebra sl(4). va = (a;, a5, as, a4, as, ag)T, b=
(by, by, bs, by, bs, be)T € R®, abilinear form can be defined by

(a,b)= a’Fb, (25)
where F'is a constant matrix. As
(6[4, B])T = a"Fb = a"R(b), (26)
where
0 2b;  2b, 0 2bs  2bs
—2b; 0 —2b, —2by O —2b,
| 2, —2b, O  2bs —2b, O
Ro>=\ 0 0 0  2b; 2b
0 0 0 —2b; 0 —2b
0 0 0 2b, —2b, O

According to the symmetry and invariance of the bilinear
form, so F' and R(b) must satisfy F" = F, R(b)F = —(R(b)F)".
So we determine the symmetric matrix F:

10 0 10 0
01 0 01 0
Fo|0 0 -1 00 -1
10 0 000
01 0 000
00 -1 000

We construct the Hamiltonian structure of the Li hierarchy
by using of the Variational identity [10]
(Vru ) = A" V—/V (Vn: )-
Through a dlrect computatlon we obtam
50 = —an = dny (o 3) = @y = o+ du= fr

@7n

au
Vo, a_uz) = by +ey,
au

(me

)= an
(Vo) = by,
Substituting the above formulas into the above identity
identity (27), it give s rise to

—Cny

74

(v auz\

S 8y g2y
éu(V'Ok) =% ax}” (28)
v,

n-1

ou,

Comparing the coefficient of A™"7%, we get

( § 6§ & 6 )( )
Su, By S o, ) - mrt T dnia
—f, by +eya, —

= -n(a—cyt+d, Cnyby). (29)
To fix the constant y, we simplify set » =1 in (29) and find
that y = 0. Therefore, we conclude that
G =22, Hy = [22tims gy, g > 1, (30)
Hence, the Hamiltonian structure of the coupling Li
hierarchy is constructed as follows
=JGn =) 52, &)
Next, we will construct the integrable couplings of Li
equations with self-consistent sources. Considering the
auxiliary linear problems

®1j
¢ .
= U 4) ¢: ,
Paj
¢1j ¢1J
¢2j _ ) ¢Z]
boy =V (u,a) (32)
¢4j ¢ ¢4]
From (14) and (15), we can obtain
/@1. D) +5 (D1, @) + <¢2,¢2>)\
1
. _((d) ,(b ) - <¢1!d)1>)
= | 2 (33)

(D3, Dy) +%((‘1’3r¢3) +(Dy, Dy))
\ (@4, @) — (D3, D3)) }
o), 1=1,2,3,4. () denotes the inner
product in RN .
By using the results in [10, 11], we have the following
equation

where @; = (¢;1,,

mk 54

Sk yNa5l=0, (34)
where @; are constants —= determlnes a finite dimensional
P =12, ....

From (16), we obtain a kind of integrable couplings of Li
soliton equation hierarchy with self-consistent sources as

follows
Uy an_cn+dn_fn
u b, +
=() =)\ aia
Ug/ ¢ b,
—2(D, D,) — (D1, Dy) — (P;, D;)
1 (D, D1) — (D;, D,)
—= 35
2] —2(D3, D) — (D3, P3) — (D4, Dy) (33)
(D3, D3) — (D4, Py)

A novel integrable coupling system of the Li soliton
equation hierarchy with self-consistent sources is presented
as follows :

When 7n =1, we have
—2Uyy — 9’:1((2531'4541)75 + ¢P3P3jx + ¢4j¢4jx)r

Uy = —2Upy + Z(¢4j¢4jx - ¢3j¢3jx)'
=

Ui =

Ugp = —2Uzy + Z(¢3j¢3jx + PajPaju t+ (P3jPaj)x)

N
- Z(¢1j¢1jx + ¢2jb2jx + (D1P2))x)s

=
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N
Upp = —2Ugy + Z(d)zjd)zjx + @3¢z — P1jP1jx
j=1

—PajPajn),
Prjx = (—)lj + u1)¢1;‘ + (U + U)oy + uzs;
+(us + uy) gy,
@2jx = (Up —u ¢y + (}Lj - u1)¢2j + (U — u3)ds;
_u3¢4j»
¢3jx = (_/11' + u1)¢3j + (uy + u2)¢4j»
Pajx = (up, — u1)¢3j + (Aj - u1)¢4jvj =1,-+,N(36)
When n =2, we have

N
Upp = Upyy + 2UpUpy — 6U U, — Z((‘PS]"PM)X + P3iPsjx + Pajdajn)

=
Upp = Upex — 2(UgUp)x + Z?’=1(¢4j¢4jx - ¢3j¢3jx)v
u[\z}.t = Uy — 6(UrUz)x + 2(UpUy)x +

Z(¢3j¢3jx + PajPaju + (P3jPaj)x)
=

N

=) @rsbaje + Doidoje + Duia)),

=
Uge = Uzpx — 2(UUs)x — 2(UpUs), + Z?’q(d’zjd’zjx + O3jP3jx —
D1jP1jx —PajPajx),
P1jx = (_Aj + U1)¢1j + (W + U)oy + uzPs;
+(uz + uy) gy,
O2jx = (Up —u Py + (Aj - u1)¢2j + (uy — u3)hs;

_u3¢4j,
P3jx = (—7\;' + u1)¢3,- + (uy + uz) Py,
Gajr = (up —u)Ps; + (A —uy)aj, j = L+, N. (37

We obtain the integrable coupling of Li equation
hierarchy with self-consistent sources. When u; = u, = 0,
(7) can be reduced to the Li equation hierarchy. When n = 2,
Uy = U, =u, uz =u, =0, (37) can be reduced to Burgers
equation[12] with self-consistent sources

N
e =y = At ) (o Bage — By buse)s = (g + 0), + 2udy,
j=1

j
b2jx = 4 =Wy, j= 1, N. (38)

IV. THE INTEGRABLE COUPLINGS OF BKK SOLITON
HIERARCHY WITH SELF-CONSISTENT SOURCES

The BKK hierarchy was brought to prominence by
Kupershmidt in [13], where it was attributed to Broer and
Kaup. It seems, however, that it should also be attributed to
Whitham.. It is frequently just referred to as a
“Boussinesq-type” hierarchy. The [14] considers the inverse
spectral problem related to the BKK system by some
transformation, and the [13] considers the algebraic structure
of the BKK system in detail. In this section, we consider the
following enlarged BKK matrix spectral problem

¢ =Uw, e,
U@ = g:(1) +1,0,(0) +311(g2(0) + g3(0)) +5 (92(0) —
93(0)) + u39,(0) + %u4(g5 (0) + g6(0)), (39)

ie.

A uy U, Us Uy
_ 1 —A—u 0 —ug
Uw,n) = 0 0 Aty w, )
0 0 0 A -

where A is the spectral parameter.
To establish the integrable couplings system of the BKK
soliton hierarchy, the stationary zero curvature equation
Vx =[U, V] of the spectral problem (39) through the
generalized Tu scheme [8] is firstly solved. We assume that a
solution of V is given by

V= Z Vi (WA™™ =
m=0
an  bn  dn  en
_ Cm —a fm —d
oc_ }\’ m . m m m m 40
Sinco o o (40)
0 0 Cm —Qm

Therefore, the condition (5) gives rise to the following
recursion relations:
( Amx = —bpm + UyCpy,

1
bm+1 = U — ulbm + Ebmxv

1
Cm+1 = Am = 5 Cnx — UrCmy @1
dmx = Uyl — €y t+ uzfmv

1
leerl = —Usby + UGy + Updy — Uy + Eemx‘

fm41 = —UsCp +dm — %fmx = Uy fim-
Ifwesetay=1, dy=1, by =c, = e, = f, =0, we see that all
sets of functions a,,, by, Cny Ay €, frn are  uniquely
determined. In particular, the first few sets are:
a, =0,by =u,,¢c; =1,d, =0,e; =u, +u,,
fi=la= _%uz'bz = %uu — UglUy,

€=U, d; = _%(uz +uy), (42)

k e, = %(uz +ug)y — Uy (up +uy) — upus,
fz = —(uy +us).
From (41), we can obtain the following recursion relations
for 2am+1 + 2dm+1» Cmi1 T fm+1: 2am+1 and Cm+1s

2041 + 2d e 2a,, + 2d,,
Cmi1t fner | _ Cm + fn
2mes ) E 20, 43)
Cm+1 Cm
wth
L d—0"'u,0
/5 —0Twmo Ly —07"u30 L14\
1 0 _
5 Lyy s
L=
1 )
0 0 50-07wd L,
0 0 1
7 Ly
-1 1 1
where L, = =070 —u,, Ly, = —26 — Uy, Lig=—0""u, 0 —uy,
L3y = —07'up0 — Up, Ly = —%0 U
Considering
n
VO = a4y,
m=0
—Cpy1 O —farr O
0 c 0 fi
A = n+1 n+1 | 44
n 0 0  —cpy 0 (44)
0 0 0 Cnt1

From the zero curvature equation, — v, + [U, v®] = o,
we obtain a new coupling system
Ur — (an=0 Vm(u)ln_m)x + [U' Z&:O Vm(u)ﬂ'n_m] - Anx +
[u, 4,] =0. (45)
Substituting (44) into (45), we have
Vx(n) - [U, V(n)] = —Cny1x91 — An+1x(G2 + 93) + —frr1x9a —
dn+1,x(gs + gé)-
Thus the zero curvature equation (45) determines the
following system

Uy 0 0 0 d —2(an+1 + dnta)
w =% _[0 0 a0 —(Cnsa + far1)
t =\ us 08 0 -9 —2a,
uy/ 29 -2 0 —cy

_Z(an+1 + dn+1)
—(cnt1 + far1)
oY . (46)
—c,
In order to construct non-degenerate bilinear forms, we
transform the algebra s/(4) defined by (1) into a vector form.

Define the mapping:
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3:sl(4) » RS,
Aw (a4, a5, 3,04, s, a)",
where 4 =a, g, +%(a2 +as)g, + %(az —az)gs +a.gs +
%(as +ag)gs + %(as — ag)Js € sL(4).
This mapping & induces a Lie algebra on R® isomorphic to
the matrix Lie algebra sl(4). Va = (a,, a,, as, a4, as, ag)™, b=
(by, by, bs, by, bs, bg)T € R®, abilinear form can be defined by

(a,b)= a"Fb, 47)
where F'is a constant matrix. As
(6[A, BD" = a"Fb = a"R(b), (48)
where
0 2b, —2b; 0 2bs —2bs
by —2b, O by —-2b, O
-b, 0O 2b, —bs O 2b,
RO= 0 0 0 2b, =2b;
0 0 0 by —=2b, O
0 0 0 -b, 0 2b,

According to the symmetry and invariance of the bilinear
form, so F' and R(b) must satisfy F" = F, R(b)F = —(R(b)F)".
So we determine the symmetric matrix F:

200 200
001001
F=|0 10010
20 000 0f
00 1000
010000

We construct the Hamiltonian structure of the BKK
hierarchy by using of the variational identity [10].
oo (52 = A7 S (5.
Through a direct computation, we obtain
(Vo 37 = 2ay + 24,
ooy = 28,420, (Vo) = € + fr,

ouq ou,
(o 3d) = Cn.
Substituting the above formulas into the above identity

identity (49), it give s rise to
v
.35

(49)

ou
(V"’a_u3> = 2ay,

) au —y 0 " ou.
E(V,a) = A ya)ny (Vlﬂ_Uz) N (50)

duz

au

Comparing the coefficient of A™771, we get
6 6 6 6
(5_111'6_112'E'6_m{) (2an41 + 2dy41)

= —n)Qa, + 2d,, cp+ fr.2a,,¢p). (€3]

To fix the constant y, we simplify setn=11in (51) and find
that y = 0. Therefore, we conclude that
Gy =22, H, = 2 [ 22002 gy y > 0, (52)
Hence, the Hamiltonian structure of the coupling BKK
hierarchy is constructed as follows
=Gy =) 52 (53)
Next, we will construct the integrable couplings of BKK
equations with self-consistent sources. Considering the
auxiliary linear problems

¢1j ¢1j
$25 | ¢2;
gs; | U@ gy )
[ ; [
o (2]
T =v®(u,4) ] ¢’ |. (54)

l ®3; 3j
\ew/, \ew

From (14) and (15), we can obtain

76

<d)1ld)2)

1
ZN &z ;(Lpz:‘pz) (55)
J=1 su (D3, D,) |

%<(p4'¢)4>

Lo, 1=1,2,3,4. () denotes the inner
product in RN .
By using the results in [10, 11], we have the following
equation

where @; = (¢,

SHy
su

5H . o .
where a; are constants, s_uk determines a finite dimensional

[N
+3V a5t =0, (56)

invariant sets for the flowu, =/ % n=12,...
From (16), we obtain a kind of integrable couplings of
BKK soliton equation hierarchy with self-consistent sources
as follows

Uy 2a, + 2d, 2(P,, @,)

_ (U2 | _ Cntfa 1 (‘pz' ‘1’2)
Ue = (ua) =J 2a, I\ 2, 0,) 7

Ualy Cn (Dy, D)

A novel integrable coupling system of the BKK soliton
equation hierarchy with self-consistent sources is presented
as follows :

when n =1, we have

Upe = Ugy T Z?’q DajPajr

N
Upyp = Uy + Z(¢3]’x¢4/’ + ¢3j¢4jx)r
=1

J

N
Ugp = U tUzy + Z(¢2/¢21x = PajPajx)
j=1

N
Uy = Upy + Ugy + Z(¢1jx¢zj + ¢1j¢zjx - ¢3jx¢4j
j=1

_¢3j¢4jx)’
D1jx = (Aj + u1)¢1j + Uyhy; + Uss; tUss),
¢2jx ¢71j - (Aj + u1)¢2j - u3¢4j»
¢3jx = (Aj + u1)¢3j + uz¢4j»
Gaje = P35 — (4 +ug)daj j=1, -, N.
when n =2, we have
1

2

(5%)

N
1
Uy = Upex — 2Ug Uy + 5 Uzx — DsjPajxs

Jj=1

1
Upe = 5 U — 2(UgUz)x +

: Z((f’ijd’u + ¢3j¢4jx)'

J
1 1
_Eulxx T 5Uy +

1
Uze = _Eu3xx = 2(uguz)x — 2U Uiy 2

E Usgx

N
+ Z(d)zjd)zjx — ajbajx)
=

Uy = %uzxx + %u‘txx = 2(WUp)y — 2y — 2 (UplUs)y +
S a(Prjxbzj + P1jP2jx — Pajubaj — P3jPaja)s
Prjx = ()lj + u1)¢1j + Uyyj + Ushzj Huus;,
D2jx = b1 — (Aj + u1)¢zj — Uy,
¢3jx = (/11' + u1)¢3j + u2¢4j’

Gajx = P35 — (4 +uy)daj j= 1, ,N. (59)

V. CONCLUSIONS

In this paper, we have obtained a new integrable couplings
of soliton equations hierarchy with self-consistent sources
based on loop algebras sl(4). In fact, integrable couplings of
soliton hierarchy with self-consistent sources in [5-7] were
obtained by our method. Our method can be applied to other
integrable  couplings of soliton hierarchies with
self-consistent sources.
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